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PREFACE TO THE FOURTH EDITION 


An understanding of the quantitative principles of physical 
science is required not only by the physicist, but also by students 
of engineering and chemistry. Very frequently no attempt is made 
in books to correlate one scientific subject with another, and even 
when such correlation is attempted it is done, very often, too briefly 
and in a manner which does not encourage the reader to study 
more closely the related subjects. 

This book, which was first published in 1929, is intended primarily 
for the physicist. It embodies the results of much practical experi- 
ence in the teaching of physies, and presents a fairly complete 
survey of the fundamental properties of matter, with the special 
aim of developing those branches of the subject, such as surface 
tension, osmosis, and viscosity which verge towards chemistry, and 
hydrodynamics and vibrations which are of importance and interest 
more partieularly to the mathematician and engineer. By this 
development, and throughout the book, the aim has been to 
emphasise the essential unity of scientific knowledge. 

The necessary mathematics are explained, step by step, and 
there are no gaps in the reasoning for expert readers to fill and the 
less experienced to neglect; but the assumption has been made 
that students who use the book will be equipped with a sufficient 
mastery of the fundamental processes of the calculus to make its 
methods familiar and its advantages appreciated. Although it is 
suggested that some parts may be omitted by the less advanced 
students, no indication of such possible omission has been made. 
They will depend upon individual ability, requirements, and initial 
equipment. 

Modern theories of surface tension and lubrication, depending, 
as they do, on the orientation of surface molecules, have received 
liberal consideration. The study of the molecular structure and 
the kinetics of surfaces has advanced with great rapidity through 
the pioneer work of Rayleigh, Hardy, and Langmuir, whose re- 
searches indicate how widely molecular orientation enters into 
natural phenomena. 

Elasticity and gravitation—the former of fundamental impor- 
tance to engineers—have been treated as fully as possible, with 
special emphasis on experimental investigations, while the Eötvös 
gravity balance and the gyro-compass are described at some length. 
The provision of numerical examples, with answers, adds to the 
usefulness of the book as an aid to students reading for Degrees. 

One of the minor consequences of the war was the destruction 
by enemy action of the blocks, diagrams, and remaining stock of 
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the third edition of this book in 1940. The stringency of material 
and labour prevented immediate replacement, but owing to the 
co-operation of Messrs. Arnold & Co. it has been possible to produce 
a fourth and entirely revised edition of the book. The most im- 
portant new matter is a chapter on the production and measurement 
oflow pressures, Every chapter has been revised and brought up 
to date, and, in addition to the provision of new material, some 
portions of the book have been re-arranged. In place of the biblio- 
graphies previously appended to each chapter, additional footnote 
references have been given as these, by their direct indication of 
the subject-matter, have proved more useful. 
F. H. N. 


V. H. L. S. 
1946. 


PREFACE TO THE FIFTH EDITION 


As a result of the death of Professor F. H. Newman in 1952 it 
has fallen to me to prepare this new edition; the selection of new 
material and the decision as to what should be omitted are both 
mine but they have been guided by the constructive suggestions of 
colleagues and by numerous, kindly letters of critical comment 
from variously distributed users of the book. In addition some 
rewriting has been done in order to deal with obscurities which 
are so much easier to produce than to detect. 

The major omission from the previous edition is the chapter 
on the production and measurement of low pressures. As these 
are mainly technological matters and full treatment is available in 
many books upon vacuum procedures it was decided, by their 
elimination, to afford space for two more fundamental and wide- 
ranging topies, the special theory of relativity and elementary 
rheological principles. Shorter additions have been made to the 
discussion of units and dimensions with particular emphasis on the 
use of the condition of dynamical similarity ; in this way it is hoped 
to call attention to the revived interest in the many-sided applica- 
bility of this form of analysis. 

Otherwise, changes have been mainly in detail in order to take 
note of more recent measurements or developments of theory. 

V. H, L. SEARLE, 


1957. 
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CHAPTER 1 
GENERAL PRINCIPLES 


1:1. Weight and Mass.—The mass of a body, usually described 
as the quantity of matter in it, is one of the fundamental entities 
which are more easily understood than adequately defined. To call 
it a particular aggregation of substance is no more than a restate- 
ment of the previous definition in parallel terms, but from this 
description the constancy of the mass of a body can be recognised 
more easily, since one of the basie hypotheses of science is the in- 
destructibility of substance. The definition, however, is not of. great 
praetical importance, as we are more concerned with the effects of 
mass than with its exact formulation. The concept of mass arises 
in two distinct ways; first, from the effort which is required to 
stop a moving body or, more generally, to give it an acceleration 
and secondly, from the force with which the earth attracts a body. 
The measure of a body's mass may be made from either of these 
effects. For example, when two bodies, 4 and B are in direct 
impact and the resulting velocity changes are v, and v, respectively, 
then it is found that the ratio v,/v, is independent of the initial 
velocities and is thus a constant for the given bodies, This ratio 
is called the ratio of their inertial masses. On the other hand if 
their weights W,, W, are compared by the use of the principle of 
moments, as with a beam balance, it is found, again, that the ratio 
W,/W, is a constant which is called the ratio of their gravitational 
masses. Itis clearly of considerable importance to determine whether 
inertial and gravitational masses are identical for all bodies when the 
same standard body, say 4, is chosen as the arbitrary unit of both 
types of mass, There are three methods of approach to this question : 

(a) It can be shown that all bodies moving under the sole action 
of their weights have a common acceleration at the same place. 
Experimental evidence of this fact was first obtained by Galileo in 
1590 by simultaneously releasing two bodies of different masses 
from the top of the leaning tower at Pisa. They reached the ground 
together thus showing, at least approximately, equal accelerations. 
Cases of apparent disagreement, such as the slow fall of fine rain, 
the almost imperceptible vertical drift of thistledown, can be ex- 
plained by the forces opposing downward motion which reduce, or 
may even reverse, the downward acceleration. As these counter 
forces are continually reduced the acceleration increases to that 


value which is denoted by g. 
G.P.M.—B 
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A more exact confirmation is given by pendulum experiments. 
If two pendulums of differing masses are used, then the deduction 
of equal values of g would show that W,/W, is equal to m/m; 
where m, and m, are the inertial masses. Newton, and later Bessel, 
using pendulums with cavities in the bobs for the insertion of 
materials having different densities, showed that no variation greater 
than the possible limit of accuracy could be detected. In some cases 
experimenters have detected an apparent small difference in the 
weight of equal masses of different substances, but these results 
lack confirmation. 

(b) Alternatively it can be shown that two bodies of equal weight, 
and therefore equal gravitational mass, have, also, equal inertial 
mass, The most precise experiments of this kind are those of 
Eótvós,! who, by an ingenious application of the torsion balance, 
succeeded in raising the precision to 6 parts in 109, In these experi- 
ments two masses, of different materials but equal weights, were 
suspended from the arms of a torsion balance. They were acted 
upon by the gravitational attraction of the earth, i.e. their weights, 
and by a centrifugal force, due to the rotation of the earth, which 
was proportional to each inertial mass. If these masses were un- 
equal the centrifugal forces on the two bodies would have been 
different and a torque, supplied by the suspension thread, would 
have been necessary to hold the beam in an east-west position. 
This torque would have been reversed when the balance was turned 
through 180*. In practice, as described in Art. 2:16, the whole 
apparatus, including an observing telescope and scale, was rotated. 
Thus the effect sought would have been disclosed by a change in 
the equilibrium reading. 

If 4 is the latitude of an Observing station then the horizon- 
tal components of the centrifugal forces are mRw*cos À sin À and 
m,Ro* cos A sin 2, respectively, where m and m, are the inertial 
masses, R is the radius of the earth and o its angular velocity about 
the polar axis. These forces act in a southerly direction in the 
pt hemisphere and the resultant torque on the beam, when 

-W, is 
lo cos À sin A (m—m) 
where 21is the length of the torsion beam. If the balance is turned 
through 180° the direction of this torque is reversed and the equi- 
librium position, relative to a telescope and scale moving with the 
instrument, is changed by an amount 6. Thus 


10—21Ro? cos A sin A (m—m,) 
where z is the torsional rigidity of the Suspension thread. If T is the 


0=IRT? sin 22(m—m,)/1, 
1 Eötvös, Ann. d. Physik, 68, 1, 11 (1922). 
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in which t is the periodic time of rotation of the earth. Thus a zero 
value of @ indicates the equality of inertial masses having equal 
weights. 

The constants and sensitivity of Eötvös’ balance were such that 
a value of (m—mj)/m, exceeding 6 parts in 10?, could have been 
detected. 

(c) The identity of inertial and gravitational masses is a direct 
consequence of the general theory of relativity according to which 
it is impossible by direct experiment to distinguish between gravita- 
tional fields in which the gravitational mass operates and such 
artificial fields of force as are created by accelerated systems of 
co-ordinates for which the inertial mass is the ratio of force to 
acceleration, 

The unit of mass is chosen arbitrarily. We might select any piece 
of matter and state that it contains one, or any number of units. If, 
then, care is taken to preserve the selected specimen from damage 
and disintegration, the unit would remain definite and consistent. 
This is the actual procedure. In England the selected unit of mass 
for commercial purposes, called the Imperial Standard Pound, is a 
piece of platinum, housed at the Board of Trade Standards Office. 
The scientific unit, the gramme, is defined as having one-thousandth 
of the mass of the International Kilogramme. Replicas of these 
standard masses are widely distributed, and are more or less accur- 
ately represented in the multiples and submultiples contained in 
a box of ** weights,” 

1:2. The Balance.—The mass of a body in terms of standard 
units is obtained by “ weighing " the body. This term has obtained 
universal sanction; and arose from the fact that if, at one place, two 
bodies have the same weight, they A 
must have the same mass also. 4 
It must be remembered, however, 4! 
that the ordinary beam-balance 
merely indieates equality of 
weights and does not give an 
absolute measure of them. 

As a rule the beam-balance 
has the same sensitiveness over a 
considerable range of loads, the 
sensitiveness for any particular 
load being defined as the deflec- 
tion, in scale divisions, produced Mg 
when an excess weight of 1 milli- jy, ll.—Tmrony or THE BALANCE. 
gramme is added to a scale-pan. 

The factors which influence the sensitiveness may be seen from the 
following considerations. Suppose a vertical section is taken through 
the centre of the beam, cutting the knife-edges at A, B, C (Fig. 1-1). 
Let 1 be the length of each arm, d the depth of the centre of gravity 
G below C, and h the height of 4 and B above C when the balance 


(m+x)g 
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is at rest with the beam horizontal. Let the mass of the beam be 
M, and the masses of the scale-pans with their loads m and m-ra, 
where z is very small. F| inally, let the beam come to rest inclined 
at an angle « to the horizontal. 

Taking moments about C, 


(m+æ)g(l cos «+h sin o) — Mgd sin «4 mg(l cos o. — h sin a), 
tie. a(l cos «+h sin x) — Md sin ~—2mh sin a. 


If « is sufficiently small, sin «=a and cos «.—1, and, neglecting 
the small term ah.sin «, 


avl=(Md—2mh)a, 
Kos. 
æ Md—2mh 


If the knife-edges are coplanar the sensitiveness is independent of 
the load, but if 4 and B are above the central knife-edge the sen- 
sitiveness increases with the load; if below, it decreases. Greater 
sensitiveness may be obtained by decreasing the mass of the beam 
and by increasing the length of each balance-arm, but the necessity 
for sufficient stiffness in the beam limits extensions in these directions. 
Very sensitive balances have beams of lattice structure to combine 
stiffness with lightness. As d decreases, the sensitiveness increases, 
and accurate balances are provided with a small weight, adjustable 
in a vertical direction through C, whereby d may be varied. The 
disadvantage of excessive control is the accompanying loss of 
stability, and the beam has a long period of swing. 

1:3. Faults in a Balance.—(a) Arms Unequal in Length.— 
This error may be detected by counterpoising any body of mass M— 
not necessarily known—against a mass M, and then changing the 
mass M to the other, say the right hand, scale-pan. If a different 
mass M, is required to counterpoise, this indicates inequality in the 
arms. Let lbe the length of the left hand, and r that of the right 
hand, balance-arm. Taking moments in each case, 


Mg.l=Myg.r, and Mg.r—M,g.l, 


or 


ie. 
1 Mr l M, 
cM y "rA a 


M*—M,M, or M=VM,M, 


Thus the ratio of the arm lengths and the true mass are determined. 
. (b) Weights Inaccurate. —A set of weights may be tested to a 
limited extent by comparison with one another. Itis usual to assume 
one, generally that of the highest denomination, to be correct, and, 
by comparing, say, the 50 gm. with the 20+10+10+54242+4+1, 
and then recomparing the 20 against 10+5+42+2+-1, ete., the errors 


and 
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in the lower denominations are determined. Finally, the assumed 
standard should be tested against a mass whose value in terms of 
the International Kilogramme is known. 

(c) Knife-edges.—In the course of time these become rounded, 
and the line of contact with the support plane changes, as the beam 
tilts from the horizontal. This is equivalent to a small change in 
the length of the balance-arms. 

1:4. The Laws of Motion.—In his monumental Principia New- 
ton postulated a number of definitions of quantity of matter, inertia, 
centripetal force, etc., and then stated the three fundamental laws 
of motion which have been used as the foundations of dynamics, 
These laws may be enunciated as follows :— 

Law I.—Every body perseveres in its state of rest, or uniform 
motion in a straight line, except in so far as it is compelled to change 
that state by forces impressed on it. 

Law II.—Change of motion is proportional to the moving force 
impressed, and takes place in the straight line in which that force 
acts. 

Law III.—An action is always opposed by an equal reaction, or 
the mutual actions of two bodies are always equal and act in opposite 
directions. 

The first law may be regarded as a definition of force—i.e. force 
is the agency by which a body's state of motion is changed. 

To understand the implications of the second law, it is necessary 
to consider what Newton meant by the * motion” of a body. In 
his definition he states: “ The quantity of motion of a body is the 
measure of it arising from its velocity and the quantity of matter 
conjointly," Thus the motion referred to is momentum, and the 
law may be expressed thus :—The rate of change of momentum is 
proportional to the impressed force. It should be realised, however, 
that even this definition ean be regarded only as formulating a 
suitable way by which forces may be measured, that is, by the 
accelerations they produce, i.e. 


d 
Force oc am). 
If the mass of the body remains constant, 
Force oc m$). oc ma. 


The third law contains a principle of great importance, which 
may be illustrated by the following examples. When a body falls 
towards the earth the latter moves to meet the body, and a shell 
fired from a gun projects the gun backwards. The sun attracts the 
earth, and consequently is itself attracted by the earth with a pre- 
cisely equal force, so that, as in an action confined to a given system 
of bodies the forces generate movements reciprocally proportional 
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to the masses acted upon, the centre of mass of the whole system 
remains stationary. 

From these laws of motion the unit of force is defined as that 
force which, acting on unit mass, produces unit acceleration. In 
the C.G.S. system such a unit is called a dyne, and in the F.P.S. 
system a poundal. They are the fundamental units of force. 

The weight of a body is a conveniently available force, so that 
in most practical cases such forces are used as units; but these 
are only secondary units, and must be capable of expression in terms 
of dynes, or poundals. The weight of a body is given by 

W=mg, 
where m is its mass and g is the acceleration due to gravity. Thus 
one pound weight is equivalent to g poundals, and one kilogramme 
weight is equal to 1000g dynes, the actual value of g being that 
appropriate to the system of units employed. 

1*5. Motion of a Massive Particle.—Consider a particle acted 
upon by a constant force P, so that its velocity changes from u to v 
in time £ while a distance æ is traversed, then 

v—u=ai, 
and 
v?—u?=?2ag, 
or 
mo—mu=mat=Pt . . * (1-1) 
dmv*—4mut?—maz—Pz, . ; DOS) 
where Pt is called the impulse. Thus impulse is equivalent to change 
of momentum, and (1:2) expresses the fact that the change in the 
kinetic energy of a particle is equal to the work done by the force. 
The work expended by a force is not always transferred into kinetic 
energy, since the force may be opposed by a practically equal one, 
resulting in no acceleration. In this case the work done raises the 
potential energy. Thus the total energy of a body is partly kinetic 
and partly potential, and is measured relative to a chosen arbitrary 


zero of velocity and of position. The chief units in the British and 
Metric systems are as follows ;— 


TABLE 1-1.—Unrrs 


| Quantity. Metrie Unit. [ British Unit. | 
| - —| 
Length — . — . | Centimetre Foot | 
Time . A - | Mean solar second | Mean solar second 
Mass . . . imme Pound 
Force . : * | Dyne Poundal | 
Momentum . * | Dyne-second Poundal-second | 
ergy Erg Foot-poundal | 


1*6. Rotational Movements of Massive Bodies.— When a body 
revolves about a fixed axis, there is no progressive linear motion of 
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the body as a whole, and new terms of description are required in 
discussing such a motion. The change from the familiar terms of 
the rectilinear movement of a massive particle is, however, easily 
made, since, in rotational motion, it is the angle between the instan- 
taneous position of any line in the body, passing through the axis 
and in the plane of rotation, and its initial position, which varies 
continuously with time. "Thus this angular displacement is analogous 
to the linear displacement in the previous case. Before a complete 
analogy can be made, it is necessary to find expressions for those 
characteristies of rotational motion that correspond to force, mass, 
momentum, ete., of rectilinear motion. 

If OP is the position at time ¢ of any line through the axis of 
rotation at O and OA is the position of the line at 1=0 the angle 


AOP=6 is the angular displacement in time £ while 2 usually 


denoted by c, is called the angular velocity. Any point, such as P, 
on the line has linear velocity and acceleration and, since the arc AP, 
the linear displacement of P in time t, is r0, where r is the length 


of OP, the linear velocity of P is S(O), i.e. rw if the body is rigid, 


and its linear acceleration is fro) or a Hence the linear motion 


of any point in the body may be correlated with the angular motion 
of the body as a whole. 

The total kinetic energy of a rotating body is the sum of the 
separate kinetic energies associated with each of its parts, i.e. the 
summation over the whole body of these contributive elements, If 
a particle of mass m occupies the position P then the kinetic energy 
of this massive particle is }mr%w*, and, since w is constant for all 
parts of the body at a given instant, the kinetic energy of the whole 
body is 4w*Xmr*, or Mo*, where I represents the summation Xmr 
over the whole body, and is termed the Moment of Inertia of the 
body about the given axis of rotation. Comparing this with the 
expression for the kinetie energy in translational motion, 1Mv?, and 
remembering that w is the rotational analogue of v, I corresponds 
to M, and represents the effect of the mass and its space distribution 
in rotational dynamics. x 

1:7. Calculation of Moments of Inertia.—The value of I in 
many particular cases may be found by simple integration, Thus, 
if dm represents an infinitesimal part of the whole mass and is 
situated at a distance r from the axis of rotation, then 


I= riam, 


the limits of the integral being chosen to cover the whole of the 


body concerned. 
Consider a rod having a uniform linear distribution of mass m. 
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The moment of inertia of an element of length da, situated at a 
distance v from an axis, passing through the centre of gravity and 
perpendicular to its length, is mz?.dz, and I is given by 

l 


= 2 

1—2 [meta 7, CODO. (1-8) 
0 12 

where M is the mass of the rod. 


The moment of inertia about a parallel axis through the end of 
the rod is 


L 
1=| mate 
0 8 


The moment of inertia of a circular disc about an axis through 
its centre, and perpendicular to its plane, is obtained by dividing the 
dise into thin circular rings. Consider one of these rings of radius 
t and width dx. Then, if m is the mass per unit volume and £ the 
thickness of the disc, the moment of inertia of this elementary ring 
is 2z2.mt.2*.dr, and 


r 
i-| 222m. de=, 
o 2 


M being the mass of the dise, 
For an annular dise of inner and outer radii r, and r, 


Ts 
1-[ 2na?mt . de= " 
n 4 
but M, the mass of the dise, is zmi(rj?—7,2), and hence 
I rans). 


In many cases the evaluation of moments of inertia is simplified 
by applying the following general theorems :— 

(a) Parallel Axes Theorem.—tet I, be the moment of inertia 
of a body about a given axis QZ (Fig. 1-2) (a), I, that about a parallel 


o Q 
AGA A 
(a) 
(b) 
mg 


1:2.—MowENTS or INERTIA. PARALLEL AXES THEOREM. 
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axis OG through the centre of gravity of the body, and a the distance 
between these axes. Then, if m is the mass of a particle situated 
at P, such that the angle PGZ is 0, 
I,— Xm. PZ*— Xm(PG?-- GZ*—2PG.GZ .cos 0) 
=I,+Ma?—2a.XmPG.cos 0. 

If the body is suspended at G (Fig. 1:2) (b), with the triangle PGZ 
vertical and GZ horizontal, it will be, by the properties of the centre 
of gravity, in equilibrium. "Thus the sum of the turning moments 
of its individual particle weights about G will be zero. The turning 
moment of mg, acting vertically downwards through P, is mg.GN, 
ie. mg.PG.cos0. Hence Xmg.PG.cosÓ is zero, and 

I,—I,-Ma? . i E + (14) 

(b) Perpendicular Axes Theorem. Laminar Body.—Let 

Tz, Ty, 1, be the moments of inertia of a laminar body about three 


z 


y 


TUA 


FIG. 1:3.—Moments or INERTIA. PERPENDICULAR AXES THEOREM FOR 
Two DIMENSIONS. 


mutually perpendicular axes Oz, Oy, 02—Ox and Oy being in the 
plane of the lamina—and let a particle of mass m be placed at P 
(x, y) (Fig. 1:3). Then 
T,4+-1,=Zm(y2+e2)=Zmrt=I, . -- (15) 
(c) Perpendicular Axes Theorem. Three-dimensional Body. 
—Let L;, Iy, I; be the moments of inertia about any three mutually 
perpendicular axes Ov, Oy, Oz (Fig. 1-4), and let a particle of mass 
m be situated at P (a, y, z) so that PM —z, MN=y, NO—a. Draw 
PR, PN, and PQ perpendicular to Oz, Oz, and Oy, respectively. 


Then 
I,—2Xm.PN?*— Zm(y24-22), 
I,— Xm. PQ? — Xm(z2--22), 
I,—Xm.PR*—Xm.M0*— Xn(a*--y2), 
I— Xm. PO? = Xm(x*-4-y?--22). 
Hence 
Ih EIQ-2Xm(a?--y?432)—21, . - (1:6) 


where J, is the summation mr? about the origin O. 
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These three theorems can be applied in the following examples, 
where M in all cases denotes the mass of the body. 


[vol 


Fic. 1-4.—MOMENTS or Inertia. PERPENDICULAR AXES THEOREM FOR 
THREE Dimensions, 


Rectangular Plate about an Axis through its Centre and 
Perpendicular to its Plane.—Let O be the centre of the plate and 
Oz the given axis. Draw Ow and Oy parallel to the length a and the 
width b of the plate, respectively. From (1:3) 


Mb? Ma? 
i= I2? and I= 12" 
Hence 
M 
I,—I,4-I, =j 4-5!) : : ST) 


Circular, or Annular, Disc about a Diameter.—]1f Oz be an axis 
through the centre of the dise, or annulus, perpendieular to its plane, 
and Oz, Oy perpendicular axes in the plane of the disc, or annulus, 

2 
then, since for a disc LM for an annulus L= rttr) and 
I,=I,, from (1-5), 
2 
L(dis)  —M** 
4 
and s - (08) 
M 
I, (annulus)=—(r,?+r,%). 

_ Circular Disc, or Annulus, about a Tangent.—In this case the 
axis Is at a distance r from the centre for the dise and r, for the 
annulus. Thus, from (1-4), 

2 
Tr (dis) =Y yp ans 
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and 
M 
Ir (annulus) —3 0o nh) Mn: 


os Ln) e hrc. SI) 


Thin Spherical Shell.—All parts of a thin spherical shell being 
equidistant from the centre O, I, —Mr?. If I,— y=, is the moment 
of inertia about a diameter, then, from (1-6), 


8I,—21,—2Mr?, 


I,—4Mr? : 2 5 + (110) 
For a spherical shell about a tangent, 
Ipr—-L-Mr'—iMr? . 5 + (111) 
Solid Sphere about a Diameter.—In this case it is convenient 
first to find Jy. Divide the sphere into thin concentric shells of which 
a typical one has a radius æ and thickness dz. If m is the mass per 
unit volume, the mass of the shell is 4z22.7.dx. Hence for the 
whole sphere 


and 


I= [anita aeq AREE 
0 


If I,=I,=I, is the moment of inertia about a diameter, then, by 


(1:6), 
31,—21,—2Mr* 


and 
I,—iMr* ° : : - (118) 
For a solid sphere about a tangent, 
Ir—Il,-Mr'—iMr* . 2 - (134) 


If part of a body is removed, the moment of inertia about any 
axis is reduced in value by that of the portion taken away. Hence 
the moment of inertia of a body containing a cavity is determined 
by the difference between the moment of inertia of the complete 
body and of the part which would completely fill the cavity. 

In all the examples quoted above the moment of inertia is ex- 
pressed in the form Mk?, where k is a quantity depending on the 
size and shape of the body, and is called the radius of gyration of 
the body about the given axis. Its significance may be understood 
by assuming that the mass is distributed uniformly in a ring of 
radius k, whose centre lies on the axis, the plane of the ring being 
perpendicular to this axis. This ring, revolving about the axis, has 
the same inertial properties as the rotating body. In other words, 
the radius of gyration indicates the influence of the mass distribution 
in space on the moment of inertia. 
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1:8. Uniform Angular Acceleration.—Uniformly accelerated 
angular motion is produced by a couple—two equal, parallel, and 
oppositely directed forces, not in the same straight line. Such a 
system has no tendency to change the mean position of the body 
on which it acts, but merely produces a rotation. The magnitude 
of this turning effort is called the moment, or torque, and is given 
by Pa, where each force is of. magnitude P, and g is the perpendicular 
distance between them. If one point in a body is fixed, then a 
single force not passing through this point will, together with the 
reaction at the pivot, constitute a couple, whose moment is the 
product of the magnitude of the force and the perpendicular distance 
between the pivot and the line of action of the force. This product 
is the moment of the force about the point. 

The general equations (1-1), (1-2) of uniform linear acceleration 
may be adapted to the case of angular motion, or rotation, by iden- 
tifying v and u, the final and initial linear velocities, with w and 
€ the final and initial angular velocities, a with "d 
acceleration, z with 0, the angular displacement, and P with the 
torque 7. Hence 


the angular 


Io— Ioy- 1791, : , . (145) 
Hot Moy, : f . (1:16) 


lo is called the angular momentum and Hw? the angular kinetic 
energy. 


If a point P in the body has linear acceleration "m and if at 


this point a force p acts perpendicularly to OP, the radius passing 
through P, then p is given by mr where m is the mass of the 


particle at P. This force has a moment mde about O, and the 


sum of the moments about O of all the unbalanced forces acting 
on the body is J’, the torque. Hence 


do do 
ne alr eg E 3 : +) (1217) 


so that, from (1-15), T% is equal to the change of angular momentum, 
and is termed the angular impulse, or impulsive moment. Similarly, 
from (1-16), the change of angular kinetic energy is 79, and is the 
s x by a couple of moment T in moving through an 
angle 9. 

The similarities between rectilinear and rotational dynamical units 
are given in Table 1-2, 
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TABLE 1-2.—UNrrs IN RECTILINEAR AND ROTATIONAL DYNAMICS 


Rectilinear Motion. | Rotational Motion. | 
| 3} 
| Displacement, æ. Displacement, 0. 
Nee NOE | dà 
| Velocity, ue Velocity, dp 59 
| . d dv d*ü dw 
A eu NIA lon e. 
| cceleration, dg ar Acceleration, a? di 
| Mass, M. Moment of inertia, I, Mk?. 
Force, P=ma. | Torque, r=12, | 
| Momentum, mo | Momentum, Iw. 
Impulse, Pi=m(v—u). | Impulsive moment, D't— I(«— wy). 
| Kinetic energy, 3mv?. | Kinetic energy, }Jw*. 


| Work, Pz. Work, I. 


1-9. Torsional Oscillations.—A simple but important example 
of angular motion occurs in torsional oscillations. If a body is 
suspended in such a way that its displacement about a given axis 
produces a couple tending to prevent further displacement in the 
same direction, then, in many cases, this couple is proportional to 
the displacement, and an equilibrium position is reached when the 
opposing torque is equal in magnitude to the displacing torque. If, 
now, the latter is removed, the restoring couple is unbalanced and 


generates an angular acceleration given by I 12, I' being the 


torque externally applied. Since the restoring couple is proportional 
to the angular displacement, /'—70, where z is a constant for the 
given type of suspension. Hence 

do d? 

I zn ZU 
the negative sign indicating that the displacing and restoring torques 
act in opposite directions, "Thus the equation of motion of such a 
body is 

dig. v 


der 


10, 


000g pes SEND er (1318) 


The angular acceleration is proportional to the angular displacement, 

and thus the motion is simple harmonie and may be represented by 
0—0, sin za 

to 

where 0, is the amplitude and f, is the periodic time of oscillation. 

If this value of 0 is substituted in (1-18), we obtain 

€ 9. sin 2-9 (27, 2nd 

lato 7o. ne 
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or e j1 . . . - (119) 


1:10. Vectors and their Graphical Representation.— The total 
moment of inertia of any number of bodies about a given axis is 
the direct sum of their Separate moments, and, similarly, the combined 
mass of a series of bodies is the sum total of their separate masses. 
Physical quantities such as these, which may be compounded by 
direct algebraic addition, are called scalar quantities. There are 
other quantities which cannot be added in this manner, Thus the 
resultant of two individual displacements, d, and d, is not neces- 
sarily d,--d,. This is the resultant displacement only if d, and d, 
both lie in the same Straight line. Similarly, if two forces P, and 
P, act on a body, their resultant is again P,--P, only if they act 
in the same direction. Quantities such as displacement, velocity, 
acceleration, force, and momentum which require, for their complete 
description and compounding, a statement of direction as well as 
magnitude, are called vector quantities. "They are most conveniently 
added by a graphical method, in which the vector is represented 
by a straight line, whose length is proportional to the magnitude 
of the quantity, and whose direction, relative to any convenient 
reference line, represents its direction. 

Any quantity which is derived from a vector, or which is obtained 
by a combination of vectors and scalars, remains vectorial. "Thus 
linear velocity, depending on linear displacement (vector) and time 
(scalar), is a vector. 

In rotational dynamics some quantities are directional, in the 
sense that they are confined to a plane, and are called plane vectors, 
By means of a simple convention the rule for the addition of linear 


dimensional vector is represented by a straight line drawn normal to 
its plane, and of length proportional to the magnitude of the vector, 


of a torque, whose plane is always perpendicular to the instantaneous 
plane of rotation. If the torque remains constant in magnitude, 
the result will be a constant precessional motion. 
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EXAMPLES 


l1. Define the sensitivity of a balance and obtain a formula con- 
necting the sensitivity with other constants of the balance. In using 
such a balance it is found that the sensitivity for no load is 8-00 scale 
divisions per mg. and for a load of 100 gm. is 2-70 scale divisions per mg. 
Find the sensitivity for a load of 200 gm. assuming the beam to be 
rigid; indicate the relation between the knife-edge positions. 
[2:45 ; end knife edges below centre.] 


1:2. Show how the rest point of a balance may be deduced while the 
pointer is still swinging over the scale. If successive turning points on 
a scale with its zero at one end are 10, 2 and 8 divisions deduce the rest 
point. [5-43.] 

1:3, A glass sphere of density 2-50 gm. per c.c. is being weighed, and 
is counterpoised by brass weights of density 8-60 gm. per c.c. The 
counterpoising weights are 25-138 and 25-206 gm. when in the right- and 
left-hand scale pans respectively. Find (a) the ratio of the balance arm 
lengths, (b) the apparent weight of the sphere in air, (c) the true mass 
of the sphere if the density of air is 0-00129 gm. per e.c. 

[(a) 1:0011; (b) 25-172 gm.; (c) 25-181 gm.] 

1-4, A catherine wheel when burning has its initial moment of inertia, 
I, reduced at a uniform rate, k. If the couple, G, acting on it is con- 
stant, find the connection between the time, t, and (a) its angular velocity, 
€, (b) its angular acceleration dw /dt. 

[(a) Gt = o(I — kt); (b) (I — kt). do/dt = GI] 

1-5, A stream of water issues horizontally from an orifice of cross- 
sectional area 0-03 sq. cm. at the rate of 20 c.c. per sec., and impinges 
perpendieularly upon a flat plate. Calculate approximately the mean 
pressure which is exerted on the plate. [4-4 x 105 dynes per sq. em.] 

1-6. A sphere of radius 2r and density d has an internal spherical cavity, 
of radius r, the diameter of which is a radius of the sphere. Find the 
moment of inertia, I, of the body about an axis perpendicular to the 
common diameter of sphere and cavity and at a distance a from the 
centre of the sphere. [151 —Aar?d(577? +. 852? + 10ra).] 

1:7 A cylinder has a mass M, length l, and radius r. Find the ratio 
of L to r if the moment of inertia about an axis through the centre and 
perpendieular to the length is a minimum. [v3: 2.] 


CHAPTER 2 
THE ACCELERATION OF GRAVITY 


2-1. The Acceleration of Gravity.— The acceleration of gravity, 
8, is the acceleration produced in any body by the earth’s attractive 
force, and, as actually measured, is the acceleration due to the earth's 
attraction, less the centrifugal acceleration of the earth's rotation, 
The importance of this physical quantity has been stressed in deal- 
ing with the relation between mass and weight, and its value may be 
found experimentally by various methods. 

2:2. Atwood’s Machine.—The most direct method for the 
measurement of g is by means of Atwood’s machine. In the ribbon 
form, which is shown in Fig. 2-1, equal inter- 
vals of time are given by the transverse 
vibrations of a steel strip S. A light pulley 
A runs on ball-bearings and carries, over its 
flat rim, a strip of paper C, to which are 
attached two equal weights M. The strip S 
is rigidly clamped at one end, and carries at 
the other a brush B, which is impregnated 
with ink and which just touches the surface 
of the paper band stretched over the pulley. 
The two weights M carry a similar paper 
strip below, so that in the motion no addi- 
tional excess weight is transferred from one 
side of the pulley to the other. Resting on 
M is a small rider m, while premature move- 
ment is prevented by the platform P. Before 
the system is set into motion the brush B is 
moved across the paper to indicate the 
starting-point, and then, by means of trigger 
releases, P is allowed to fall, and the spring 
is simultaneously set into oscillation. Owing 
to the acceleration produced, the inked line 

desi ak traced on the paper is a gradually lengthen- 

Auton e Miei!" MODE WAVE; for which one wavelength repre- 

sents the distance moved by any point on 

C in the periodic time of the Spring. Thus, by measuring the dis- 

tances occupied by each complete wave, the successive distances 

covered by the system in the Ist, 2nd, etc., periods of the spring 
are known. 

TThen, if a is the acceleration of the falling weight, 4, the period 

16 


Fic. 2:1.— 
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of the spring, and a, £ etc., are the distances covered in successive 
periods, 

d 2, —3at,?, 


2,—al,? + $al’ —3ats?, 
24—2al, + at, —$at,?, 
or (2, —2,) — (v3 —25) —etc. —at,?. 
Thus, f, being known, a is determined. 
If v is the velocity acquired after a distance x, the kinetic energy 
gained must be equal to the potential energy lost. Hence 


Ho?--1[2M 4-m]o?* —mga, 
where J and w are the moment of inertia and instantaneous angular 
velocity of the pulley. But, since v=rw, where r is the radius of 
the pulley, 


(4 aJ HQAL ent mga, 


pe Ae LA dul pia 
oF ES aw Ear 


W, written for 7; I ; being the equivalent mass of the pulley wheel, 


If we compare ora with the expression for uniform acceleration, 
v?=2aa, it is evident that 


alee 
=| WX2M 4m |* 
W may be eliminated by carrying out experiments with two different 
masses M, and M,, in which case 


.2[M,— M] 


It has been assumed that the pulley is not retarded by friction. 
To ensure this, the weight M, carrying the rider, is loaded by means 
of a small auxiliary rider until, if the main rider m is removed and 
the system is given an initial velocity, there is neither acceleration 
nor retardation. The weight of this rider then just neutralises the 
friction, and both may be ignored in the subsequent experiment. 

2:3. Body Rolling down an Inclined Plane.—If a body rolls, 
without slipping, down an inclined plane, a value may be obtained 
for g by timing the motion between two points whose distance apart 
is known. Suppose the body commences from rest at a position A, 
and has acquired a translational velocity v after rolling a distance 
a, measured along the plane and reaching a point B. Then the 
kinetic energy at B is equal to the potential energy lost from A to 
B. The former is partly translational and partly rotational, and if 
lie. ^ngular velocity at B, then, since the point of contact with 
G.P.M.—C 
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the plane is momentarily at rest, v=rw, where r is the radius of 
the body. Thus the kinetic energy at B is 


dmv?-- 3 mk*o?, 
k being the radius of gyration about the axis of the body. The 
potential energy lost from A to B is mga sin 0, and, therefore, 


2 
dmi! jm; mgr sin 0, 
where 0 is the inclination to the horizontal. Thus, 


But, since v?=2az, the acceleration of the body rolling down the 
plane is given by 


a= > i : + (21) 
k? 
I 
The following cases are important :— E 
(a) Solid sphere : 
=}, a=g sin 0. 


(b) Solid cylinder or solid disc: 

i-r a—44 sin 0. 

(c) Hollow cylinder or hoop : 

k*—r, a=}g sin 0. 

2:4. Body Rolling on a Concave Surface.—If a ball is made to 
roll down the line of maximum slope of a spherical surface, placed 
with its concavity upwards, the oscillation about the lowest point 
in the surface will be simple harmonic. Suppose that the ball is 
released from rest at A (Fig. 2-2). Then, by the conservation of 
energy principle, 

2 
dmm mgh, 


or yi 28h 


But h, the vertical distance between A and B, is related to the 
amplitude, a, of the motion by a,*=h{2R—h], where R is the 


Fig. 2:2.—Motion on A Concave SURFACE. 
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difference in the radii of curvature of the surface and sphere. If r is 
very small compared with R, the latter is then approximately equal 
to the radius of the surface. Hence a,2=2Rh if h is small, and 


i.e. v is proportional to a,. This is the case in simple harmonic 
motion where 
223 
"een 


and thus we have, equating these values of v?, 


ie eg . . » (2:32) 


£ 
2:5. Simple Pendulum.—The simple pendulum consists of a 
light string supporting a small massive body, usually a sphere, and 
fixed firmly at its upper end. If such a pendulum is given a small 
displacement, and then oscillates in a vertical plane it describes a 
simple harmonic motion, for, if l is its length and 0 its instantaneous 
displacement (Fig. 2-3) (a), the restoring force on the bob is mg sin 0, 
where mg is the weight of the bob. This generates an acceleration, 
towards the centre, of g sin 0, or, if 0 is small, of g0. But, since the 
velocity of the bob in this position is e, the acceleration towards 
: 1*0 
the centre is mr so that 
d g 
qat P=? 


This, again, represents a simple harmonic motion of period ty given by 


NH SU eee, HODLICTY 


2:6. Conical Pendulum.—1f the bob of the simple pendulum is 
projected so as to describe a horizontal circle, then its periodic time 
may be used to measure g. Let v be the uniform speed of the bob 
(Fig. 2-3) (b), and let r be the radius of its circular path. The inclina- 
tion, 0, of the string to the vertical is given by r— sin 0. The three 
forces which maintain equilibrium are the weight of the bob acting 


2 
vertically down, the centrifugal force = acting horizontally, and F, 
the tension in the string, acting at an angle 0 to the vertical. For 


vertical equilibrium F cos 0—mg, while horizontally F sin o=, 


X 
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x 3 27r 
Hence tan 0=—. But if tg is the period, tọ => and thus 
T 


22 2 27 ?l sin 0 
tan 0=(72) c) g^ 


[1 cos 2 : . N . (24) 
£ 


e A 5 . 2 (9) 


or 


Fro. 2-9.—SiwPLE AND CONICAL PENDULUMS. 


27. Bifilar Suspension.—In the bifilar experiment a heavy 
uniform rod is Suspended in a horizontal position by two equal 
vertical threads of length J and distance 2d apart. The rod is then 
displaced, about a vertical axis, through an angle 0. Let A'C' 


A'OB=$, where 0 is sufficiently small for sin 0=0, and cos —1 
are inclined at an angle ¢ to the vertical when in the displaced 
position, 

For vertical equilibrium 2F cos $—mg, but since 


ló—d0, ^ cos—cos (i6). 


and r=, approximately. 


P?  — gf 


BIFILAR SUSPENSION 


21 
A B A 
B 
A 
fl [n a 
lA" Fsin$ 


Fic. 2-4.—BiriLAR SUSPENSION. 
mg PARALLEL THREADS. 


The horizontal component of the tension F, acting along Bd’, is 
F sin $— kg - Ey, 
and, as BA’ 


Fe ey 
is oj 0:24. 


is sensibly at right angles to OB, the restoring torque 


2 
Hence the restoring torque for unit twist is mE and 


| k fi 
| UNE E i ; - . (2:6) 


| Fig. 2-5 represents the arrangement of the bifilar suspension with 
| non-parallel threads, Let the distance between thc threads at thi 
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Fic. 2-5.—BiFILAR SUSPENSION. u^ 
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bottom and top, respectively, be 2d, and 2d, and let dj—d,—a. 
For vertical equilibrium, 2¥ cos $—mg. Also, 


A'B— V dj3-- dj —2d,d, cos Ô 
=[d,—d,]=a, approximately. 


In addition 
_ BB’ VP 
cos de mh 
and thus 
2 xung, 
| 2V Baa? 


The restoring torque is 
F sin ġ sin «.2d, 
mg æ, 
L-2d,—-9——.2 . 
'avp-ar 1" 
But 


and thus 
: dy 
sin a=—9, 
æ 
so that the restoring torque for unit twist is 


mgd,d, 
m 


1j—92z | mk* Pat 
mgdyd, 


E k VI3—33 
ce EU 


If y is the vertical distance between the ends of either suspension 


thread, then 
y—A4A'—BB' —VI—a?, 


po 
—25——— |V : 
Lem. zJ be ied dese (og 


This reduces to the previous case if d,—d,—d, and y—l, i.e. if 
the threads are vertical in the equilibrium position. 

2-8. Compound Pendulum .—Despite its apparent simplicity in 
construction and use, the simple pendulum is not convenient for the 
exact measurement of g, for, to support the bob, a suspension thread 
of appreciable mass has to be used, while the bob has a motion which 


Hence, 


and 


COMPOUND PENDULUM 28 


is not merely one of translation, since it turns about the point of 
suspension, It is therefore necessary to evaluate the moment of 
inertia of the whole system to take these factors into account. 
Additionally, the suspension thread slackens when approaching the 
limits of swing, and introduces a complication into the motion which 
limits the accuracy of the experiment, unless complex corrections 
are made to eliminate the effect of flexure. The last defect is 
practically absent from the compound pendulum, a nearly rigid body 
swinging in a vertical plane about any horizontal axis passing through 
the body. 


to 


40 5080-920 : 10 o 10 20 30 40 
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Fic. 2-0.—CowProuND PENDULUM. VARIATION OF PERIOD WITH DISTANCE 
OF ÁXIS FROM THE CENTRE OF GRAVITY. 


Let O be a point on this axis, G the centre of gravity of the 
body, and 0 the angular displacement, at time f, from the equi- 
librium position OA, Let OG—l. "The restoring torque is mgl sin 0, 
or, if @ is small, mgl. Thus the restoring torque for unit displacement 
is mgl, and the period t is given by 


I 
CE 
where J is the moment of inertia of the body about the axis of 


suspension. , A 
If k is the radius of gyration about a parallel axis through G, 


then, by equation (1:4), 
a I=mk?+mi?, 


and nan, [EXT T $ T = (2:8) 
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If different values of J are taken, and the corresponding values 
of t, found and plotted, then the result is as shown in Fig. 2-6, and 
the following conclusions may be drawn :— 

(a) The minimum time of vibration is obtained when the body 
is suspended from points, represented by X and Y, situated at equal 
distances 1, —M X — MY from the centre of gravity. "This may also 
be deduced by differentiating equation (2:8) with respect to J and 
equating the result to zero. This gives 


The body now acts like a simple pendulum of length 2k, i.e. XY. 

(b) Any line above XY, at right angles to the time axis, cuts the 
curve in four points, such as A, B, C, D, which are placed by pairs, 
AD and BC, Symmetrically about the centre line. Let AN=ND=1l, 
BN=NC=l,, and ON=t,. Then, 


e k+l k--1,2 
ime Ea, [Er 
or 


Dem "L l] mt 1,3, 


gaan, [ict | M oe MTR) 
i ) 


Thus the length of the Simple equivalent pendulum in this case is 
BD. 


and 


The bar form ot compound pendulum consists of a heavy uniform 
rectangular bar along the length of which a regular series of holes 


tion between the period and distance is similar to that shown in 
Fig. 2-6. In using this graph to measure g, lines such as ABCD are 
drawn, and an average of the distances AC and BD is substituted 
In equation (2-9), Thus a mean value of g may be obtained. 
2-9, Kater’s Reversible Pendulum.— The compound pendulum, 
used in 1817 by Kater ! in his celebrated measurement of the value 


1 Kater, Phil, Trans., 108 (1818). 
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of g at London, is represented in F. ig. 2-7. "The rod carried three 
weights—the bob W and two adjustable weights 4 
and B. It could be pivoted at either of the knife- 
edges K, and K,. The larger weight 4 was moved 
until the times of swing about the two knife-edges 
were nearly equal and was then fixed in position. 
The smaller weight B was moved by means of a screw 
until the number of swings made in twenty-four hours 
about the two knife-edges differed only by a small A 
fraction of one vibration. Within the limits of ex- 
perimental error K, and K, were then reciprocal points 
of oscillation and suspension, and their distance apart 
was carefully measured. This distance gives the length 


x 


of an ideal simple pendulum of the same period, B 
and thus could be used to calculate g accurately. 

The adjustment of the pendulum to exact equality K 
of period is extremely tedious, and, as was pointed Z 
out by Bessel, is not absolutely necessary, for, if Ww 


the two times, ż and £j are very nearly equal, and 
lj ly are the distances of K,, K, from the centre of 
gravity, 


Fic. 2:7.— 
Eh? Er and £t 1 Eh Karkn's 
dat n Agit hai REVERSIBLE 
so that PENDULUM. 
aat S] L2 Ls, 
or 


raat been aa 4 (2-10) 


g L?—l,? L+l, 4—l, 

eee 

TEL is small com- 
1 


, and thus does not require such exact evaluation. 


Since ¢,? is very nearly equal to t,3, the term 


244,2 
pared with " +e 
The length (1-1) is given by the distance between the knife-edges, 
while (l, —1;) is obtained with sufficient accuracy by balancing the 
pendulum horizontally on a knife-edge to locate the centre of gravity. 

To determine the period a method of coincidences, such as that 
described by Horton and suggested, by Poynting, may be used. 
Two mirrors are observed through a telescope, one being fixed and 
the other attached to the vibrating body, so that, when parallel, they 
both reflect the 1-second flashes of light produced by a standard 
clock. Thus one flash always occurs at a fixed point in the field of 
view, while the other may have any position. As an example of 
the method, assume that the period is known to be approximately 


1 Horton, Phil. Trans., 204A, 1 (1904). 
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4:116 seconds, and suppose also that an exact coincidence has just 
occurred. Calling this moment 0, then after 4 seconds the mirrors 
will not be exactly parallel again, since the moving one has lagged 
slightly behind. 1f, however, we wait for such a number of seconds, 
n, as is very nearly an exact multiple of the time of vibration, then 
at the nth fixed flash the mirrors will be very nearly parallel, and an 
approximate coincidence occurs. For example, 9X 4-116—37-044, 
so that after 37 seconds the time-lag of the moving flash is only 
0-044 second. After this 87th second count one, two, three, ete., up to 
87 again, then restart counting again, and so on. Every 87th flash 
will appear to have lost on the preceding one—i.e. the lag increases 
—until after say N sets of 37 seconds one second has been lost, and 
the 1st second of the next set will be a time of exact coincidence. 
Then the vibrator has made 9N vibrations in 87N-+-1 seconds, so 
that the period 4, is given by 


9Nt—37N--l, or d 


In general an exact coincidence is very rare, and that nearest to 
coincidence is taken. Thus suppose that at one 87th flash the 
separation of the images is a lead of æ scale divisions in the tele- 
Scope, and at the next 37th flash it is a lag of y divisions. The 


exact coincidence must then have occurred at the fraction =a 
of an interval after the first observation, and we have 


Ji 
cot CLERI - od 
= "+ oN xay 
where has been written for ——. 
ay 


To estimate the accuracy of the method, suppose N is 20, The 


maximum error which can arise in « is i and 
1 1 [4 $ 
XNXa) 9N IN? approximately, 


so that the error cannot exceed or 0:000027 second, 


xm 
90 x 400 

2:10. Corrections Applicable to the Use of the Compound 
Pendulum.—For very accurate measurements with the compound 
pendulum a number of corrections are necessary. 

(a) Finite Arc of Swing.—The formula given in equation (2-8) 
was obtained on the assumption of a vanishingly small angular ampli- 
tude, and only in these cireumstances will the motion be truly simple 
harmonie. It is therefore necessary to investigate the effect on the 


— 


ES i 
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period of the finite magnitude of the amplitude. The energy equation 
of motion may be written in the form :— 


Gen) cte (cos 0 — cos a), 


where « is the amplitude and 0 is the displacement at time t. On 
integrating this we have 


atta f ERA 
k3--i3Jo o Vcos 0—cos a. 


where fj is the period, Thus, 


If we put sin Psin i sin h, 


Er MEE 
—,.— 32 sin ; cos $. dd, 
, 


0 «x 
cos = sin — cos h 
0 2 


2 
fii i d$ 
1j—4 —— nm 
; lé V eere 


= JE [14 sinn sin ae sint 3 sin! d+... Jas 
T3273 a 
er EH sare (12) sin EL. A 
or, to a close approximation, 
«curi sin? z) 


where /, is the period for an infinitely small amplitude, and 1, is 
the observed period for an amplitude «. 
If, during an experiment, the amplitude falls from a, to «,, where 


each is small, we may put sin Ta sin 2a, and thus obtain 


09. 
nat ES : 5 . (211) 


where #, is the “ corrected ” period. 
(b) Air Correction.—Since the pendulum swings in air and not 
in vacuo, it is necessary to investigate the corrections arising from 
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the reaction of the medium. The formula given above assumes that 
the pendulum itself is a conservative system, but actually the energy 
conservation applies to the pendulum and its associated medium. 
Kater, following Newton, took into consideration only the buoyancy 
effect which produces a virtual diminution in the weight of the pendu- 
lum, and he assumed that the air effect was completely represented 
by the equation 


do 
dt? 
in which m’ is the mass of air displaced by the pendulum. From 
this we should have, as the length of the simple equivalent pendulum, 


mk? 4-02] — (m —m" gl sin 0, 


and m' may be calculated from the volume of the pendulum and 
the density of air at the time of the experiment. 

Bessel, however, showed that the effect is more complicated, for 
the resultant accelerating force acts not only on the pendulum, but 
also on the associated parts of the medium, and produces an effect 
on each part of the energy equation : 


d0N* 
m(k?-+12) a —2mgl cos 0=C,. 


In the first place there will be a loss in accelerating force due to motion 
communicated to the fluid. This loss will depend on the velocity 


and external shape of the body, and may be expressed as fi (2) In 


a time dt the diminution in C, will be «(5 and after a time t, 


C, becomes 
d0 
e Í s(a) 


Secondly, kinetic energy is generated in each moving particle, and 
if dm’ and v are the mass and velocity of one such particle, the first 


term must be increased by an amount |v*dm', where the integral 


includes all the affected portion of the medium. Finally, the remain- 
ing term must be increased by 2m'gs cos 0, where m’ is the mass of 


air displaced, and s is the distance between the centre of buoyancy 
and the rotation axis. 


Thus the equation of motion becomes 


mam) b: f vèdm'—2g(ml—m's) cos rr d (a) d 
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The quantity diminishing C, is merely a damping factor which, 
in the case of a pendulum moving in air, has negligible effect on the 
period.! 


The integral foram, which should be taken throughout the 


affected medium, has not been completely investigated, but if it 
is assumed that each particle is in motion only while the body is 
a) and will depend 
on the shape of the body and the position of the particle. Thus 


2 
Jom =m'K (i) * 


where Ky is a constant. The modified equation of motion then 
becomes 


moving, the velocity v will be proportional to 


" 2 
G-r(e eros) eJ —9g(ml —m's) cos 0, 
and the equivalent simple pendulum length is 
n 
+P Ko 


m 
l——s. 
m 


(2:12) 


The previously neglected effect is thus a virtual addition to the 
moment of inertia, and may be realised by assuming that the pen- 
dulum carries with it an adherent mass of the medium. The 
quantity K, is constant, or variable, according as the motion of the 
fluid is, or is not, proportional to the amplitude, and an experiment 
is necessary to test this. It is found that, very nearly, Kọ is constant. 

For a reversible pendulum let /, and tą be the periods about the 
two knife-edges, a lj, lą the corresponding distances of the centre 
of gravity. Then from expression (2:12), 


E*4hi, RELL m s, Ky 
1, i ea Tae, 

where products of small quantities are neglected. Also, 

É qa kB  KELS m 8, Ks 
GP hm Lt h 


FARE 


i See Chapter 11, Article 11-6. 
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Hence, 3 
mM 89 1 


s 
Fal All PEF Et UG TK). 


Approximately, rnt Beth) 
Loak 3 

where l is the length of the simple equivalent pendulum. Thus, 

substituting | for these quantities and dividing through by (l,—1,), 


we have 
g thl | L+h)4 m'l sı—8, | Kı—K, 
4n? — lh—l, hte) ta, ‘h-a h-h 

Both quantities on the right are small corrective terms and so need 
merely approximate evaluation. Also (s, —s,) may be obtained, with 
sufficient accuracy, by calculation. The last factor 
is obtained by the use of two pendulums of the 
same size and shape, but of different masses. The 
quantity m(K,—K,) wil be the same for both 
pendulums, and thus the two equations may be 
solved to find the value of this factor. It will be 
noticed that, if the pendulum is symmetrical in form 
about the middle point, $,—5, K,=K,, and the 
correction due to air effect is eliminated. A pendu- 
lum fulfilling this condition was constructed by 
Repsold, and is shown in Fig. 2-8. A bar L is fixed 
into two rings R, and E, into which, in turn, are 
screwed two short rods, terminating in knife-edges 
Kı, K, and carrying the two bobs 4 and B, of which 
one is solid and the other hollow. These bobs are 
adjusted by serewing them up or down on the sup- 
porting stem, and thus the periods about K, and K, 
can be brought to practical equality. 

The whole of the air effect may be made neg- 
ligible by swinging the pendulum in a reduced 
pressure, and this is now the usual procedure, At 
low pressures the residual effect is a linear function 
of the pressure, and thus measurements may be 
made at two or three different pressures and the graph extrapolated 
to find the period at zero pressure. ‘ 

(c) Curvature of the Knife-edges.—The effect of knife-edge cur- 
vature may be avoided by having plane bearings on the pendulum 
and a fixed knife-edge on the support. 

"This is now the accepted practice,? the knife-edge being ground 
to a fairly sharp edge, and the plane bearings being accurately flat 
and always replaced in the same position on the knife-edge, 


1 Heyl and Cook, Bur. Sids. J. Res., 17, 805 (1936). 
* Heyl and Cook, loc. cit.; Clark, Phil. Trans., 238A, 65 (1939), 
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(d) Yielding of the Support.—Unless the support is very rigidly 
fixed, it will be forced to oscillate coperiodically with the pendulum. 
This motion may be resolved into vertical and horizontal components, 
Of these, the latter has much greater effect on the period, and may 
become an extremely disturbing factor. It is thus necessary to 
arrange that the support is fixed rigidly, particularly in a lateral 
direction, and to ensure that no cumulative resonance effect is 
permitted. 

Let O be the point of support of the knife-edge on the plane, 
and A the centre of gravity, where O4—1,. Suppose that the sup- 
port yields in a horizontal direction by an amount « per unit force. 


The acceleration horizontally is rad and thus the force is mi. 
But 
PO EGON 
di* K+? 
and so the force P on the support is given by 
poméh*0 mgl 
WL? dL 
since k*—l,l,. Hence the yield, 00’, for an angular displacement 0 


is given by 
, h 
0'= 
A T 
Thus the centre of oscillation is raised to C where OC=6, and 
00'=6,0, so that 
mgol, 


Ar FE 
The period is therefore given by 
Epa hFE 
anèt (hd) 
For the other knife-edge we have 


k2 
E EIE 


NP ERN 
dahh tatg 


and so 
& [hht] — 1 [j, kh qa ps Pls 
ve| i-i] icu e er rt 
1 
(a h)4-7— (015 — Sal) 
lj—l, 
=1,+1,+-mga, 
since 


1,6g==1,6;. 
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There is also a varying vertical force on the support, but since 


ment of the support, produced by a horizontal force equal to the 
weight of the pendulum, and this may be found by hanging the 


to the support. Then the quantity mgx is measured by means of 
a microscope. x 

An additional possible source of error was investigated in the 
Potsdam measurements made, under the supervision of Helmert, by 
Kuhnen and F urtwangler.! "This is the effect of the elasticity of 


The Potsdam value was accepted as a standard of reference, but 
the work of Clark and of Heyl and Cook ? has shown it to be about 
17 parts in a million too high. Reference to this work will show 


Because of the value of an exact gravity triangulation based on 
Washington, London, and Potsdam, Browne and Bullard 4 compared 
g at London and Washington; Cook 5 compared Teddington with 
Potsdam using invar pendulums with quartz erystal-controlled 
clocks; Garland and Cook * using the same pendulums found gat 
Ottawa, Washington, and Teddington. "These experiments were in 
very satisfactory agreement, 


ated localities establish that this quantity is a constant only for a 
given place, and changes decidedly from place to place, particularly 
if the alteration in locality involves a marked difference in latitude, 


1 Kuhnen and PPS LY, Veroff. Preuss, geodat. Inst. N.F., No. 27 (1906), 
Aas Roy. Astron. Soc., M.N., Geophys. Supp., 6, 159 (1950). 

loc. cit. 
* Browne and Bullard, Proc. Roy. Soc., 175A, 110 (1940). 
* Cook, Proc. Roy. Soc., 213A, 408 (1952). 
* Garland and Cook, Proc. Roy. Soc., 229A, 445 (1955). 
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observed in g are due, in the main, to those two changes in position 
—latitude and altitude—which produce correspondingly different 
distances from the centre of the earth, It must be remembered, 
however, that the value of &, measured by the pendulum, is really 
the resultant acceleration due to (a) the attraction of the earth, and 
(b) the tendency of the body to move in a straight line, In other 
words, the attraction of the earth produces two effects : (i) it supplies 


2 
the necessary centripetal force, > to maintain constant the dis- 


tance, R, of the body from the centre of the earth; and (ii) the 
remainder of the attraction generates the acceleration which the 
pendulum measures. Thus, to deduce the value of the acceleration 
produced in the body by the earth’s attraction acting alone, it is 
necessary to make allowance for the radial acceleration due to rotation 
about the earth’s polar axis, 

2:12. Shape and Size of the Earth.—The pendulum experi- 
ments of Richer, in 1672, established the difference in g at Paris 
and Cayenne, and this was explained by Newton b: assuming that 
the earth acted as a uniformly gravitating fluid E which would, 
by reason of its rotation, necessarily have an equatorial protuber- 
ance, Taking into account both the variation in attraction and in 
centrifugal action, he caleulated the ratio of the axes of the spheroid 
to be 230 to 229. 

Later, Clairaut, in his Theory of the Me of the Earth, deduced 
the result of supposing that the earth’s surface is AL misc of equili- 
brium, i.e. such that a layer of water would spi evenly over it, 
and he further assumed that the internal density was such that layers 
of uniform density were concentric and similar spheroids, This latter 
assumption was shown by Laplace! and later by Stokes,? to be un- 
necessary, the latter proving that no ipsam law of density is required, 
if the external surface is a spheroid o; equilibrium, | Clairaut's result 
may be expressed in the following way : Let ga and gi be the values 
of gravity at the equator and latitude 4, respectively ; let r, and r, 
be the equatorial and polar radii, and m, the ratio of the centrifugal 
acceleration to gravity at the equator. Then 


gi g[1-4- ($m —e) sin? 4], 


where e, the ellipticity, —="\—"s, 


It follows from this that if the earth is an oblate spheroid, two 
determinations of gravity at stations of widely differing latitude 
should be sufficient to determine its ellipticity. Actually, local 
variations interfere, and it is necessary to compare a large number 
of determinations made at scattered stations. As a result of 


1 Laplace, Mécanique Celeste, Bk. 3. 
* Stokes, Math. and Phys. Papers, 2, 104. 
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considering data obtained in experiments, ranging over all inhabited 
latitudes, Helmert 1 gave as the value of gravity : 


$,—978-00[1--0-005310 sin?2] . + (213) 
and £—3$39- 


More recently the International Geodetie Association adopted 
the value :— 


£4—978:049[1-1-0-0052884 sin? A—0-0000059 sin? 24] 
together with a reference spheroid for which 
7,—6,978,388 metres and 1/e=297. 
"This gives 
74—0,856,912 metres. 
The spheroid so defined is one of fluid equilibrium only for a liquid 
of uniform density. If the fluid density increases towards the centre 
the figure of fluid equilibrium is depressed in middle latitudes, the 
amount of the depression depending on the law of density change 
but being about 8 metres in latitude 45°. Bullard 2 using the 
density figures of Bullen ? suggested that 
£i—g[1--0-00529317 sin? A—0-00000787 sin? 24]. 
Such amendments, however, depend upon the methods adopted for 
the correlation of readings in a given locality and particularly upon 
the height correction used. In addition, as Jeffreys * notes, the 
value of r, given by survey is the value which best fits the level 
surface near the are of survey and is not necessarily that which 
most completely conforms with the level surface as a whole. For 
example Heyford, for the U.S.A. gives r,=6,378,388 m. and 1 /é 
=297-0 as stated while Bahn for South Africa. finds 7 =6,378,807 
and 1/e=298:3, After examining the survey data for Europe, India, 
and South Africa, Jeffreys obtains 7, =6,378,118 and 1/e=299-76 
or, by using astronomical data also, 


7,—0,978,099 and 1/e=297-1, 


"These results fit the extensive gravity survey of Britain and, from 
them, Jeffreys 5 modifies the gravity formula to 


&1=978-0373[1 + 0-0052891 sin? A—0-0000059 sin? 24]. 

2-13. Divergences from Clairaut's Theorem.—Although to a 
first approximation the spheroid of equilibrium—ellipticity 441;— 
represents the figure of the earth, the result of numerous pendulum 
experiments indicated the large variation produced by local effects. 
Of these, altitude is most important, as was first pointed out by 
Bouguer. If there were no matter above sea-level, the correction 


; Helmert, Berl. Ber., p. 829 (1901) ; p. 843 (1902) ; p. 650 (1903). 

* Bullard, Roy. Asron. Soc., M.N., Geophys. Supp., 5, 186 (1945). 
? Bullen, see Art. 3-9. 

‘ Jeffreys, Roy. Astron. Soc., M.N., Geophys. Supp., 5, 220 (1945). 
* Jeffreys, Nature, 162, 915 (1948). i GIF 
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for altitude would be simple, since the decrease should be z of the 


sea-level value, where h is the altitude. The centrifugal force would 
act in an opposite manner, though to a negligible extent. When 
tested, this formula gave a greater decrease with altitude than that 
actually observed, and the difference must be due to the attractive 
action of elevated masses. Bouguer suggested as the correct 
expression, 
2h, Bhd 
acd zug) 


where g is the sea-level value, d is the density of the earth's surface 
constituents in the locality of the station, and D is its mean density. 
This formula—known as Bouguer's Rule—was once widely used, but 
better results are obtained by the application of Faye’s Rule, which 
replaces the Eb term of Bouguer's rule, by one taking into account 
the attraction of the excess of matter under the station and above 
the average level of the district. 

2:14. Gravity Surveys.—In order to obtain data applying to a 
more detailed examination than is possible using the full technique 
of an absolute determination of gravity, it is more usual to combine 
with such widely separated, but accurate, absolute measurements, 
some form of comparative readings. "The means adopted will vary 
with circumstances but include the following :— 

(a) Invariable Pendulums for place-to-place comparisons in 
regions where no marked local abnormalities exist. 

(b) Gravity Balances for use as prospecting instruments for the 
moderately aecurate surveying of abnormal conditions due, for 
example, to high- or low-density surface constituents. 

(c) The Eótvós Balance for the most sensitive small-scale measure- 
ments of gravity variations. 

The Invariable Pendulum.—tThis usually takes the form of a 
rigid pendulum of invar steel oscillating in a partially evacuated 
vessel from the support provided by a substantial tripod. If such 
a pendulum vibrates in two different places then, if no other change 
than a variation in g affects the motion, the ratio of the & values 
is the inverse ratio of the squares of the times for a given number 
of vibrations. By standardising the air pressure the various air 
corrections are made constant, and the only variable condition 
which may affect the simple relation stated above is that of tem- 
perature. In addition to making this small by the use of invar 
steel, the change of period with temperature may be directly deter- 
mined and thus corrected for, and in this way the accuracy of the 
gravity ratio is that of a timing operation which, with frequent 
and precise broadcast time signals, is of a high order, Since the 
original period and the correction terms are obtained at a base 
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station where g is known, this makes the dependent determination 
of the same order of accuracy as that of the absolute measurement, 

The use of time signals at the field station may be eliminated 
by the technique adopted by Bullard + in accurate determinations 
of g in East Africa. Two pendulums are necessary, one at the base, 
in this case Cambridge, and the other at the field station. An 
agreed wireless signal, e.g. the Rugby weather forecast, in Morse 
is recorded alongside the pendulum vibrations on a photographic 
trace, and about an hour later this is repeated. The Morse signals 
give equal time intervals with which to compare the pendulum 
periods. 

Gravity Balance or Meter.—Next in order of sensitivity and 
closeness of investigation come the gravity meters, of which several 


PS el 


Fic. 2-9.—Tue BOLIDEN GRAVITY METER. 


different kinds are now in commercial employment. One form of 
instrument in which the controlling element is a thin spring under 
flexure is the Boliden ? gravity meter which is shown diagrammatic- 
ally in Fig. 2:9. The mass M is sustained by the supporting springs 
F, F and ends in two flat plates P,, Q, which are parallel to, and 
a short distance from, the plates P}, Q,. These are insulated from 
the main frame of the instrument by the insulating slabs B, B. 
The plates P,, P, form a parallel plate condenser which is part of 
an oscillatory circuit, the frequency of which is compared with that 
of an independent standard oscillator. The leads C establish con- 


1 Bullard, Roy. Soc. Proc., 141A, 233 (1933) ; Phil. Trans., 235A, 445 (1930). 
i See Sundberg, K, Bull, Instr, Mint M London, 402 (1988). Sed 
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tact with the condenser P, P}. If the gravitational field intensity 
changes, the gap between P, and P, undergoes a proportional change 
owing to the altered bending of the spring, and this produces a 


capacity change óc given by eod where £ is the original separation 


of the plates and óz is the change in separation. Thus 
6g=kbx=k,6N, 
where ôN is the frequency change produced. The 
calibration may be made by applying known potential 
differences to the lower pair of plates Q,, Qa, calcula- 
ting the consequent force of attraction, and constructing 
a graph of attracting force against frequency change 
or, conversely, in the field the necessary potential 
difference to restore the frequency to the original value 
may be measured as applied to the plates P,, P, or 
Q, Qo 
Another form of gravity meter is shown in Fig. 2:10. 
This instrument, which is known as the Gulf Gravity 
Meter, makes use of the fact that a spiral spring, 
constructed from a flat ribbon of metal, tends to un- 
wind, or wind up, when the load it sustains is in- 
creased, or decreased. The spiral, fastened to a torsion 
head at the top, sustains a load, including the mirror 
M, at the bottom and the constants are such that 
the load produces an untwisting of about 8 revolu- 
tions. Thus any alteration in the weight of the 
attached mass will produce a proportional rotation of 
M. A beam of light is then reflected to and fro be- 
tween M and a fixed reflector so producing a magnified 
deviation, and after four such reflections, the illumin- 
ated slit image is observed by means of a microscope 
with a micrometer scale in the focal plane of the 
eyepiece. The operation of the optical system can be 
understood by reference to Fig. 2-11 in which M, a 
plano-convex lens, faces a similar lens N through 
which passes the light from a slit at S. Each of the 
plane faces of the lenses has a thin aluminium film, — Fic. 2:10.— 
the density of which is arranged to produce maximum CUM 
intensity in light which has made two transmissions METER. 
and four reflections. A series of such images is seen, 
as indicated by A, B, C, D, in which A is the direct image, B that 
seen after 2 reflections, etc. 
In both these instruments the effect of temperature change, 
though small, is appreciable and control to about 0:02? C. is neces. 
sary. The Boliden instrument is sensitive to about 1x10-? cm, 


1 Wyckoff, R. D., Geophys., 6, 13 (1941). See also Reports on Progress in 
Physics, Vol. IX, 198 (1942-3). 
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“Shans. 


Fic. 2-11. 


per sec. per sec. and the Gulf Meter to about 510-5 em. per sec. 
per sec., or 5X 10? milligals. The last-named unit is now commonly 
used for small changes in g and is defined by the relation 


l em. per sec. per sec.—1000 milligals. 


2:15. Gravity Survey of Great Britain.—Accurate pendulum 
measurements have been made at Cambridge, York, Newcastle, 
Edinburgh, and Aberdeen.! These values, together with that at 
Teddington, afforded a satisfactory set of primary bases from which 
a complete survey was made by extensive gravity meter comparisons 
at about 600 different stations. The results were reviewed by 
Cook ? who recommended their reference to a Cambridge value of 
981,265 milligals and a detailed table of mutually consistent magni- 
tudes was compiled. 

World Gravity Network.— The wide-range possibilities in the 
use of a robust form of gravimeter were demonstrated by Woollard.* 
"Travel was by air so that great distances and frequent readings were 
available; these differences in g values made links with the most 
important primary pendulum bases and, in addition, established an 
extra set of 125 stations at each of which the maximum error was 
about 0:5 milligals. 

So well established now is the intermediary use of gravimeters 
in gravity surveys that, on the analogy of topographical surveys, 
it has been suggested 4 that there should be set up a numerous 
system of gravity bench marks. The data exist for this and it 
would be a matter of obvious convenience if standard g values were 
associable with precisely denoted subsidiary experimental points 
instead of needing, as is now frequently the case, either a detailed 
verbal description of the point at which a measurement was made 
or, alternatively, an ad hoe determination of the gravity difference 
between a place of experiment and a recognised pendulum base 
which may very well be fairly distant. These bench marks would 


1 Browne, ef al., Roy. Astron. Soc., M.N., Geophys. Supp. 6, 91 (1950). 
* Cook, Hoy. Astron. Soc., M.N., Geophys. Supp. 6, 494 (1953). 

3 Woollard, Geophys., 15, 1 (1950). 

“McCullum and Brown, Geophys., 8, 379 (1943). 


EÓTVÓS BALANCE 89 


utilise the world-wide network just described and so would extend, 
in numerous detail, the advantages of commonly based readings. 
In addition the setting up of such an available set of known gravity 
values would facilitate the calibration of invariable pendulums and 
prospecting equipment. 

2-16. Eótvós Balance.— The accuracy of the pendulum is insuffi- 
cient to permit its use for the measurement of small variations in 
gravity, caused by such neighbouring masses as buildings or com- 
paratively small geological deposits. For this purpose some instru- 
ment much more sensitive to changes in g must be used. The 
Eötvös * balance has the necessary sensitive- 
ness. It aims at measuring the gravity 
gradient, so that it is only comparative. 

The essential parts of the balance are 
shown in Fig. 2-12. A torsion head T is 
connected to a platinum iridium suspension 
thread 4, 60 cm. long, which supports the 
torsion beam B of length 40 em. At one end 
of B a fine platinum wire E, 65 cm. long, sup- 
ports a small platinum weight D about 25 gm., 
while at the other end is a counterpoise weight 
C. A light aluminium rod F, joined to the 
beam at its centre of gravity, carries a circular 
mirror M, which is used, in conjunction with 
a telescope and scale, to measure the deflections 
of the beam. 

If the value of g varies from point to point 
in the neighbourhood of the instrument, a 
couple will act on the suspended system and 
will produce some twist in the wire, deflecting 
the beam from that (unknown) position which 
it would occupy if gravity were constant. . 2.12.—] 

When the equilibrium position of the beam Hi eee 
makes an azimuth angle 0 with the north- 

south direction, and n, n are the scale readings in this and the 
(unknown) direction for no gravitational torque, respectively, the 
relation between them is given by 


OU UJ. U 
n—n—A [ae aes |n 20+2A (aag 20 


02 z 0*U 
-c zan o+ elpale 0, . (214) 
where A and C are instrumental constants, U is the gravity potential, 


and X = E is the value of the gravitational attraction along the 


north direction, 
1 Eötvös, Wied. Ann., 59, 385 (1896). 
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v- is that along the east direction, 


2 is that in the vertical direction. 
This formula may be deduced as follows ! :— 
The beam is in equilibrium under the opposite actions of the 
force systems due to 
(a) The force of gravity, and 
(b) Torsion in the suspension. 
With respect to (a) it is assumed that the complete system has a 


potential function U, which is uniform in the neighbourhood of any 


point external to the earth, and of which the derivatives QU au 


dx’ dy’ 
KU UT tc., are also uniform at such points for any syst 
32’ On?” ody? etc., a ori ch points any system 


of rectangular axes. 


Fic. 2-13, 


In Fig. 2-18, axes Oz, Oy, Oz are chosen so that Oz is vertical, 
while Oz and Oy are horizontal. Let X, Y, Z be the forces along 
these axes on unit mass at a point (xyz). At O we have X=Y —0 

1 See Shaw and Lancaster Jones, Phys. Soc. Proc., 35, 151 (1928); 35, 204 
(1923); Lancaster Jones, Reports on Progress in Physics, VoL n (1933). 
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and Z=g,, if we assume that the resultant force at O is along Oz. 
At the point xyz, 


ax 2. XV | 
sore ie) r5), (85) 

9YY , /0YX , f0Y 
rores (as) (p), E) 


ate (89) «(89 4. 


and if we assume that, in the region covered by the balance, the 
forces X, Y, Z are so nearly uniform that we can neglect terms in- 
volving 2?, y?, ete., and the second derivatives of X, Y, Z, then 


aX\ , (aX\ , fa 
x(a), (a), e), 
9*UY , /2U\ , (au 
(s) (cm), s); 


3U aU aU 
roi, (ar), Q8), 
and the torque about Oz will be 


PS i (Ya— Xy)dm, 


where the integral extends over the whole suspended system. Hence, 


@U U aU 
qm (a5 — a) [nuin EG —y?)dm 


0*U. aU 
-H (35) [=m (az), [vet 


In the equilibrium position the beam is inclined at an angle 6 
to the Ow axis and thus z—r cos ; y—r sin 6, where r is the distance 
of the particle from the z axis. Substituting these values we have 

i aydm— P By i rtn-l sin 20, 


[etim 20 *mm-1 cos 20, 
[zm =cos 0 i ardm=mll cos 0, 


foram =sin 0 [xim =mil sin 0 


in which J is the moment of inertia about the z axis. The latter 
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results follow from the symmetry which exists about the axis of 


the beam. Thus 
p3 aU 3? aU 
es sin 20( aye a +I cos 20( a) 


aU oU. 
emu cos 0—3 s sin 0), 


where the quantities AR) etc., are supposed to have the value at 


the origin. For equilibrium /'—c4, where ¢ is the angle of twist. 
Let n, be the scale reading corresponding to the 0 position, and let 
^ be the reading for the true zero when [=0. Then if d is the 
distance from the mirror to the scale, 


14—n-—2d.4, 
and i $ 
2d.I[/0*?U 02U\ sin 20 3U 
E [e 2s) 2 taag] 
, 2d. mhl[ 0?U PU 
aty Bros a Oxür 2d: 
If, now, we write 
Eon and ceanh 
i T 


we have 


P oU o? 02U 
ny —n— A sin "(s — às) F24 cos o(a) 


- alU aU 
—C sin (25) +e cos (ss) 


which is equation (2-14). 


The quantities J and 7 are instrumental constants, and are evalu- 
ated as follows :— 


(a) Determination of «.—An accurately turned lead sphere— 
placed alternately on the left and right sides of m in a line perpen- 
dieular to the beam and at a measured distance from m—is used 
to produce a deflection of the beam. Then 


quae Mme p 

2d 82 pa 
y tas 

where (n—n’) is the displacement of the zero, M, the mass of the 

sphere, s, the mean distance of the centre of the sphere from the 


axis of the suspended cylinder, b, the length of the cylinder, and 
G is the constant of gravitation 
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(b) Determination of I.—The quantity I is most conveniently 
determined by hanging the suspended system from a shorter and 
thieker suspension—in its usual form the period is very long—and 
finding the time of vibration first alone, and then with added masses 
on the beam. This is the usual torsion balance method of measuring 
moments of inertia. 

By these preliminary experiments and measurements of d, m, h, 
and l, the quantities 4 and C are determined, and thus observations 
of n, in five different azimuths are sufficient to determine n and the 


quantities 
PU, — (mU 
0y0z f Oz0m 


PU OU) (aU 
oy? ax}? Ox0y J" 
at the point O. 

It is convenient to take readings of n, for six different azimuths 
at intervals of 60°; the one superfluous reading then affords a check 
on the observations and enables the readings to be immediately 
repeated, if any discrepancy of unusual magnitude is disclosed. 

Equation (2-14) may be rewritten 

n1—n-—4A' sin 20--B' cos 20--C' sin0--D' cos0 . . .. (2:15) 


where 5 
l2 2 
eR) velt 


(LL e[2U] "SEU 
onc ia) »-c[7] 


If we put 0=0°, 60°, 120°, 180°, 240°, 300? in (2:15), and the 

corresponding values of m, are ny ng, Ng, Nyy mg, "ng we have 
Ny - 13 - ng —ng 4-n44-ng —8n, 
2V/84'—92(n,—n)—(n, —n,), 
2B'—nrn,—2n, 2D'—n,—n, 
2/8C' —2(ny —ng) — (n, —n,). 

Thus all the derivatives in equation (2-14) are determined. In 
particular the rate of change of g northwards is given by —C'/C 
and that eastwards by D'/C. 

To estimate their magnitude, and thus to obtain an idea of the 


necessary sensitiveness, we may apply Helmert’s formula 1 to the 
latitude of London, viz. 51° 30’. At London £— 981-1806, and thus 


Qr Ou  970X10-*, 
og ZU 
ay’ Oxüy ' 
aU ONN , s 
(ar a) = 005 x 10-?. 
! Equation (2-13). 
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In one of Eötvös’ instruments the constants A and C were 
0-05162 x 10? and 0-14087 x10?, respectively. Thus for 0—90^, 


= — (4-005 x 0-05162) —(0-14087 x 7-9376) 
— —133, approximately. 

This difference in reading would be easily noted. If there are large 
local masses, the differences in reading may be as much as ten times 
the above quantity.! The limit of accuracy with pendulum experi- 
ments is about 1 x 10-4 C.G.S. units, while that of the Eötvös balance 
is of the order 1 x 10-? C.G.S. units, and because of its great sensitive- 
ness the balance has been used commercially in the survey of oil 
fields, while Shaw and Lancaster Jones used it to map the local 
gravitational field in a laboratory. 

2:17. Geophysical Prospecting.—Geophysical prospecting is 
the location of mineral deposits by means of measurements of 
gravitational, electrical, magnetic, and seismic magnitudes,? which 
have been modified from the normal values by the nature and 
position of the deposit. There are peculiar difficulties associated 
with the work, owing to the extreme smallness of the magnitudes 
measured, the exigencies of field work, and the aggregation of effects, 
since it is impossible to isolate the deposit from its surroundings. 

In the electrical method probing electrodes are inserted into 
shallow holes when direct current is used and these electrodes are 
widely separated. The lines of current flow tend to concentrate in 
regions of good conductivity and to be more widely apart where 
the conductivity is poor. The equi-potential lines thus give guid- 
ance to the places of metallic ore deposits and it is such locations 
which are the goal for this technique. When alternating currents 
are used there is no need of inserted electrodes as the stimulating 
coil placed above the ground induces earth currents which may be 
investigated by means of search coils. 

Magnetic methods of search are even more restricted in purpose 
since their value is almost entirely limited to the location of ferro- 
magnetic substances especially magnetite. The consequent mag- 
netic anomaly is detected by a portable magnetometer and there 
is at least one form which is towed, airborne, by aeroplane and 
enables a rapid survey to be made over difficult terrain. 

The detection, by means of seismometers, of artificially produced 
earth tremors is more widely applied than any other method particu- 
larly in the search for oil. The time of travel, which is the directly 
observed magnitude, depends on the distance traversed, the density 
and elasticity of the strata penetrated. At short distances from the 
explosion source it is possible to observe the arrival of waves which, 
incident nearly vertically, are reflected from subterranean interfaces 
while at much greater distances waves may be detected which, by 
a process of total internal reflection caused by the normal increase 


m—n 


1 See Shaw and Lancaster Jones, loc. cit. 
3 Rankine, Jour. Inst. Met., 74, 563 (1948). 
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of velocity with depth, come again to the surface after travelling 
along the critical interface. Both kinds of observation have indi- 
vidual merits. In general the reflection method is more favoured 
because of the greater detail it provides of the shape of the under- 
ground features investigated ; but for oil-bearing limestone forma- 
tions the refraction readings are the more reliable, In rock salt 
domes which are oil-bearing the velocity of the waves is particularly 
high and seismic methods are specially valuable in this commonly 
occurring case, The seismometers employed are self-recording and 
utilise the eurrents induced in spring-supported coils which move in 
suitably placed magnetic fields. These currents, after amplification, 
go to a reflecting galvanometer so that photographic traces may be 
recorded, side by side, of the arrival at different points of waves 
from the same source. Timing marks 75 or 13; sec. apart are also 
provided on the same record. 

The gravitational method depends upon the fact that local 
anomalies of density affect to a measurable extent the space varia- 
tions of the gravity force which operates upon some type of balance 
or gradiometer, as it is now commonly termed. There are many 
types of such instruments, e.g. Eötvös balance, Oertling and Cam- 
bridge gradiometers, but in all cases the readings obtained by means 
of the instrument are reduced to provide the desired values of the 

2 


gravity gradients, pi ete., relating to subterranean anomalies. 


The procedure is then as follows :— : : 
These subterranean gravity gradients are combined into gradient 

and curvature vectors, e.g. 
SU 0 (=) ag 


Oxdz On Ox) Oa 
where 28 is the gradient of g at a point O in the direction Oz, the 
: xen U 29 
axis of z being taken as vertical. In a similar manner un 0, 
i.e, the gradient of g in the direction Oy. Thus the resultant hori- 
zontal gradient, G, is known in magnitude and direction. 


Putting Us t and remembering that the magnitudes 


of A and of U, are fixed in space, and depend only upon the 
xoy 


field of gravity at the point considered, we can combine these quan- 
tities to form a vector, specified by a magnitude S a direction 
making an angle 4 with Ox, where tan a ee The two 
solutions 4, and 4, differ by 2/2, and give the directions of the two 
principal axes of curvature of the level surface, or as it is called, 
the equipotential surface at O. 
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The values of the gradients G and curvature vectors R at the 
various observing stations in a gravity survey are plotted, the 
direction of 4, being such that secant 22, is of opposite sign to U4. 
In this manner a representation of the gravity variations over the 
region is obtained, and from the gradients a series of closed lines, 
called isogams, can be drawn on the plan. "These isogams resemble 
contour lines on an ordnance map, and are everywhere perpendicular 
to the gradients. 

Such an isogam chart is an effective visual guide to the inter- 
pretation of the subterranean anomalies which give rise to the 

vity variations. If the isogams are parallel and equally spaced, 
it can be assumed that the structure below the surface is uniformly 
monoclinie in type, whereas dome-like subterranean structures give 
rise to isogams resembling the contour of a surface dome. 

The variation of the magnitude of the gravity gradient, along 
a section line of the area, is also used as a means of the interpretation 
of structures, a type of profile chart being constructed for selected 
sections, For success in geophysical prospecting, considerable ex- 
perience, both in the use of instruments and in the interpretation 
of their indications, is necessary. 

2:18. Acceleration of Gravity at Sea.—The measurement of 
gravity at sea presents many difficulties, but Duffield? carried out 
a series of experiments during a visit of the British Association to 
Australia in 1914, The underlying principle was to compare the 
atmospheric pressure, given by a special marine barometer, with that 
found by an aneroid barometer. The reading of the former, only, 
varies with gravity. The value of g is found from 


uj. or M5, 


where g, is the value of gravity in latitude 45°, and p, B are the 
pressures given by the aneroid and mereury barometers, respectively. 

In addition to the temperature correction, the ship's motion in- 
volves a correction for the change in centrifugal effect, This amounts 
to about 0-05 millibar per knot at latitude 50°, A vertical accelera- 
tion of the barometer is "gen by the rolling and pitching of the 
ship, or by its rise and fall as a whole. When the mercury is 
oscillating from this cause, it is necessary to take a mcan of successive 
maxima and minima readings. 

The results show that the general deviation of gravity from the 
theoretical value, over oceans of 6000 metres depth, is not greater 
than 0-3 em, per sec. per sec. ‘There appears to be a defect of gravity 
over very deep oceans and on the edge of a continental mass, especi- 
ally if there is a coastal mountain range. Higher values are obtained 
over island stations than over deep seas. 

In a gravity expedition, undertaken by the U.S. Navy,? measure- 

! Duffield, Proc. Roy. Soc., 92, 505 (1916). 
* Meinesz, K. Akad. Amsterdam, 32, 2, 94 (1929). 
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ments of g were made in a submarine at forty-nine stations in the 
;ulf of Mexico, the Caribbean Sea, and on the way to and from 
the Hampton Roads. At the same time echo soundings of the 
depth were made. The results showed a generally high value of g 
over almost the whole of the Gulf of Mexico, but over very deep 
water the expected decrease in gravity was observed, 

A further survey from Curacao to the Azores has been made and 
discussed by Meinesz,! using a more robust form of apparatus, 

A similar investigation was made by Browne and Cooper in 
the waters west of Great Britain, France and Spain. The timin 
system was a quartz-erystal controlled chronometer and the highly 
damped pendulums were (a) rotating discs with eecentrie balance 
wheel, period 30-40 sec., (b) suspended mirrors of period about 
0:38 see. These pendulums were rated at Cambridge and the accur- 
acy attainable was about + 3 milligals, The area surveyed showed 
a general positive gravity anomaly but the nature of the excess 
mass so displayed was uncertain. 


EXAMPLES 


2-1. Two masses 90 gm. and 100 gm. respectively are supported verti- 
cally by a weightless inextensible nung passing over a light frictionless 
pulley. If the pulley is pulled upwards by a force of 200 gm. weight 
find the acceleration of each of the masses relative to the ground. 

[g/9 upwards; 0.] 

7:2. Tf, in the above question, the mass, radius, and moment of inertia 
of the pulley were 100 gm., 2 cm., and 200 C.G.S, units respectively, 
find the linear accelerations of the suspended masses and of the pulley 
relative to the ground. [0:280 g; 0:338 g; 0-309 g.) 

2-8. Two cylinders of equal size, one solid, the other hollow but with 
closed ends, roll without slipping down an inclined plane, If the wall 
thickness of the hollow cylinder is half the external radius while each 
end thickness is one-eighth of the external length, compare the times 
for equal distances down the plane and the distances for equal times of 
travel assuming that each cylinder starts from rest, 

[0-972 ; 1:058.] 

2-4, A uniform horizontal circular dise is suspended by three equi- 
distant vertical threads of length / attached to the rim of the disc. The 
disc is now given a small angular horizontal displacement and released, 
Find the time of one complete oscillation and show that it is independent 
of the number of supporting threads. [22 Vm] 

2:5. A magnet of moment M is suspended in the m; ic meridian 
by a bifilar support with inclined threads each of length Z, their distance 
apart being 2a and 2b at the top and bottom respectively, In order to 
bring the magnet, whose mass is m, into a position Perpendicular to the 
meridian it is found AY to revolve the upper points of attachment 
of the threads through 180 degrees about the vertical symmetrical line, 

! Meinesz, K. Ned. Akad. Wet. Proc., 43, 278 (1940), 

* Browne and Cooper, Phil. Trans., 242A, 243 (1950). Cooper, Proc. Roy. 
Soc., 197A, 523 (1949). 
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If the horizontal component of the earth's magnetic field is H show that 
MH —abmg/ v (l? —a*? —b?). 
2.6. A pendulum consists of a metal sphere of radius 1 em. and mass 
35 gm., and a metal thread of mass 2 gm. and length 100 em. Calculate 
the periodic time of swing (a) neglecting rotational energy about the 
centre of mass, (b) taking account of this energy. Take g as 981 cm. 
per sec. per sec. [1.986 sec.; 2-007 sec.] 
2-7. A uniform square lamina of side 30 em. oscillates in a vertical 
plane about an axis perpendicular to the lamina and within its boundary. 
Find (a) the minimum periodic time of oscillation and (b) the locus of 
points of suspension about each of which the periodic time is a minimum. 
[0-993 sec.; circle radius 12.95 em.] 
2:8. A thin metal rod is supported by parallel bifilar supports con- 
nected to its ends, each thread being equal to the length of the rod. 
Compare the periodic time of oscillation in a horizontal plane with that 
when the rod swings as a rigid pendulum about a horizontal axis through 
one end. [ls y2] 
2-9 In an experiment with a Kater pendulum the mean periodic time 
about the first knife edge was 1-6248 sec., while the are of swing of the 
other knife edge decreased from 8:5 to 6-1 cm. On reversal the mean 
periodic time about the second knife edge was 1-6232 sec., while the arc 
of swing of the first knife edge decreased from 8-4 to 5-8 em. If the 
distance between the knife edges was 65-77 cm., and the first and second 
knife-edge distances from the centre of gravity were 42-8 and 23-0 cm. 
(to the nearest mm.) caleulate the value of ra [981-6.] 
2-10. If the value of gravity in latitude 4 at sea level is given in 
cm. per sec. per sec. by 
g —978:00[1 +0-005810 sin? A] 
and the equatorial radius of the earth is 3985 miles, show that the earth 
is a spheroid produced by the rotation about its minor axis of an ellipse 
of eccentricity 0-0819 and calculate the value of the polar radius. 
[8972 miles.] 
2-11. A simple pendulum, with spherical bob of mass 1 kg., has a 
length of 100 cm. and hangs from the end of a metal rod which is fixed 
horizontally into a wall. If the rod is pulled sideways by 1 em. when 
a horizontal force of 1 kg. acts parallel to the wall, estimate the per- 
centage error in a measurement of £ when this yielding of the support 
is neglected. [0-99.] 

, 2:12. A common hydrometer has its 1-00 and 0:90 specifie gravity 
divisions 1 cm, apart. When it floats in water its vertical oscillations 
are found to have a periodic time of 0-7 sec. Calculate its periodic time 
on the assumption that gravity (g=981) is the only controlling force 
and explain the difference between the calculated and observed values. 

[0-6 sec.] 

, 2'13. A wheel and axle rotates about a horizontal axis without appre- 

ciable friction. The motion is caused by the descent of a mass m sup- 


moment of inertia of the wheel and axle. [I —mr*(gt* —22) /22.] 


_ 2:14. A massive hoop oscillates in its own plane about a horizontal 
axis at a distance x above the centre of the hoop. Find the value of æ 
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if the periodic time is to be a minimum. Hence, or otherwise, show that 
when z equals the radius of the hoop the addition of a massive particle 
at the lowest point of the hoop makes no difference in the periodic time. 
[2 —a.] 
2-15. A double inclined plane in the form of an inverted V has a light 
frictionless pulley of radius 2 cm. at its apex and, passing over this 
pulley, is a light inextensible string which is connected at one end to 
the axis of a solid cylinder of mass 400 gm. and radius 4 cm. and, at 
the other, to the axis of a thin hollow cylinder of mass 100 gm. and 
radius 4 cm. These cylinders run freely along the directions of greatest 
slope of the inclined planes each of which is at 30^ to the horizontal. 
Find (a) the acceleration of the system if the plane is rough enough to 
prevent sliding, (b) the tension in the string. 
[8g/16; 87-5 gm. wt.] 
2-16. A heavy uniform rod of length J swings in a vertical plane about 
a horizontal knife edge passing through one end. Find at what point a 
concentrated mass may be placed so that the time of swing may be 
unaltered. [21/3.] 
2-17. A balance has arms of 10 em. each and all three knife edges in 
the same plane. Each scale pan is 8 cm. below its supporting knife 
edge and the periodic time of oscillation with no load is 4 sec. When 
each scale pan carries a concentrated load of 100 gm. the time of swing 
becomes 5 sec. What will be the time of swing for concentrated loads 
of 200 gm. in each scale pan? g=981. [5.88 sec.] 


G.P.M.—E 


CHAPTER 8 
GRAVITATION 


3-1. Newton’s Law of Gravitation.—Experiment shows that 
the attraction exerted by any portion of matter on another depends 
only on their masses and distance apart. Each body may be re- 
garded as an aggregation of massive particles, and the total gravi- 
tational action is the resultant of the individual actions of these 
constituent elements. The law of gravitational attraction which 
Newton discovered may be enunciated thus: “ Any particle of 
mass m, attracts another of mass m,, distant d away, with a force, 
in the line joining them, proportional to the product of the masses 
divided by the square of the distance of separation,” In symbols 
this becomes 

mam, 
F-G. "^ 
Where G is a universal constant whose value depends only on the 
chosen units of mass, distance, and force. 

This law has been regarded as the most perfect generalisation of 
experience in the whole of Physics, because, on the one hand, its range 
is so wide and, on the other, there is such a vast amount of confirm- 
atory evidence—the divergences, indeed, being so few that until 
recently it was thought that they were due to undiscovered perturbing 
influences, rather than to a want of exactness in the law. It is now 
realised, however, that serious objections may be raised to the above 
enunciation as a complete description of gravitational force, although 
these cannot, of course, destroy the harmony between the over- 
whelming majority of experimental facts and the predictions arising 
from the Newtonian formula, We shall later discuss the evidence 
in favour of this law, and review briefly the considerations for the 
modern view introduced by Einstein, 

3:2. Gravitational Attraction and Potential.—At any point 
in the space Surrounding a gravitating particle, there will be a 
definite attracting action on another particle placed at that point. 


attraction at a point, when we mean the force which would act on 
a particle of unit mass placed at that point. Also, to move this 
unit mass, from one point to another in the gravitational field, would 
require an expenditure of work against the attraction. The amount 
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will be indeterminate, until some arbitrary choice of zero potential 
is made. This zero is conventionally taken to be that at a point 
at an indefinitely large distance from all attracting matter, or, as 
it is usually expressed, at infinity. We then have the definition : 
“ The (negative) gravitational potential at a given point, due to 
any system of attracting masses, is the work done in bringing unit 
mass from infinity up to the point." 

It will be realised that the attraction at a point is a vector 
quantity, while the potentialisscalar. Ifthe potential had direction, 
it would be possible to aceumulate energy by bringing the unit mass 
up to the point along the potential direction, and removing it to 
a very large distance away in some other direction. It would then 
be possible to regain the original (infinitely distant) starting-point 
through a path each point of which is at zero potential, and this 
would require no expenditure of work. Thus there would be a net 
gain of energy without a compensating loss at another point, and 
this is contrary to the principle of energy conservation. 

3-3. Connection between Attraction and Potential.—If at any 
point in a gravitational field the attraction component in a specified 
direction is F, then the work done in moving unit mass an infinitesimal 
distance ds, against the attraction, is Fds. But this is the difference 
in potential dV between the points at a distance apart ds. Thus 

dV 


dV=Fds, or F=7 ; > + (81) 


To find the difference in potential at two points, separated by a 
finite difference, we have V= [ras where the limits for s apply to 


the two points considered. 

3:4. Special Cases of Attractions.—The following cases of 
attraction are important :— 

(i) Thin Spherical Shell.—In Fig. 8-1 P is a point placed at a 
distance a from the centre O of a thin spherical shell of radius r, 
mass M, and wall thickness t. By symmetry the attraction at P 


Fic. 8-1.—A TRACTION OF A SPHERICAL SHELL. 
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will be along PO. Divide the shell into thin circular rings, with 
centres on OP, of which the typical one has radius QN —r sin 0 and 
width rdü. Each element of this ring is at the same distance, QP=2, 
from P. Its attraction at P along PO is given by 


apu sin LOU cos QPO, 


where m is the mass per unit volume of the shell. Thus 


2, $ Ze 
dF Qe im Set 0d0 a T cos | 0 
g a 


"This equation contains two variables, 0 and x. To eliminate onc 
we may utilise the relation 


a2—r?-L-a*—9ar cos 0, 


or 
ada—ar sin 0d0, 
and 
2 2. 429 
a—r cos eeu x 
2a 
so that 
2; 2 a— 
drag tede ata: n 
aar 2ac 
and 


rem | ead de, 


where the limits of the integral are given by the position of P. 
(a) P External to the Shell. 


aros ea VR e 


2 
a~r v 


Anmr*t M 


Gens SL AERES) 


Thus the shell attracts an external particle as if its mass were con- 
centrated at its centre. 


(b) P on the Surface of the Shell. | 
_paumrt (2r a?—r? 
FE | Eae | 


A difficulty appears here, since it seems that the second term of the 
integral is zero for a—r, "This is not so when x=0. To find 
the true value of the integral, we may suppose P to be very near the 
surface, and thus &—r-L-Ó, where ô is very small, and find its value 
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when 6 becomes indefinitely small. Then 


incre ML usc 
ó 
nri (?r-5 9. Ó 
<r [Je 


=e when 6 vanishes, 


"i 
Yd Fa AOL Ks, . (88) 


—AnGnt, 
(c) P Inside the Shell. 


t mri frt+a a2 —y* 
re [pete 
=0 Sole en aes . . (84) 


There is thus no resultant attraction, due to the shell itself, at any 
internal point. 

(ii) Solid Sphere and Thick Shell.—A thick shell and a solid 
sphere may be supposed to consist of concentrie thin shells, and 
thus the results proved above may be utilised in determining their 
force of attraction. 

(a) P External to Shell or Solid Sphere.—The whole mass may 
be supposed to be concentrated at the centre, and thus the field is 
given, over the range a=% to a=r, by 


r=6% Rr abe NIE S5) 


(b) P in the Thick Shell Cavity.—The point now considered is 
within all the constituent thin shells, and thus there is no resultant 
attraction. 

(c) P in the Material of the Shell.—Those constituent shells 
external to P will exercise no attraction, while those inside will act 
as if their masses were all at their common centre. "Thus, if a is 
the distance of P from the centre, and it has a value intermediate 
between the external and internal radii of the shell, 


G 
— dala! - nto 
a 


= A O F i 
a* | r5—r, 


3 1 97 36157 


where r, is the internal radius and p the density of the material of 
the shell. 
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(d) P in the Material of the Solid Sphere.—In this case 7,—0, and 


—dapGa- 0t EN 7 


Thus the attraction, which, of course, is directed towards the centre, 
is directly proportional to the distance from the centre. 


3:5. Special Cases of Potential.—As potential is of the greatest 
importance in the theory of gravitation, the value of the function, 
due to a given mass system, will be determined in a few cases from 
the fundamental definition, 


(i) Potential due to a “ Massive Particle"— Consider the 
potential at a distance a from the particle of mass M. The attrac- 
tion at a distance a is -p3 ‘towards the particle, and the work done 
in moving unit mass away from the point by the small amount dz, 
is "x The total work done in moving the unit mass from a 


distance a to infinity is 
"GM, GM 
SUUS MT We ar 
The work performed in bringing unit mass from infinity to the 
distance a from the particle is 
GM 
(NEUE. (58) 


(ii) Potential due to a Thin Spherical Shell.—Let the shell 

divided into rings, such that each clement of a particular ring is 
ata distance æ from P (Fig. 3-1), and thus the potential dV at P 
due to this ring is, from equation (8-8), 


dy— qe sin UE 


--G mM, 
Vp= f = GMa, 
and, again, the limits of integration depend on the position of P. 
P External to the Shell, 
pM giam S E 


a-r 


Anr mt 
GEN gM (3-9) 


a a . H 
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and this would be the result, if all the mass of the shell were placed 
at O. 


(b) P on the Shell—In this case a—r, and 


O D 


so that the whole mass of the shell may still be supposed situated 
at its centre. 
(c) P Inside the Shell. 


eee Í da 
a r-a 
—— Garni - GP, a ST SERE VE] 
i.e. the potential inside the shell is constant and equal to its surface 
ko Thick Spherical Shell and Solid Sphere.—(a) P External 


to Shell, or Sphere.—A constituent thin shell of mass M, produces 
a potential dV at P, given by equation (3-9), i.e. 


dy gh, 
Veo ez, - GM P os eo (8:13) 


(b) P in Cavity of Thick Shell.—A constituent thin shell of radius 
æ and thickness dz produces, at an internal point, a potential dV 


given by ip grotte 
Thus, for a shell of radii r Kod. "s 
Vp-—G. sap adr 
=—G. apri — n] 


Lin 
eur] aes (G18) 
(c) P in the Material of the Thick Shell.—The part of the shell 
exterior to P produces a potential V, given by 
V, — —G.2np[r*—a?]. 
The remainder, to which P is external, produces a potential Vas 
where 


V- —46 ^P (a*- nj 
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Hence 2 
Vp=V,+V,=—G. ip [retten] 


=—46.72[—a? + 8ar?—2r,9] 
gM 8ar?—2r,2@—a8 
et ee | 

(d) P in the Material of the Solid Sphere.—In this case P is 
external to a solid sphere of radius a, and internal to a thick shell 


of radii r and a. The potentials, V, and V,, at P due to these 
two parts are :— 


(8:14) 


V,— —G.$ztpa?, 
V,— —G.2np[ri—a?], 
and Vp=V,+ Vi— —G.22p[r3—a*--8a2] 
8r?—a? x 
-—GM: DE) (3:15) 


This result is also given by putting r,—0 in (8-14). It is left to the 
student, as an interesting exercise, to represent these potentials 
graphically, and to deduce the attractive forces from the potentials 
by means of the relation ra, As an example, consider eç sa- 
tion (8-14) :— 


y — GM [9ar*—2r,3— o3 
2a i 


[ERE 
dV a—r,3 
FG. rips 


and this is the attraction given by (8:6). 


3-6. Constant of Gravitation—Mass and Density of the 
Earth.—The attraction exerted by the earth on a body near its 
surface is merely a special case—although an important one—of 
universal gravitation, and thus follows the same law. If M is the 
mass of the earth and R is its radius, while m is the mass of a body on 


the earth’s surface, the gravitational force F is given by mel 


Since the earth is so nearly spherical that its mass may be supposed 
to be concentrated at its centre, The acceleration generated, if the 
body is able to fall freely, is 
Mm GM 
EG pe 5 " . (810) 


The radius of the earth is known, and thus, since the acceleration 
due to gravity is also known, a Measurement of either G, or M, 
suffices to determine the other, experiment which aims at the 
measurement of M is sometimes called “ weighing the earth,” but 
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such a term is used only in the inaccurate sense in which we speak 
of weighing a body by means of a beam-balance. The earth cannot 
properly be said to have any weight, if we restrict the latter term 
to the attraction which the earth exerts on a body near its surface. 
Experiments on the constant of gravitation arrange themselves 
naturally into two classes. In the first, the primary measurement 
is that of M, and then G is deduced from (8:16), while, in the other, 
the direct measurement is of G. A knowledge of M and R gives 
a value for the mean density D of the earth, since 


M-ianB3D .  .  .  . (gam) 


3:7. The Measurement of M.—(a) The Mountain Experi- 
ment.—In his experiments in the Andes, Bouguer attempted to 
demonstrate the presence and the magnitude of a plumb-line's local 
deflection, due to the neighbouring large mass of Chimborazo. If 
an instrument is set by means of a plumb-line, it will observe in a 
vertical plane, only if the line is accurately vertical. If the bob is 
drawn aside towards the north, the axis of the observing telescope 
will intersect the celestial sphere to the south of the meridian, and 
a star in the meridian will appear to have been displaced in a 
northerly direction, the angular displacement being equal to the 
divergence of the plumb-line from the vertical. At a second station 
in the same latitude, some miles to the east or west of the first, the 
attraction of the mountain is inappreciable, and thus the star has 
no apparent displacement. These two observations determine the 
ratio of the two attractions—the mountain's and the earth's—this 
ratio being the tangent of the star's angular displacement. From 
the dimensions and structure of the mountain its local attractive 
action may be caleulated, and thus the mass of the mountain is 
compared with that of the earth. Bouguer’s experiment was carried 
out in very difficult circumstances, and, although successful in 
detecting the expected effect, his result, which attributed to the 
earth a mean density of about twelve times that of the mountain, 
was too high. 

The experiment was repeated under the direction of Maskelyne, 
who was then the Astronomer Royal. The mountain selected was 
Schiehallion in Perthshire, and it was elaborately surveyed to obtain, 
with the greatest possible accuracy, both the mountain's mass and 
the position of its centre of gravity. The plumb-line deflection was 
determined by means of a zenith sector, the two stations being at 
equal distances from the centre of gravity and in a north-south 
line. The apparent shift of a star gave a value double that of the 
plumb-line deflection produced by the mountain. The estimated 
average density of the mountain was 2:5 gm. per c.c., while the 
total relative deflection of the plumb-lines was 12 sec. of are. From 
these results the earth's mean density was calculated to be 4-5 gm. 
per c.c. This value was increased to 5:0 gm. per c.c. after a resurvey 
of the mountain. 
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(b) Airy's Mine Experiment.—In this experiment Airy com- 
pared the earth's mean density, D, with that, d, of the surface 
constituents, by determining the values of. g at the top and bottom 
of a coal-mine shaft, If 4, and g, are these two values as measured 
by means of a pendulum, then, from (3:16) and (3-17), 


a. taRDG, 


= G 4 3I) — 2, 
=p ilia D —AnR?hd], 
where h is the depth of the shaft; or 


a [Rhe D 
& —R 'RD—8hd 
2h , 8hd ; 
= —R'RD (approximately) 


ie. bah h . 3d ; , 
z =pl? DV (approximately) . + (8-18) 
After two failures through accident, Airy performed the experiment 
at the Harton coal-pit, The pendulum readings were taken with 
the greatest care, and this part of the experiment extended over 
three weeks, Samples of the rocks through which the shaft was 


per c.c., and the mean density of the earth was calculated to be 
6:5 gm. per c.c. 

In these and other attempts to utilise large natural masses in the 
measurement of D, the source of Breatest error lies in the calculation 
of the comparative mass, and the divergence of Maskelyne's and 
Airy's values for D must be attributed to this difficulty. 

3:8. The Measurement of G.—(a) The Cavendish Experi- 
ment.— As an alternative to using large masses and comparing their 


of observation are needed, and all other forces affecting the body 
must be negligibly small, or accurately measurable. Mitchell sug- 


of the rod, so that the line of centres was horizontal and at right 
angles to the rod. In this way the attraction between the spheres 


! Cavendish, Phil, Trans., 83, 388 (1798). 
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produced a couple which tended to twist the suspension thread, 
and the beam was deflected until the restoring torque, due to the 
twist in the fibre, equalled the displacing couple. If 0 is the deflec- 
tion, d the distance between the centres of the interacting spheres 
in that position, and / the length of the beam, then the deflecting 


couple J" is 
ra, 


The restoring couple is proportional to the relative twist between 
the ends of the thread, and so, for equilibrium, 
10d* 
M: i 
where z, a constant for the given suspension, is. known. : Jd 

The apparatus actually used by Cavendish was~ rather Jarge. 
The beam was 6 fect long, the torsion wire—which was of silvered 
copper—was over 8 feet long, the deflecting masses M were spheres 
of lead 1 foot in diameter. A special room was erected to house the 
apparatus, and all manipulations and readings were made from the 
outside. Despite this, it was found impossible to avoid all tempera- 
ture gradients, and air currents produced erratic movements of the 
suspended system, so that the torsion-beam was never at rest. The 
equilibrium position was estimated by observing a number of swings, 
when the masses M were on either side of the beam. These read- 
ings were taken by means of a telescope, and the beam carried, at 
each end, a vernier moving over a fixed scale. Thus a value equal 
to 20 was obtained. 

Corrections were applied for the following errors :— 

(i) Each large sphere attracted also the more distant small sphere, 
and thus an appreciable opposing gravitational couple was produced. 

(ii) There was an attraction on the torsion-beam tending to 
increase J’. 

(iii) The rods supporting each large mass M tended to increase 
the deflecting couple. 

The mean result calculated from 29 readings gave :— 
G—[6:7544-0-041] x 10-5 C.G.S. units. 
D—5:448::0:033 gm. per c.c. 

This experiment was repeated many times by other observers, 
and the results of these and other determinations are given in 
Table 8-1, 

(b) Boys’ Modification of the Cavendish Experiment.—In the 
original Cavendish experiment the accuracy of determination was 
limited by the following factors :— 

(i) The suspension was necessarily rather thick to support the 
heavy beam. This entailed a comparatively large value for z and 
a correspondingly small deflection. 


(8:19) 
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(ii) The method of measuring 0 by verniers was not capable of 
great accuracy. 

(iii) Temperature gradients in the large apparatus could not be 
avoided, and the elimination of the accompanying disturbances due 
to convection currents was impossible. t 

(iv) The counter gravitational couple still further reduced Q. 

Professor C. V. Boys,1 by using fine quartz fibres of. great strength 
and regularity in elastic properties, constructed a smaller apparatus 
on the Cavendish principle with increased sensitiveness ; for quartz 
threads, though as strong as steel wires of the same size in breaking 
stress, have a much smaller resistance to 
torsion. The deflection in his experiment 
was observed by means of a mirror 
and illuminated seale, and was therefore 
measurable to a much higher degree of 
accuracy. The small size of the apparatus 
made it easier to avoid air currents, and 
thus the most troublesome difficulty ex- 
perienced in the earlier work was removed, 
Finally, owing to the short torsion-arm 
used, Boys found it necessary, in order to 
reduce the opposing gravitational couple, 
to place the pairs of masses M and m at 
different levels, The main features of the 
Boys apparatus are shown in Fig. 3:2, T 
is the torsion thread, 17 in. long, attached 
to a torsion head D and supporting the 
arm AB, which was about 1 in. long, and 
acted as the mirror for reflecting the light 
from the illuminated scale of an observing 
telescope. The small masses m were about 
1 in. in diameter and of gold, while the 


Fie, 82.— large masses M were lead spheres 4j in. 
Boys? Mopiricarion or in diameter, 
THE CAVENDISH EXPERI- The results obtained agreed well among 
MENT. 


themselves, and gave as final values :— 


G=6-6576 x 10-8 C.G.S, units. 
D=5-5270 $m. per c.c. 


structed by Boys, the distance between the centres of the small 


the same level, and the apparatus was maintained at a low pressure 
to minimise convection currents, 


a Boys, Phil. Trans., 186A, 1 (1895). 
* Heyl, Bur. Stds. J. Res., 5, 1243 (1930). 
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Heyl’s experiments were carried out in a constant-temperature 
room. The large attracting masses were steel cylinders, while the 
small masses were spheres of gold, glass, or platinum at the ends of 
an aluminium torsion rod, supported by a tungsten thread about 
l metre long. When set swinging with an angular amplitude of 
about 4°, the system continued to oscillate for about 20 hours. 
The attracting masses were arranged in two ways: (a) with all 
four centres in line horizontally, and (b) with the horizontal line 
joining the large masses bisecting the torsion bar at right angles. 
In the first, the ‘ near” position, the gravitational attraction 
accelerates the swing, while in the second, the “ distant ” position, 
a retardation is produced. The calculation of the gravitational 
attractions is complicated by the cylindrical form of the large 
masses, but when performed for all the mass elements of the oscil- 
lating system, the restoring torques are respectively (r--4G) and 
(r—BG) per unit twist, A and B being instrumental constants—in 
practice A was 422,812 and B 176,229 C.G.S. units. Thus the 
periodic times increased from about 1750 sec. to about 2000 sec. 
and the elimination of from the periodic time equations rendered 
G in terms of known quantities. Heyl’s weighted mean values 
are :— 


G=[6-670 4-0-005] x 10-* C.G.S. units. 
D=[5-515+0-004] gm. per c.c. 


A redetermination made by Heyl and Chrzanowski, 1 using the same 
method, showed no significant variations from these results. 

(c) Poynting's Balance Experiment.—It was suggested by von 
Jolly that, if the counterpoise of a balance is disturbed by placing, 
under the mass hanging from one arm of the balance, an additional 
large mass, then the extra attraction could be measured, and thus 
G might be found. The difficulty of the experiment lies in the fact 
that this extra pull is necessarily very small, so that the balance must 
be extremely sensitive—and therefore very susceptible to disturbing 
influences—and the corresponding deflection of the beam must be 
measured by some very delicate method. Von Jolly carried out 
such an experiment with fair success, and J. H. Poynting? per- 
formed it on a much more elaborate scale. A sensitive bullion-balance 
was placed in an underground room, and was totally enclosed to 
diminish disturbances due to air currents. All manipulations were 
made by mechanisms controlled by rods from the outside, First 
the sensitivity of the balance was observed by noting the deflection, 
produced by a change in the position of a rider on the beam. Then 
the tilt, produced by introducing a large lead sphere underneath 
one of the suspended masses, was measured in the same way. The 
ratio of these deflections gave a measure of the additional pull 
in terms of the weight of the rider, and enabled G and D to be 


1 Heyl and Chrzanowski, Bur. Sids. J. Res., 29, 1 (1942). 
* Poynting, Phil. Trans., 182A, 565 (1891). 
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calculated, The general arrangement of Poynting's experiment 
may be seen in Fig. 8-3. 

The masses m at A and B were lead spheres of about 50 Ib. each, 
and the main deflecting mass M,—which was also of lead and about 
850 Ib.—could be brought under A, or B, by rotating its supporting 
turntable about the pivot P. M, a compensating mass, to avoid 
tilting the floor as M; was moved, was about half the weight of M;, 
The deflection produced by changing M, from position C to posi- 
tion D was due to the excess attraction in the two cases, and, to 


Fia. 3:3.—PovwrING's BALANCE EXPERIMENT. 


eliminate the effect of M, and M, on the beam of the balance, the 
Lg xpo Was repeated with the masses m at A’ and B', about 
1 foot higher, The change in deflection was then due only to this 
shift in position, 

Neglecting the effect of M,, G may be calculated as follows :— 

Let the deflection due to the movement of a rider of weight ng, 
through a distance a, along the beam be ¢. Then, nga=kd, where 
k is a constant for small deflections of the balance. 

Let d be the distance between the centres of M, and m in each 


position 4 and B. "Then the change in torque is aM, where 
2l is the length of the balance-beam. If the resulting deflection 


is 0, then , 
m 
Gn gag. 
or G— hged* 9 
2M,ml'à 
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A correction has to be applied for the effect of M, and the cross 
effect of M, on the sphere m, suspended from the opposite end of 
the_balance-arm, 

Both the angles 0 and ¢ are small, and to measure them the 
double-suspension mirror suggested by Lord Kelvin was used. Its 
action may be followed from Fig. 3-4. The balance-pointer P has 
an arm N fixed to it at right angles to its plane of swing, and a 
second fixed arm M is placed so that a small gap 4B—which may 


Fic. 3:4.—KELVIN’S DOUBLE-SUSPENSION MIRROR, 


be varied by moving M—is formed. From A and B bifilar sup- 
ports CC sustain a mirror R, which is used to detect the movement 
of P. If AB is small, the system becomes extremely sensitive—the 
effects of air currents on 7? are minimised by the damping vanes V, 
which are immersed in oil—and a very small movement of P pro- 
duces à measurable deflection. If both $ and 0 are measured with 
the same setting of the double suspension, there is no need to cali- 
brate the system or to measure the distance AB, Poynting’s final 
result was 


G —6:6984 x 10-* C.G.S. units. 
D=5-4934 gm. per c.c. 
3-9. Summary of Results in Experiments on G and D.— 


Table 3-1 gives the values for G and D obtained in the most important 
of the experiments on the constant of gravitation. 
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TABLE 3.1.—SumMary or RESULTS FOR G AND D 


za ] 
Gx10* | D gm. 
Experimenter and Date, Type of Experiment. Cod [cerei 
1775. Maskelyne and Hutton . Mountain TA | 5:0 
1798. Cavendish . : - | Torsion balance 6:754 5:448 
1843. Baily * s 6:49, 6-62 
1854. Ai . > . - | Mine 57 
1878. Cornu and Baille | - | Torsion balance | 6-618 
1881. von Jolly Ü x + | Chemieal  ,, 6:465 
1887. Preston . Y . + | Mountain 6:61 
1891. Poynting S > - | Chemical balance | 6-698 
1895. Boys . ^ T * | Torsion 3. 6:6576 
1896. Braun c Eh a | 6:658 
1896. Eötvös . A Š » 5 | 6-66 
1898. Richarz and Krigar- 
Menzel É ef -| Chemical ,, 6-684 
1901. Burgess . 2 p - | Torsion m 6-64. 
1930. Heyl . . . . » » 6:670 


In a review of these results Birge ! has suggested as the most 
probable values :— 
G=[6-670+0-005] x 10-8 C.G.S. units. 
D=[5'51740-004] £m. per c.c. 
The manner in which the materials of the earth are distributed 
is still largely in the stage of theoretical discussion, although the 
data of seismological Tesearch are continually adding precision to 
know ledge of the layers near the surface, An estimate of the density 
distribution has been given by Bullen 2 and, according to this, the 


value in gm. per c.c, changes fairly uniformly from a surface value 
of 2-76 to about 5:5 at 2800 km, 


3:10. Qualities of Gravitation. We shall now discuss some of 
the circumstances in which the law of gravitation might be expected 
to vary, 


Permeability. —In both magnetis; d electrici 
fundamental laws of interaction b Bde s nhe the 


1 Birge, Phys. Soc, Prog. Reps., 8 90 (1941 
; Bullen, Bull. Seis. Soc. Amer’ 30, oA (100) 32, 19 (1912). 
Jeffreys, Roy. Astron. Soc., M.N., 97,8. (1936). 
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air was the medium between the attracting masses, but the accuracy 
of astronomical predictions, assuming the same law, indicates that 
G cannot be greatly different for free space than for air. This, how- 
ever, is not conclusive, for a similar result is obtained in electrostatics 
and magnetism. The direct experiment performed by Austin and 
Thwing,! in which slabs of various materials were interposed between 
the attracting elements of a modified Boys’ experiment, showed that 
no change in G could be detected within the limits of the experi- 
ment. The effect, if present, is certainly on a much smaller scale 
than in the cases of magnetic permeability, or specific inductive 
capacity. Finally, the agreement between pendulum experiments 
in which different materials are used for the base—and are thus 
interposed between the pendulum and the earth— indicates again 
that the effect sought, if present, is small. 

Selectivity.—According to Newton's Law the nature of the 
attracting masses is unimportant, and it is the magnitude of the 
mass, and not the type of atom, which determines the gravitational 
field. If we could regard cohesion as merely a static aggregation, 
obeying the inverse square law of attraction, then the force of 
cohesion could be determined from molecular size and mass, and 
the varying tensile strengths of materials would appear to indicate 
& decided selectivity of gravitation. Such assumptions, however, 
are invalid, and no such conclusion may be drawn. The negative 
results of Bessel's hollow bob pendulum experiments, on the other 
hand, are not necessarily conclusive evidence of non-selectivity, since 
they merely show that the special case of the earth's gravitation 
—which is due to many types of material—is, on the whole, non- 
selective, This may be due to its various parts exerting an average 
equality of intensified and diminished attractions. The chief experi- 
mental foundation for the belief that the quality of the attracting 
matter is not important, is the agreement among the results of the 
Cavendish type of experiment which has been made with a variety 
of different substances as interacting masses. 

Directivity.—When crystals grow from solution their character- 
istic molecular structure seems to indicate a directive action in the 
inter-molecular gravitation, and this supposition is supported by their 
well-known directive properties towards light, heat, and electricity, 
It is necessary, therefore, to test experimentally whether or not the 
gravitational attraction between crystalline masses depends on their 
mutual orientation. This was attempted, directly, by Dr. Mac- 
kenzie ? in a type of Cavendish experiment but with negative results. 
Poynting and Gray,? with the same object in view, utilised the theory 
of forced oscillations by revolving a quartz sphere in close proximity 
to another suspended sphere. This continued revolution would, if 


! Austin and Thwing, Phys. Rev., 5 (1897). 
2 Mackenzie, Phys. Rev., 2 (1895). 
* Poynting and Gray, Phil. Trans., 192A, 245 (1899). 
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directive action were present, cause a simple harmonie couple to act 
on the stationary sphere, and if the period of the forcing couple and 
the free period of the suspended system are nearly equal, a large 
oscillation of the latter should ultimately result. No positive 
evidence of such a forced vibration could be obtained. This experi- 
ment affords the best evidence that gravitation, even in the case of 
crystals, is not directive, at least for distances large compared with 
molecular dimensions, 

Temperature.—Experiments by Poynting and Phillips,! by Lan- 
dolt ? and others,? show that gravitation is unaffected by temperature, 
although Shaw,* using a torsion-balance of the Boys-Cavendish type, 
found that G appeared to increase slightly as the attracting bodies 
were heated. Later results, however, showed that, within the limits 
of experimental error, if G varies according to the law, G—G,[1-L-at], 
then « is numerically less than 1:6 X 10-5, so that, for a temperature 
range 0° C. to 250? Č., G remains appreciably constant. "The earlier 
Statement of a decided change was due to systematic errors introduced 
by slight displacements of the beam masses, 

We are thus finally led to believe that gravitational attraction is 
a function only of the attracting masses and of their distance apart, 


Size of the planetary orbit and the time for its description, i.e. the 


ME did IL.—Each planet moves in an ellipse with the sun at one 


Law II.—The line joining a planet to the Sun traces out equal 
areas in equal times, i.e. the areal velocity of the radius vector 5 is 
constant, 

Law IIL—The square of the time for the completion of one 
circuit of the orbit (the planet's year) is proportional to the cube 
of the major axis of the orbit. 


Tt should be realised that these laws are 


astronomical observations, and no special I; n ‘tation i 
assumed. Indeed, the formulation of the thir ER dn is 


through the accident that the numerical relation gi 

tested until many other possibilities had failed, It follows, there- 
* Poynting and Phillips, Proc, Hoy. Soc., 76A, 445 1905 
‘ Landolt, Preuss Ak. Wiss. Berlin, Sitz, Ber. 8 (lovey, ; hie (1908). 
: Es pe pp Shaw, Phil. Trans., 216A, 349 (1916). 
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fore, that for any suggested law of gravitation to be provisionally 
accepted, it must immediately satisfy the test of these empirical 
laws. That the Newtonian Law does so without requiring sub- 
sidiary hypotheses is strong evidence in its favour. We shall see 
later + exactly how the inverse square law fulfils this condition. 
Briefly, the process is as follows. From any hypothetical law of 
gravitation—and, therefore, of gravitational accelerations—a system 
of particle dynamics may be built up by purely mathematical 
methods. The shapes of orbits under given initial conditions— 
ie. their geometry—and the velocity-distance relations—i.e. their 
kinematics—follow from the assumed law of acceleration, and the 
results of immediate importance are :— 

(i) If a particle moves so that its acceleration is always directed 
towards some fixed point, the areal velocity of the radius vector, 
drawn from that point, is constant. 

(ii) If an inverse square law of acceleration towards that point 
is assumed, then the path is a conie with the point as one focus, 

(iii) According to the same law, if the orbit is a closed curve— 
i.e. an ellipse or a circle—the periodic time 1, is related to the semi- 
major axis of the ellipse, or radius of the circle, a, thus 

t? oca?, 

If we compare these deductions with Kepler's Laws the following 
properties of celestial bodies become evident :— 

From Law II.—Planets are under the action of central accelera- 
tions directed towards the sun. 

From Laws I and III.—'The central acceleration varies with 
distance according to the inverse square law. 

This correspondence shows that, in so far as Kepler's Laws are 
Strictly true, gravitation over planetary distances follows the New- 
tonian Law. The latter, however, is much more general than this, 
and its applicability to terrestrial distances is shown by the general 
agreement between determinations for G over distances varying 
from many yards to a few inches, and also by the fact that the 
moon's motion is correctly accounted for by the assumption that 
the known attraction of the earth on a body, near its surface, is 
modified at the moon by the inverse square law. The minimum 
distance at which the law holds is not yet known with certainty, 
but it certainly breaks down at distances of less than molecular 
magnitude. 

3:12. Newton's Law as an Approximation.—In the preceding 
paragraph it was shown that the Newtonian Law of Gravitation is 
upheld over a large range by a vast body of experimental evidence. 
It must follow, then, that, if any observations indicate divergences 
from its predictions, they are due to the law being only an approxi- 
mation—though certainly an extremely close one—to the true law. 
Before the outstanding discrepancies are discussed, however, there 


1 See. Article 11-13. 
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are two difficulties inherent in Newton's enunciation which are the 
chief reasons for criticism. In the first place, the mass of a body 
varies with its velocity, and we are left in considerable doubt as to 
what value is the correct one for insertion in the formula. Secondly, 
distance is not as fundamentally simple as it appears to be, since the 
measurement assigned to a distance depends upon the circumstances 
of the observer making the measurement. It is not intended here 
to present a full description of Einstein's relativity theory, but refer- 
ence to the outline exposition below will indicate that the numerical 
value assigned to the distance between two points varies according 
to the system of Space co-ordinates chosen, ie. to the observer 
making the measurement. There is therefore a similar ambiguity 
about the remaining term in the Newtonian Law. These two differ- 
ences are, of course, small, but it was by taking them into account 
—an incidental consequence of the theory of relativity—that the 
outstanding deviations from the Newtonian Law were explained, 
3:13. The Theory of Relativity —There are two main sections 
of the relativity theory ; one, the restricted or special theory, deduces 
the consequences of an invariable velocity of light in vacuo for all 
co-ordinate systems having no relative accelerations and the other, 
the general theory, determines the necessary transformation equa- 


fraction of the Speed of light. The following simplified method of 
treatment will assist in drawing attention to the most important of 
these effects, 

3-14, The Relativity of Distance and Time Measurements.— 
In 1887 Michelson and Morley ! carried out a famous experiment, 
employing the Interferometer designed by the former, with the object 


of detecting and measuring any relati i 
and the ether, : ig any relative motion between the earth 


mirrors from which the reflected beams Subsequently reunited to 


as those of Sir Oliver Lodge.? 
an automatic readjustment in the dimensions 


1 Michelson and Morley, Phil. M, 24 T 
1O. J. Lodge, Phil. Trans., 184A, 727 (8ps °S 
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of the apparatus of the exact amount to compensate the fringe dis- 
placement expected from the motion of the earth through the ether, 
This somewhat drastic suggestion was made by FitzGerald and is 
commonly called the FitzGerald contraction. 

The special theory of relativity, starting from the constancy of 
the velocity of light as measured by different observers in uniform 
relative motion, explains the Michelson-Morley experiment in differ- 
ent terms. In Fig. 8-5 an experimeter B with the interferometer 


M, A 
| 
l | —-u 
| My 
—--4— « 
A B, B, B, 


Fic. 3:5.—Tur MICHELSON-MORLEY EXPERIMENT. 


moves at constant velocity u along B,w relative to a second observer 
A and, at time t=0 as reckoned by A, B is at B, and the mirror 
which reflects the light back to B, is originally at Mj. Let the 
length B,M, as measured by A be l and the time for the whole 
journey B,M,B, be 2t. Then B,B,—B,B,—ut and thus 


B,M,— v 13--u*t?, 
and, since the signal travels from B, to M, with the velocity of 
light c, B;M,—ct. From these we have 
12 


V a 
t = yi 


and 
2l 


For the light signal along B,x and back let the distance of the cor- 
responding mirror from B be 2, the time forward t, and on the return 
journey tą Then during the time t, the mirror has moved away 
from B, a distance uf, and, at the moment of incidence, is at M, 
so that B,M, which is the length of the forward journey is A+ut,. 
Thus 


2t= 


ct, =A+ut,. 
The return journey to B, is A—ut, and 
cl —À — us. 
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"Therefore 


2he 
pores es 


C—u' cu ch—u* 
Since these times must be equal 


2l 24c VFA 

VOID na T A=IV 1—u?/c3, 
According to B, of course, each journey has the same length | and 
takes the same time 2]/c, Thus the distance measured, by A, in 
the direction of motion is reduced by the factor V1—w?/c? so that 
the two observers attribute a difference in length to the same object 
which is oriented along the line of relative motion. "This conclusion 
is reciprocal and if A measures a length J along the æ direction and 


at rest in his system of co-ordinates B will attribute a length 4 to 
the same object. 


In addition the time estimates for each journey are 


2l 
Mea — uà 
according to A and 9l/c according to B. These have the same 
ratio V/1—u?/c? as the lengths; this ratio appears in all the deduc- 
lions from the Special theory and it will be convenient to put 
vi —u5/c*—1/8 so that B is greater than unity. The FitzGerald 
contraction had the same numerical value but u was then the 
assumed velocity of the earth through the ether while the change 
in dimensions was taken to be a real shrinkage i.e. the same for all 
observers, 

3:15. The Lorentz Transformation.—According to pre-rela- 
tivity dynamies the transformation equations for changing from one 
System of cartesian co-ordinates to another moving with constant 
velocity u along the common @ axis are :— 


>t, %=0,+Uut,, y=% — ul, 
=a yis. 
When these are used to relate Maxwell's equations for the propaga- 
tion of electromagnetic waves in empty space to a uniformly moving 


at rest, the following transformation equations are needed :— 


«bi [s +ut], ay—f[, —ut,], 
j mee E . (8.20) 
lifts uas /ct], ty—f[t, — ua /c?]. 


These equations may be deduced by reference to Fig. 8:6, The 


1H, A. Lorentz, Versuch einer Theorie der electrischen und optischen Erschei- 
nungen in bewegten Körpern, Leiden. E. J. Brill (1895). 
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systems y, 4a, and y,Br, are associated with the same two observers 
4, B and taking 4 as at rest, B moves along the æ direction with 
constant velocity u. At P is a point fixed in the system of B and 
having co-ordinates s, Yo, Zas ty, OT, in the system of A, a, yj, Zy ty. 
Since the y and z axes are perpendicular to the direction of motion 
each observer attributes the same lengths in these directions, i.e. 


y 


Fic. 8:0.—TnE Lorentz TRANSFORMATION. 


Yı=Y and z,—z, According to B the distance PN, is @, and 
therefore according to the reckoning of A it is a@V1—u*/c* while, 
as directly measured by A it is 2,—ut,. Therefore 
q,V1—u*/ch—v,—ut, or mv,—f[v,—ut,]. 
In a similar manner A measures PN, as æ, so that, according to 
B, it is zv, V1—u*/c?; but B measures it as v--uf and so 
a, V1—uf/ch—av,4-uty or ay — f [vs 4-ut;]. 
If the two values of v, are equated 


Blavy-+ut,]=22/B--ut,, 
ly — [ts 1 uv, /c?]. 


and similarly, by equating values of a, 

ty [t — uo, /c*]. 
In this way the Lorentz transformation equations are seen to be a 
necessary consequence of the relativity principle. 


3:16. The Invariant Interval.—In Euclidean geometry the 
distance between two points is independent of the co-ordinate system 
in which the points are located. Thus for two observers using 


which reduces to 
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different rectangular Cartesian co-ordinates the distance 6s between 
two near points is given by 
63?=60,?+-dy,?+-62,2=62,2-+dy92-+62,2. 
From the Lorentz transformation (8:20) we have 
Ov, —fÓv,- Buót,, 
y; —Óyy, 2M torre (8°21) 
02; —Óz,, 
àt, — ft, -- Buów,/c*, 
and it is easily seen that 
Bey! y, Hn td! + dye? +8244, 
and thus in the space-time for which the Lorentz transformation 
is necessary the distance between two points is not invariable. This, 
of course, has already been seen. If, however, the quantity 
62,?+-dy,?+-dz,2—c6t,? 
be tested by the equations (3-21) it will be found that 
Os!—Óm* -0y; 3-02, — C301, —0,2 y 2-02, 2— cth, 
and thus the new quantity ds, called the interval between the two 
events, is invariant. It may be noted that, as a rule, the term 
c*ót* is much the greatest contributor to 6s? and thus ds is usually 
an imaginary quantity. For this reason and to make ós real the 
expression for às? is often written 
ós*—c*0r —óy* oy əz? , . . (8-22) 
3:17. The Düppler Effect.—If Sound waves emanate from a 
source B, moving away from an observer 4 at speed u, with fre- 
quency N and the air (the medium of transmission of the waves) 


has a velocity w relative to A in the direction AB then the received 
frequency n ‘is given by 


where V is the velocity of sound in still air. This is a general wave 
effect and therefore, for light waves in vacuo 
c—w 
c—w+w’ 
in which w is the velocity of the ether relative to the observer, Thus 


the calculated magnitude of this frequency change depends on the 
movement attributed to the ether. For example if w=0 


n-N. 


n c u u? u? 
Netu li vacat 
If w=u so that there is no ether movement relative to B 
n c—u u 
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Finally if w—u/2 so that the ether drift is the same for 4 and B 
n 2c—u u uw us 
N epu et aca acit ee 
The same problem may be analysed from the relativity point of 
view. Suppose observers at A and B choose their common zero 
of time as the instant at which, if the velocity u had been unaltered, 
A and B would have been coincident, Subsequently a signal is sent 
out from B at local time £, which corresponds to a time 1, —pt, in 
A’s reckoning. This signal travels a distance ut, at velocity c and 
thus reaches 4 at time 


tut, /e=Pt.[1 +u/c]. 
A second signal leaves B at time t+% where Nk=1 and thus reaches 


A at time 
Alfa +k] +u/c]. 
Thus the time interval between successive signals as measured by 
A is 
Bk{1+-u/c}, 
so that 


npk[14-u/c] —1. 

"Therefore 

2 1 inb. ess CEU 

N pli+u/e] N ctu c'2 3c 

3:18. Addition of Velocities.—If, once more, B moves past A 

at velocity u along the common z axis while the point P has a velocity 
Va as measured by B, along the same direction, it is required to 
find the velocity of P as measured by 4. Let X, and 2, be posi- 
tions of P at times T, and 4, respectively. Then 


Utilising the Lorentz equations 
BEXs-wT] — [vs Huta] 


T RIT uX a/e] -flt une? 
d [X4—2;] -u[Ts —1,] 
[Tat] +u X, —2,]/c* 

AL uL NN .9 

worst MEC CEDE CU 
According to pre-relativity dynamics 

7 —0$-u. 

It is noteworthy that even if v, and u both equal c, v, also is limited 


to the value ce. Thus the velocity of light in vacuo represents an 
ultimate velocity for material bodies. 
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The treatment for velocity components at right angles to the 
relative velocity direction and for accelerations is similar. 

3:19. The Fresnel Ether Drift Formula.—In 1821-3 Fresnel 1 
deduced, as a consequence of certain assumptions about the physical 
properties of the ether, that if a transparent medium travels with 
a velocity w it carries the ether with it at a reduced velocity u{1—1 / pn?) 
where p is the refractive index of the medium. This result was 
verified by Fizeau ? for a moving stream of water. Relativity con- 
siderations show that the formula is only a first approximation to 
the effect of the moving medium on the velocity of light in it. 

Suppose B to be travelling with the medium and that to him 
the velocity of light through the medium is €» To an outside 
observer A the velocity of light in the medium, by the previous 
article, equation (8-28), is 


Amp aca (Heg cuv / et) 


=(u-+e,)(1—ueg/c? . . .) 
—u-eQ—uc,/c? — ignoring u*e,/c* 
=C,+u(l—1/u*) since u—c/es. 

3-20. The Relativity of Mass.—It has already been shown 


that length and time measurements are affected by relative motion 
and the question naturally arises as to the possible relativity of the 


ET B B, 


Fic. 3-7.—Mass AND VELOCITY. 


third fundamental entity, mass, That this measurement, also, is 

affected can be seen by considering a case of oblique perfectly elastic 

impact. Two smooth spheres having masses m and m are in impact 
1 Fresnel, Œuvres, 1, 441—799. : 


2 Fizeau, Ann. de Chimie et de Physique, 3 ser., 57, 885 (185: 
* See Lewis and Tolman, Phil. Mag., 18, 510 (1909). ee 
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with restitution coefficient of unity as shown in Fig. 3:7. The sphere 
of mass m is projected along B,G to meet the sphere of mass my 
travelling along AG the velocities being as shown. From the con- 
servation of energy and momenta the following equations result :— 

U, sin 0—U, sin ¢, 

mU, cos 0 —m,V,—mygV,—mU, éos $, 
V,+U, cos 0— V,--U, cos ġ. 
If the velocity V,, of rebound, is equal to the incident velocity V, 
then the following simplifications result :— 
V,=V,=V, U,=U,=U, 0—4, 


mU cos 0—myV t E . (8:24) 
It is possible to identify the path B,B,B, as that followed, at velocity 
u, by the observer B and, since the observations are completely 
reciprocal and there is no loss of kinetic energy it follows that V,— V, 
while by the same reciprocity each observer will ascribe the same 
mass Mọ to his own sphere; the distance AG, measured by A as d, 
will equal the distance B,G as measured by B. The time taken by 
either sphere to go and return will be reckoned by its projector in 
his own system to be 2d/V. Therefore A will ascribe a time 20d/V 
to the travel of B’s sphere and thus 

2fd/V=2d/U cos8 or V—U cos 0. 


Comparing this with (8:24) we have 


and therefore 


m, 
m=ßfm, or SE T er FR : . (8:25) 


This result may be derived more fundamentally 1 by considering 
the consequence of assuming that momentum is conserved for all 
observers and thus needs redefinition as mass multiplied by change 
of position per unit change of interval. Thus 

ôx 
momentum=m ec “Ge 
and m, remains invariant. It is more usual to retain the older 
definition of momentum as mass multiplied by velocity. However, 
since 
p ay de 9 
POSE Ot Ob: 
the momentum is the product of ôx/ôt and a mass mee. which 
is not invariant. As the motion is aiong the æ direction only 
0s?—c?0t3 —Óa?, 


e 


See Eddington, Space, Time and Gravitation, 145 (1921). 
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ôt 
Thus m T ra a Mo 


where, as before, m and mọ are measured in the normal mass units. 


3:21. Mass, Momentum and Energy.—One of the deductions 
made by Maxwell ! from the electromagnetic theory of light was that 
a light wave has both energy and momentum. If eis the energy 
per unit volume the momentum per unit volume is €/c. From this 
it follows that a beam of light has inertia and the equivalent mass 
per unit volume is e/c?. This may also be deduced very simply by 
imagining a light-tight tube of length 1 closed at each end by masses 
P, Q each equal to m,. If, from P, a beam of light travels towards 
Q in the otherwise empty tube then by reaction P receives an impulse 
equal to the momentum of the emitted beam of light E/c where E 
is its energy content. 'Thus the whole tube system travels in the 
backward direction with a velocity E/2m,c. While the light beam 
travels a distance J the tube recoils through a distance 1E/2m,c? and, 
since the centroid of the whole system must be stationary, the mass 
m of the beam of light must be given by 

2mjE/2m,c*—ml or m-—Ejot* —. . (8.26) 
In this treatment it has been assumed that m is small compared 
with mj. 

This expression E—mc? is, however, much more general than this 
application to a beam of light and its generalisation can be demon- 
strated by the following argument. If E is the energy of a body 
of mass m moving along the z axis with velocity u, f is the force 
acting on the body and A is its instantaneous momentum 


dE—f.d» from the conservation of energy, 
du=f.dt from the definition of force units. 


Hence 
aan or dE-—u.dy, 

so that 

u u u 

E-E-| u tu] =| p.du 
0 0 
ju [men 
o V1— i7 


=me?—m,c?, 


Thus we may identify E, the rest energy, with mc? and the energy 
of the body in motion with mc2, This leads to the concept of mass 


Maxwell, Electricity and Magnetism, 2, $792. 
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as a localised condensation of energy while the conservation of mass 
principle is absorbed into a more generalised conservation of energy 
principle. It follows from this identification that mass is an addi- 
tional form of energy which may, as in some cases of radioactive 
reo be changed into, for instance, very high temperature 
heat. 

The energy difference E— E, represents the kinetic energy of the 
body and 

2 AINE) se 2 Lu2/9c8 4/8c4 

E—E,=c E 7 m] mgc?[ —1 4-1--u2/2c3-4-3u3/8c*-- . . .] 

—mu?/2--3mqu*/8c?-4- . . . 
alternatively the kinetic energy may be expressed in terms of the 
moving mass 
E—E,=me®—me?V1—u?/c2 

=me*[1—1-+-u?/2c?+-u4/8ct , . .] 

—mu*/2--mu*/8c*-- . . . 
Each of these may be compared with the mu?/2 of classical dynamics 
in which no distinction of mass is made. 

3:22. The General Theory.—The other section of the relativity 
theory, the general theory, determines the necessary transformation 
equations for systems of co-ordinates with mutual accelerations and 
three conclusions are of particular importance. Firstly, as already 
stated, the inertial mass which enters into normal dynamical formule 
and the gravitational mass are identical. Secondly, natural orbits 
undergo a continuous precessional motion, such as that of the 
perihelion in the orbit of Mereury, the exact amount of which was 
given by the theory. Thirdly, a ray of light has a mass which is 
appreciable by reason of its great velocity, and thus should be 
deflected when moving in a strong gravitational field. The deflec- 
tions, and thus the apparent shift of the light source, may be cal- 
culated according to both laws. There is, at present, no possibility 
of making a test of this effect on a terrestrial scale, owing to the 
extremely minute lateral displacement in a moderate long ray path, 
but conditions are favourable during a total solar eclipse, when stars 
may be seen in a direction close to the edge of the sun. In these 
circumstances the apparent displacement is of the order of one second 
of are which, with a long focal length telescope, is easily measured 
with accuracy. Einstein's theory predicts a movement double that 
given by Newton's Law, and experiment has shown again in this 
ease that the former is verified, as accurately as experimental errors 

ermit. 
k A further experiment in favour of the relativity law of gravitation, 
and to that extent against the older law, is concerned with the relative 
positions in the spectrum of lines due to similar sources on the sun, or 
other celestial body, and earth, respectively. "The former should be 
displaced, relatively to the latter, towards the red end of the spectrum. 
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The experiment is one of great difficulty by reason of the smallness of 
the effect and the relatively large movements produced by pressure, 
etc., but it has been successfully carried out by W. S. Adams 2 of 
the Mount Wilson Observatory. The observation was made on the 
companion of Sirius. The corrected value of the observed shift was 
21 km. per sec., or 0-32 Angstrom units. This value, interpreted as a 
relativity displacement, gave a radius for the star of about 18,000 km. 
The result agrees with measurements of the size based on other 
methods, and affords direct evidence from stellar spectra, for the 
validity of the third test of the theory of general relativity, — 
In conclusion, we may say that, for all except the smallest dis- 
tances and one or two outstanding phenomena, the Newtonian Law 
of Gravitation is very approximately true, but to explain these 
differences and to achieve greater definiteness and philosophical 
satisfaction, the Einstein theory of relativity is necessary. 


EXAMPLES 


3-1. Find the attraction due to a thin circular disc, of radius r and mass 
per unit area m, at a point, distant æ from the disc, on the line through 
the centre and perpendicular to its plane. Find also the value of this 
attraction when the point is indefinitely close to the disc. 

[2z2Gm(1 —2o/ /(v?4-72) ; 2nGm.] 

8-2. If a spherical mass of radius a and density d has an eccentric 
spherical cavity of radius b, show that the attraction at any two points 
in the cavity is the same in magnitude and direction and find its value 
if the distance of the centre of the cavity from that of the sphere is c. 

[42Gdc/3.] 

8-3. In a spherical mass the density varies inversely as the distance 
from the centre. Show that the attraction is the same at any two 
internal points. 

8-4. If a uniform sphere has a mass M and radius r find the attraction 
which one hemisphere exerts upon the other. [9GM?/167?.] 

9:5. Find the attraction produced by a long, thin uniform rod of mass 
m per unit length at a distance r from the rod, if r is small compared with 
the length of the rod and the distance of each end of the rod is large 
compared with r. [2mG/r.] 

8-6. Find the total gravitational potential energy of a uniform sphere 
of mass M and radius r. Discuss the significance of the negative sign. 

[-3GM?/5r.] 

3-7. Prove that the value of gravity at a point on an elevated tableland 

of height h is given by Bouguer's rule : 

g[1 —2h/R -8hd/2RD], 
where R is the earth's radius, d the surface density, D the mean density 
of the earth, and g the sea-level value of gravity. [Use the relation 
obtained in question 1 above.] 

3:8. If the density of the earth at a distance x from the centre is 
14:5—12z/R gm. per c.c. where R is the radius of the earth, which is 


1 Adams, Proc. Amer, Acad. Sci., II (1925). 
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supposed to be spherical, show that the initial rate of increase of gravity 
per cm. below the surface of the earth is 14-7 G where G is the constant 
of gravitation in C.G.S. units. 

8-9. If the moon’s distance from the earth is 240,000 miles, the earth’s 
radius is 4000 miles, g at the surface of the earth is 32-2 ft. per sec. per 
sec., find the time taken by the moon to complete one circuit of its orbit 
around the earth. [27-37 days.] 

3-10. Compare the minimum velocity with which a particle would 
circulate around the earth near its surface with the minimum vertical 
velocity with which the particle must be projected in order to move 
completely beyond the earth’s influence. [1: 42] 

8-11. A smooth straight narrow tunnel is bored through an isolated 
uniform sphere of density d and a small particle is allowed to move 
in it from a position of rest. Show that the resulting motion is simple 
harmonie whose period is independent of the direction of the tunnel 
and of the size of the sphere. Find the periodic time of one vibration. 

[T° —82z/Gd.] 

3-12. A sensitive bullion balance has a sensitivity such that when a 
milligram rider is moved 1 em. along the balance arm the deflection of 
the balance is 500 scale divisions Two small Spheres each of mass 
850 gm. and radius 2 em. are counterpoised on the balance and hang 
at a distance of 20 cm. apart. Then a lead sphere of radius 10 cm. 
and density 11-4 gm. per c.c. is moved from under one hanging sphere 
to a position directly beneath the other in each case nearly touching 
the smaller sphere. Find the constant of gravitation if the consequent 
deflection of the balance is 68-6 scale divisions. g—981. 

[6-67 x 1075.] 

8:13. In a Cavendish type of experiment to measure the constant of 
gravitation the spheres at the end of the beam had masses of 2 gm. 
each. The length of the beam, whose mass could be neglected, was 
10 em., and the deflecting spheres were of mass 14 kg. each. The dis- 
tance between centres of adjacent attracted and attracting spheres was 
15-5 em. in a horizontal direction perpendicular to the beam. If the 
restoring torque per radian twist between the ends of the suspension 
was 0-05 dyne-cm, find the deflection, on a screen placed 2 metres from 
the beam, of light rays incident upon a mirror fixed to the beam. Take 
G as 6:67 x 10-5. [2:58 mm.] 

3-14, Find the gravitational potential and the attraction at a point 
on the axis of a circular hoop of mass M and radius r if the distance of 
the point from the plane of the hoop is a. Hence find the value of æ 
when (a) the potential and (b) the attraction is a maximum. 

[-—GM/¥(r? +a"); GMz/(r* a*)/?3; 0; w=r/ y2] 

3-15. A uniform sphere has a radius 2 cm. Find the percentage in- 
crease in its weight when a second sphere of radius 20 em. and density 
12 gm. per c.c. is brought underneath it and nearly touching it. g—981; 
G—6-07 x 10-5, [5:65 x 10-*.] 

3:16. If the mean density of the earth is 5-5 gm. per c.c. and its radius 
4000 miles, while the average surface density in the vicinity of a mine 
shaft 0-5 miles deep is 2-5 gm. per c.c., find the acceleration due to 
gravity at the bottom of the shaft given that the surface value of g is 
981-200 cm. per sec. per sec. [981-278.] 


CHAPTER 4 
GYROSCOPIC MOTION 


4-1. Precessional Torque.—It has been shown previously, in 
Article 1-10, that a rotating body under the action of a constant 
torque, with axis at right angles to the rotation axis of the body, 
reacts to the couple by changing its plane of rotation. This type 
of motion is called precession, and the couple causing it is called the 
precessional torque. Its magnitude may be obtained as follows. 

If I is the moment of inertia of the rotating body about its revolu- 
tion axis, and œw the angular velocity of rotation, then the angular 
momentum Jw may be represented vectorially at any instant by a 
line, drawn normal to the plane of rotation, of length proportional 
to Iw. Thus, suppose the body is a dise revolving about its geo- 
metrical axis, and let MN (Fig. 4-1) be the edge of the disc whose 
plane is revolving about an axis, perpendicular to the figure at a 
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Fic. 4-1.—PnEcCESSION or FLY-WHEEL. 
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The change of angular momentum is along AB, i.e. it is parallel 
to the plane of rotation and perpendicular to the axis of rotation, 
so that AB must be the axis of the 


applied torque. Hence we see that, z 
if the axis of rotation is along Oy 
and the axis of the applied torque cde, 


is along Oz, then the body precesses 
about the third mutually perpen- 
dicular axis Oz. This fact is illus- 
trated in Fig. 4-2, where the disc is 
shown in perspective. The two 
forces, P, form the couple about the 
axis Ow, and the precessional motion 
will tend to bring M towards R and 
N towards S. It will be noticed 
that, if the dise were not revolving, 
the couple would tend to move the 
dise about the line MN, and T 
would move towards R and U` 
towards S. Thus the rule for the 
direction of precession may be ex- 
pressed as follows : The direction of precession is such that a motion 
of 90° in that direction would bring the plane of the disc into the 
original plane of the precessional couple and, when this parallelism 
is complete, the direction of the rotation is that of the original torque. 

42. Gravitational and Centrifugal Torques.—In most cases 
of precessional motion the body is supported at a point, not on the 
vertical through the centre of gravity of the body, and, as a result, 
there is a gravitational couple which tends to rotate the body into 
a position of smaller potential energy, i.e. to lower the centre of 
gravity. If the body is not revolving, this is the sole result of the 
gravitational couple, but if the body is also revolving about some 
axis, the gravitational couple supplies the torque necessary to produce 
precession, and if, further, no other couple acts on the body, these 
two torques are equal, and the precessional rate maintained by the 
gravitational torque, T, is given by 

me 
iy 

This motion is termed gyroscopic, and the body is called a gyroscope. 

Such a ease is illustrated in Fig. 4-3, which represents a heavy dise 
revolving at high speed, c, about its geometrical axis, 40B, which 
is supported at B by a vertical pivot BC. If OB=l and mg is the 
weight of the dise, the gravitational couple acting on the disc is 
I’,=mgl, and the precessional rate which can be maintained by this 
couple is 


Fic. 42.—Tne GvnosTAT. 
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where k is the radius of gyration of the disc about the axis AOB. 
Thus one complete cycle of the precessional motion is made in the 
periodic time 
km 
Re Can 
This is the precession which, once started, may be maintained 
by the gravity torque. If a quicker rate is given, then the axis AOB 
will rise, while, if the precession is retarded, the axis AOB will fall. 
The phenomenon of a possible oscillation of the rotation axis on 
each side of the steady precession position has important results, 
which will be studied later under the heading of nutation. 
Generally, there is a third couple acting on the body, due to 
centrifugal forces. In Fig. 4-3 the centripetal reaction at B is along 


AP 
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the line AOB, while the centrifugal effort is along BOA, and these 
two equal forces, acting in the same straight line, give an effect, 
in a practical case, which merely increases the frictional constraint, 
at the pivot, to precession. If the centrifugal effect and opposite 
reaction at the support are not in the same straight line, they 
constitute a third couple called the centrifugal torque. 

4:3. Lanchester's Rule.—In order that the body shall not move 
outwards from the centre of precession, it is necessary for the centri- 
fugal torque to be balanced by an equal and opposite centripetal 
torque. This balancing effect is derived from the gravitational 
torque, and the resultant is available to produce precession, 

Let I, T» T; be the magnitudes, supposed in the same direction, 
of the gyrostatic, gravitational, and centripetal torques, respectively. 
Then, from the considerations above, we have 


R= . : : . (48) 
and if it happens that T, is clockwise when T; is anticlockwise, then 
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in (4-8) the sign of I’, is negative. We have assumed here that the 
gravitational torque exceeds the centripetal torque, and that J’, has 
the same sign as J’, This is not always true, and it is necessary 
to enunciate some rule which shall give, for any given direction of 
precession, the necessary sense of the torque producing it. A general 
rule of this kind was enunciated by Lanchester in the form : View the 
gyrostat from a point in its plane with the line of sight perpendicular 
to the axis of the given precession. Now let the gyrostat move 
slightly in the direction of precession. A point on its cireumference 
is seen to describe an ellipse, and the sense of its path gives the 
direction of the precessional torque, while the line of sight is its 
axis. An example of the application of this rule is given in the 
next section. 
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4:4. Gyrostatic Pendulum.—As an example of the application 
of equation (4-8), consider the case of a small heavy gyrostat revolving 
about a light rigid rod AB (Fig. 4-4) as axis, with angular velocity c, 
and precessing about the vertical AC at a rate Q. Such an arrange- 
ment is called a gyrostatic pendulum. The three torques acting on 
the pendulum are :— 

(i) Gravitational Torque T ,—If the weight of the gyrostat, 
which may be supposed all concentrated at the point B, is mg, 
then the gravitational couple is composed of this force mg acting 
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downwards through B, and an equal upward reaction of the support 
at A. These together form a couple given by 
T',—mgl sin q, 

where « is the angle BAC. 

(ii) Centripetal Torque I'.—The centrifugal force on the 

2 

gyrostat is ~ acting along CB, and an opposite reaction of the 


support, acting at A, produces a centrifugal couple equal to 
mo? 
—l cos q, 
r 
where v is the speed of the gyrostat around the circle of radius CB =r, 
The opposing centripetal torque I’; is thus 
mv? 
Te COS a, 
and acts in the same direction as Fe 
(iii) Gyrostatic Torque D,.—The rod AB is always perpendi- 
cular to the plane of rotation of the Eyrostat, and so the rate of 
precession Q is the angular velocity of AB. In a time dt the point 


B moves through a distance vdt, and thus AB moves through an 
dt 


v 
angle T 9r 
v 
2-7, 
so that, from equation (4:1), 


Ty-IoQ—mkéor, 
where % is the radius of gyration of the gyrostat about the axis AB. 
To find the direction of this Eyrostatie torque, apply Lanchester's 
rule, Let MN (Fig. 4:4) (b) be the edge of the gyrostat when at B 
the line of sight being EB at right angles to CB and AB. Then 


of T, and T, and so 
Ty——mlitor, 
if it is to be substituted in (4:8). 
The periodic time to is given by vfj—2zr, and thus from (4:8), 


2; 
mkt mal sin o, "(2 " COS c, 
tol ES 
or 


—k*o sin «() —gl sin «. —12 sin a cos «(2 x 
0 o 
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vo. Am 
and, putting Tob we have 
0 
D*l? cos «—pk*w—gl=0, 
which gives 


pS Au à e (44) 


To decide between the two possible values of p put w=0. The 
system then becomes a conical pendulum for which 


2m O g 
ty E w 


so that the positive sign in (4-4) is required, 

4:5. General Case of Precessional Motion.—In the preceding 
case a simple form of treatment was possible by reason of a tacit 
assumption that, for the purposes of calculating the gravitational 
and centrifugal torques, the mass of the body could be assumed to 
be concentrated at its centre. A little reflection will show that this 
is not generally possible, because only points on the rotation axis 
move around the axis of precession in circular paths and, even for 
these points, the radius of the circular path is different for each. 
Other points have a much more complicated path, compounded of 
their motions about the axes of rotation and precession, respectively, 
It is necessary, therefore, to consider the results of these varied 
motions of different particles before the more general cases of 
precessional motion, such as that of the spinning top, can be treated 
fully. 

4:6. General Expression for Angular Momenta.—Since in 
the following cases of gyroscopic motion it is more convenient to 
use axes fixed in the body and not in space, we shall deduce ex- 
pressions for the angular momenta about such axes, the only 
limitation being that z 
the origin is supposed 
fixed, ~ ^o] 

Let Oz, Oy, Oz (Fig. 
4.5) bethree mutually 
perpendieular axes, 
€; €5, and «cg the 
angular velocities of 
the body about these 
axes, and h,, hg, and 
hg the corresponding 
angular momenta. 
Suppose that P(x, y, z) 
is a point in the body 
at which is placed a 
particle of mass m, Fic, 4-5.—GENERAL EXPRESSION ror ANGULAR 
and let u, v, w be its MOMENTA. 
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velocity components along Oz, Oy, Oz, respectively. Then, from 
the figure, 


0=@,2—Q5tp . : E « (£5) 
—039—09. 

h— Xm(vz—wy) 

— Em(wy23—om—o)gnyA-oy?), 

hy— Xm(wox—uz) 

—Emn(agit — ovy —cosyz-o,22), 

h3— Em(uy—va) 

=2m(wy?—oyz—o,20-+-0,0), 


mms 


so that 


hy—I 3003 —0 may — es myz, 
ha—I. 3003—032myz—e, Emzav, 
where J, I, and I, are the moments of inertia of the body about the 
three axes. "The other factors such as Zmay are called products of 
inertia and, in many cases of practical importance, disappear. 
The kinetic energy of the mass m at P is given by 
dE— ym(u*--v3--w2), 
so that the total kinetic energy of the body is 
E=}2m(u*+-02-+w?) 
= En (ogy —os2)*-E (0,2—o,2)*-- (9 —o,9)*] 
chos? Hat) + os Am(z*- Hat) os fEm(*- yt) 
— owi myz o0, Zimzz —e o, may 
—Mun*EMas! Mos! ovo, Xm —ogosPmiys 
—egyoXÀmsw, — (4-7) 
Comparing this with equation (4-6) we have 


—I,,—0,Xmoy—cosXmz, 
h—Igo—o0, MTY — Cds, } (4-6) 


ok ðE 9E 
am 7 im A : HIE 
and 
2E=hw hoho : di - (49) 


4-7. Angular Acceleration for Steady Precession.— To find 
the angular accelerations about a set of moving axes, when a body 
is in a state of steady precessional motion, let Oz, Oy, Oz (Fig. 4-6) 
be three axes fixed in Space, and suppose that Oz is the axis of pre- 
cession, Let OC be the axis of rotation of the body whose angular 
velocity is œ, and su pose that the angular velocity of any point 


both OA and OC. Let 9}, 0a, and 0, 
these axes OA, OB, and OC about their 
suppose OA, OB, and OC are of unit length. In the time dt, C 


STEADY PRECESSION 87 


moves to C’, so that CC’=Q sin «.dt, and the angular velocity of 
the body about OA is 


ToC" z 
dioc — Q sina, 


where the positive sign is used, in the conventional way, to indicate 


Fig. 4:6.—ANGULAR ACCELERATION FOR STEADY PRECESSION. 
counter-clockwise rotations when viewed looking towards the origin. 
The angular velocity about OB is zero, and about OC is w. 
moves to A’ in time dt, 

=Q cos «.dt, 
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and thus we have 
0,——O sina, —60,—0,  0,—Q0 cos a - (410) 
Let the angular momenta of the body about the axes C4, OB, 
OC be hy, hi», hy (Fig. 47). The precession of the angular momentum 
hy, with angular velocity 0, about OC, requires a torque about OB 
equal to /;0,. Similarly, hs precesses about OA at a rate 0,, and 
requires a torque about OB equal to —h,,. Finally, since h, may 


change with time, an additional torque a is needed about OB, 
Thus, if t,, Tẹ and t} be the torques about these three axes OA 
OB, and OC, 
dh, 
T= aD faf. 
Similarly, 
dh, 
much bh. .  . . qan 
and ^ 
d 
Ta= MDa Ha. 
In the case for steady precession these become from (4-10) 


n= 1,0 COS H, 
y= G84 hy sin a--h,Q cos x, . * (412) 


n na Sin a. 


4-8. Steady Precession of a Top.—From these results we may 
now deduce the precessional motion of a spinning-top. Since the 
latter is a body of revolution about the rotation axis, the products 
of inertia vanish, and the angular momenta are, from (46), 


h,—I,,, lis — Hrs, hy... .- (418) 
rg as 

Thus, in Fig. 4:8, OC is the axis of rotation of the top, and it makes 

an angle œ with the axis of precession Oz, The angular velocities 

about OA, OB, and OC are, from (4-10), 

—2 sin x, 0 and 0, » *— (414) 
and, on substituting these values in the expressions (4-13) for the 
angular momenta about these axes, we have 
hi — —1,0 sin x, 

2=0, 


ha—1. 30, 


and 
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I, being the moment of inertia of the body about OA, and J, that 
about OC. Substituting these values in the expressions (4-12) for 
the torques about the axes, 


d 5 
n= 9 sin x)—0 
73—100 sin a.—I,0? sin « cos x, 
73—0. 
1t the torque t, is produced solely by gravitational forces, then 
Ta=mgl sin a, 
where mg is the weight of the top and l is the distance of its centre 
of gravity from O. Thus 
mgl=I,0Q—I,2? cosa . 5 . (415) 
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This gives the condition for the top to precess steadily at the given 
rate Q. If «—907, the conditions of equation (4-2) are obtained. 

Since from (4-15) there are, in general, two values of Q, two differ- 
ent rates of precession may be maintained by the gravitational couple, 
i.e, for the given inclination to the vertical. If k is the radius of 
gyration about OC, and k, that about an axis through the centre 
of gravity perpendicular to OC, 


I,—mk?, and I,—m(k,?--12), 
gl —k*oQ — (k *--12)? cos a, 


and thus 

which gives ERA nib 

Q 22, Po V fo? — (5, +P al cos o. 
Cid 2(k-1-13) cos œ A 

where tọ is the periodic time of precession. 


(4-16) 


90 GYROSCOPIC MOTION 


The minimum value of œ, which gives a real value for Q is 
obtained from 
K*c)* — A(K,?--0*)gl cos a, 
or 


o= V Fosa . o 0. (1T) 


Initial Conditions.—We have considered thus far only a main- 
tained steady precession without imposing any initial conditions, but, 
in a more general case, both the rate of precession and the inclination 
to the vertical vary. Suppose that the initial conditions of the top 
are as indicated in Fig. 4-8, the original angle between the planes 
20x and z04 being $. The only external torque—neglecting friction 
—is that due to gravitation, and this acts about the axis OB. Thus 
the angular momentum h about Oz is constant, and the angular 
velocities of the axes O4, OB, OC are 


d 


5 da, 
—d4 9" py > 


di 
and so 
h=% sin a= —m(I,?--02) sin d 
da. 
hay 
h3—Igo. 


The angular momentum about Oz is given by 
h=h,(— sin «)-+-hg cos a=m(k,2+-12) sin? eg ome COS &, 


and since this must be constant, 
m(k,?--02) sin? xD. kk, coso.—mk*o cosa,  . (418) 
where o, is the initial value of the angle a. 
Additionally, from the conservation of energy principle, the sum 


of the kinetic and potential energies must remain constant, The 
kinetic energy E, is given by (47), i.e. 


E,—4m[k, 24-12] E: sin a] * tmf, 41] ) E dmkho?, 


the products of inertia being zero. The potential energy E, is 
E,—mgl cos «, 
so that, by the conservation of energy, 


2 
nib en Cr sin a) *(5] +2mgl cos x=2megl cos x. (419) 
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The subsequent motion is given by (4-18) and (4-19) and, from 
(418), 
dp k*o[cos «,—cos a] 
dt — [k,2+1?] sin? « 


uU S oh cory (4020) 


Nutation.—When «=a, dh E or the top placed in the given 
o di PP 


position does not immediately precess, Instead, it falls slightly under 
the action of gravity; thus d has a finite value, and precession 


begins. The fall of the axis, however, has a limit, a, after which 
it rises again to the value o, and this oscillation between the two 
inclinations o and a, accompanied by a correspondingly varying 
precessional rate, is called nutation. To indicate this phenomenon 


we may combine equations (4-20) and (4-19) and, eliminating a 


we have 
ktw?[cos ««—cos a]? 
[5424-02] sin? x 


daN? 
Hee —2gl[cos «,—cos x] . (4:21) 


y "n : da s 
Maximum and minimum values of « are given by “an” i.e. 


ktw?[cos &—cos c] —2gl[k;?--7*] sin? æ or cosa=cos e, — (4:22) 
From (4-22) 


- ktw? 0 
sin *- agp 2 je] 08 %—COS vo) —0, 
or 
cos?a,—2d cos a+2d cos «4—1—0, . + (4°28) 
P i ktw? : j 
where 2d is written for Sgi[J FE] The solution of (4-23) is 


cos a, =d-+ 'V/1--d?— 2d cos ag, 
and since cos « must be less than unity, only the negative sign is 
possible, so that 

cos a, —d— V1 4-d3—2d cos as. 
Hence the axis of the top, as it precesses, varies its inclination to the 
vertical between the values c and «,, and, since when aae, ar 


ie. the precession momentarily ceases, at such times the end C of 
the axis reaches a cusp in its nutation movement, At the lower 
value a, however, the rate of precession is a maximum whose value 
may be obtained from (4-20) and (4-21). Thus 


rai) sin? a. —k*o(cos %—cos f, 
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CI sin? cH HS C natos %—COS x), 


and so, when 2o, 


k?w(cos «—cos «P —oglcos &t9—€C08 x), 


which gives x—«, when d$ o, or 


Minimum Velocity for the Top to * Sleep." —A top is said to 
“sleep” when it spins with its axis vertical. The motion will be 
stable only if, when slightly displaced, the top returns again to the 
vertical position. "The necessary condition may be obtained by 
putting «,—0 in the equation for ap and finding in what circum- 

2 
stances, for a small displacement, xx is negative. Thus, substituting 
%=O0 in (421), we have 
k*e*(1—cos a) 


(k,?--13) da m l(1— cos a) BA ae Ne a ern 
ics Nag) = 78 (2-12) ++c0s a) 


or 
da. d?a . da kw? 2sina da 
2 Lp ees — —— -— 3 
dt Cz gl sin oy — p ETE (bcos aj dt 
and since x is small, 


2, 4,2 
(hg orina Eni } 


M22) 
2, 
so that, if = is negative, 
ktw? 
4134.15) 7 8 
or 
2 
ots MUS) 


This result may also be deduced from equation (4-16). 

4:9. Alternative Method for Spinning-Top.—The problem of 
the spinning-top may be investigated in a simpler way—though one 
which is open to objection—by considering the three torques of 
Article 4-2. If a particle of mass m, is situated at a distance L 
from O (Fig. 4-8), it describes a circle, due to precession, about Oz 
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of radius 1, sín x, and the centrifugal force due to this motion is 


2 
pi T acting horizontally, where v; is its speed in the circle. This, 
T 
together with the corresponding reaction at O, forms an elementary 
2 
centrifugal couple of magnitude iz zh cos « and, if ty is the periodic 


1 
time, v,fj—2zl, sina. The total centrifugal torque is given by 


22? i 2n\? . 
Ty-Zm (55) 1,? sin « cos a=1(Z) sin % cos a, 
0 


0 


where J, is the moment of inertia about OA. 
If the top is viewed from the direction BO (Fig. 4-8), the three 
torques, acting in a clockwise direction, are 
I =—TyoQ sina, 
T =— mgl sin a, 


2 
n-u) sin % COS a, 


where J, is the moment of inertia about OC. Putting Qf,—27, and 
substituting these values in equation (4:8), we have 


E) (2-1) cos a- (em +g1=0, 
0 0 


or 
2a k*o-- V k*o*— Agl(k 2-12) cos [A 
jme 2(I,*--02) cos o. 

which is the same as (4-16). 

4:10. Rolling Disc.—Another familiar example of gyroscopic 
motion is that of a thin dise projected to roll over a horizontal 
surface with plane vertical. While its translational velocity is 
greater than a certain critical value its path is a straight line but 
below this velocity the plane of the disc inclines to the vertical and, 
at the same time, the path becomes curved towards the side of lean. 
This curvature increases as the velocity is reduced by friction. Thus 
the path followed on the horizontal plane is spiral in form until the 
dise falls flat. 

Let MN (Fig. 4-9) be the edge of the dise of radius r when the 
linear velocity of its centre C is v, directed into the plane of the 
diagram, and its plane makes an angle « with the vertical, while 
O is the centre of the curvature of the horizontal path traced out 
by N. Let Q be the angular velocity of ON about the vertical 
axis OZ and select moving axes CM, CY, CZ where CZ is perpendi- 
cular to the diagram. These axes have, about their instantaneous 
positions, angular velocities given by 


0,=2 cosa, 0,——O sina, 0,—0, 


94 GYROSCOPIC MOTION 


respectively, The angular velocities of the dise are given about the 
same axes by 


=Q cosa =H w,=0, 
and so, from equation (4-6) the angular momenta are 
h= Q cosa  h—lo  h,—0, 
in which Z, and I are inertia moments about CM and CY respec- 


UR s 
or the torques about the same axes we have, from equation (4-12) 
q= N, 19 cos a)=0, 


t= — IWQ cos y—I Q? sin « cos o, 


Fic. 4:9.—Rorumo Disc. 


The forces acting on the disc by reason of the reaction of the 

supporting plane are F along ON and R vertically upwards and the 

erations of the centre C in these directions are —v( and 0 
respectively, Therefore 


F=—mQ=—mroQ,  R=mg, 
and so 


T, —mgr sin «+-mwQr* cos x, 
Thus 


To cos %4-1,Q? sin a cos a—mgr sin «—maQr* cos A 
or 


(I-+-mr*)oQ cos a+-I,Q? sin a cos a.— mgr sin a. 
If the centre C describes a horizontal circle of radius p then 
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and, if this is substituted above, we obtain 
ktr? k? 
SET sin a] =gr tan a, 
where k is the radius of gyration of the disc about CY. 
For a uniform dise k*=r?/2 and 
2 
sito sin «]-—4g tan a, 
while for a hoop k=r and 
2 
sap sin «)=2g tan a. 


4:111. Minimum Velocity for Straight Path.—When «=0 the 
dise is vertical and stable rolling in this attitude depends upon the 
conditions governing small sideways oscillations. In these we may 
put sin &.—o and cos &—1. Values of Q will be very small and thus 
the centre C will have a velocity u parallel to ON given by 


u= Ende, 
dt 
and the acceleration in this direction is 
d'x 
Tia A 
so that 
F=—m — mor. 
The values of 0, O, 0, become 
(0, dms b=- 
while 
da. 
h=1,2, h-lo, hh 
The torques then change into 
ty (10) Loft — I O48 —0, 


df dx s 
n= f(g) -a-lo — Rr p 


d da da 
T= Glo) I 9-- 1,9770, 


and we have, from the first of these, 
dQ da 
Lgr 
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since both « and dx/dt are small. Integrating this we have 


I Q=Iwa-+ const. 
The second gives 


2 
-ËE IoQ—— Rra Fr, 
and so 
aT pma =0 
(,4-mr )g T mr?)0o — mgro —0. 
Substituting 
1,9 — Ix--const. 
we obtain 


comete [cem mer een 
1 


There will be oscillations only if 
Iymgr 


o> 


I(I--mr*y 
te, 


Thus the limiting velocity is given by 


a g for a disc, 


1Var for a hoop. 


4:12. The Earth's Gyroscopic Effect.—The earth in its revolu- 
tion about the polar axis may be regarded as an enormous gyrostat, 
which will be capable of precession and nutation, if a couple acts 
about an axis at right angles to the north-south line. If the earth 
were truly spherical and of uniform density, such a couple would 
be impossible, but the existence of equatorial protuberances gives 
rise to both solar and lunar precessions and nutations. The earth 
is represented in Fig. 4-10, with exaggerated ellipticity, by the ellipse 
WE. If the sun is situated along the direction Ox, then the 
eastern protuberance is nearer the sun, and its gravitational reaction 
to the sun is slightly greater than it would be if the sun were situated 
along the line NS, at the same distance from the centre. In the 
latter case let the attraction on each half of the ellipsoid be F. 
Then, in the figure F+-e and F—e are the forces of attraction on 
the two halves NES and NWS, respectively. Thus, in addition to 
the total attraction 2F, there is a couple formed by the two forces e 
about an axis at right angles to NS and to the diagram. "This 
couple constitutes a gyroscopic torque, which will cause the earth 
to precess, so that, under the conditions shown, N rises up from 
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the plane of the diagram while S goes down. The polar axis thus 
intersects the celestial sphere in a point which describes a preces- 
sional circle, whose angular radius is 23? 27' about the pole of the 
ecliptic. Owing to changes in the moon's position and in the sun's 
declination, the resultant torque fluctuates in value, and thus the 
simple circle becomes a “ wavy” circular track, due to the corre- 
sponding nutation movement. 

4:13. The Gyroscopic Compass.—If a gyrostat is suspended in 
frictionless gimbals, so that it has three degrees of freedom for any 
position of the outside frame, then no movement of the latter can 
cause a torque to act on the gyrostat. The latter therefore retains 
its direction in space. In particular, such a system, mounted on a 
ship, would be uninfluenced by the pitching, tossing, or direction of 
the vessel. This inherent stability of the gyrostat suggests its use 
as a compass, and the many practical difficulties have been overcome 
with sufficient success to render the gyro-compass preferable, par- 
ticularly in submarines, to the magnetie compass. 


N 


S 


Fic. 4-10,—Gyroscoric MOTION or THE EARTH. 


The simple system just described lacks the essential property of 
returning, after a disturbance, to the original direction, as obviously 
any position of the gyrostat is inherently stable. It does, however, 
enable the rotation of the earth to be demonstrated, since the axle 
will, in the absence of disturbing torques, retain its original orienta- 
tion, and, if this is truly north and south, it will apparently turn 
so that its north-pointing end travels towards the east, owing to 
the non-parallelism of two north-south lines. This movement 
relative to the earth’s surface is due to the changing orientation 
in space of lines—such as floor and wall edges—fixed relative to 
the earth. A complete cycle of relative movement will be com- 
pleted in twenty-four hours, and includes not only the easterly 
rotation referred to, but also a change in the inclination of the 

G.P.M.—H 
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rotation axis to the horizontal. The latter varies according to the 
latitude of the experiment. 

Pendulum Gyro-Compass.—A gyrostat, mounted in the manner 
described above, may be given the necessary restorative property 
by the simple addition of a small weight, hung below the rotating 
fly-wheel. The essentials of such a pendulum gyro-compass are 
shown in Fig. 411. The gyrostat is mounted by its axle ends A, 
B, in a horizontal ring which carries a vertical stirrup, fixed rigidly 
to it, and weighted immediately below the centre of the fly-wheel 
by means of the weight W. This horizontal ring may turn freely 
around the axis CD within a vertical ring, which is similarly free 
to move about the vertical axis FG within the frame H. To ensure 
complete freedom of movement, this frame H is also carried in 
horizontal gimbals, of which K, 
J form the first pair. Such an 
arrangement is stable only when 
the end B points truly north, as 
will be understood by reference 
to Fig. 4-12. Consider the gyro- 
compass at the equator with its 
axis pointing north-south, the 
end B towards the north. The 
innerring will be horizontal with 
the weight directly beneath. 
There is thus no torque due to 
gravity, the system is stable, 
and, since the axis of the wheel 
is parallel to the earth's polar 
axis, no tendency to move will 
Fig. 411.—MoprL or rug Penputum &CCOMpany the earth’s rotation. 

Gyno-compass. Suppose now the axis AB is 

forced into an east-west direc- 

tion with the end B pointingeas t (Fig. 4-12) (1) The earth’s 

rotation from position (1) to (2) in Fig. 4-12 will tend to pro- 

duce the state of affairs shown at (2), with the axle AB parallel 

to its previous direction. This gives rise to a gravitational couple 

owing to the weight W being no longer vertically below the centre 

of AB, and precession occurs about FG, so that B swings around 

towards the north. When the north-south direction is achieved, 
the position is, as seen already, stable. 

If the end B had pointed west (Fig. 4-12) (3), the position (4) would 
have resulted in a similar gravity torque, but, since the rotation of 
the fly-wheel is reversed, relative to the diagram, the precessional 
motion is reversed also, and B swings from the west towards the 
north, instead of from the east to the north. Thus B—viewed from 
which the gyrostat rotation is anticlockwise—is the north-seeking 
end of the revolution axis, (It is useful to remember the correspond- 
ing rule for the magnetic effects of currents.) It is therefore clear 
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Fic, 4:13.—Penputum Gyro-compass AT LATITUDE À. 
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that an accidental disturbance of AB from the south-north line 
calls into existence a directive force of restoration. 

When the gyro-compass is not at the equator, the effect is appar- 
ently different. In Fig. 4-13 the system is represented in latitude 4. 
The axle is horizontal and the end B is placed facing east. The 
gyroscopic action will, as already explained, tend to force 4B into 
alignment with the polar axis, i.e. along LM. This can be done 
by a rotation about FG of 90°, succeeded by a rotation about CD 
equal to 4. The former movement takes place without any gravity 
torque, and the axis AB is then in the meridian, The second move- 
ment, however, produces a gravitational couple which causes AB to 
precess, B moving towards the west. It seems then that the north- 
south direction of BA is immediately followed by a wandering of B 
towards the west, and that the readings of the compass are no lon ger 
to be relied on. This, however, is merely apparent because—except 
at the equator—this westerly movement is necessary to keep BA 
pointing north-south. The seeming contradiction in this statement 
will be understood by reference to the paragraph above, where it 
was shown that, if no such precessional movement of AB occurs, 
the end B apparently wandered off to the east. Thus the gravity 
torque produces just that change in the space direction of the gyrostat 
axis required to maintain it always parallel to the north-south 
direction of its immediate locality. 

Magnitude of the Directive Effect.—The magnitude of the direc- 
tive tendency depends on the three factors :— 


(a) The moment of inertia of the fly-wheel, 
(b) Its angular velocity, 
(c) The rate of rotation of the earth. 


Of these, the last is fixed, and thus, to make the gyro-compass 
sensitive, it is necessary to have the first two as large as possible. 
The limits of their magnitude are fixed by considerations of safety, 
and the necessity of avoiding temperature effects due to the irreducible 
minimum of friction. Since the three quantities (a), (b), and (c) above 
are constants for a given instrument, it would seem that the compass 
is equally sensitive at all latitudes. "This is not 80, because, although 
the restoring moment is the same everywhere, its horizontal effect 
diminishes from the equator to the pole. At the latter place the 
horizontal force is zero, and, except for the weight W, the axis AB 
would set itself vertically. 

It should also be noticed that, although an increase in the directive 
forces may be obtained by a larger and stronger instrument, it does 
not follow that the sensitiveness is increased proportionally, since 
these forces then act upon a much more massive body. The sensitive- 
ness depends to the greatest extent on the elimination of friction. 

4:14. Errors of the Gyro-Compass.—Brown,! whose gyro- 
compass is used in the British navy, found that, in practice, many 

1 Brown, Nature, 105, 44, 77 (1920). 
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instrumental difficulties occur, and in most cases a compromise is 
necessary between the actual instrument and its simple ideal. "This 
causes a number of errors in the reading which must be corrected for. 
The chief of these are :— 

(a) Latitude Error.—The freedom of movement of the compass 
necessitates some form of damping to permit a reasonably quick 
reading to be taken. This damping agency prevents the gravity 
torque from acquiring its full value, and thus the compass has insuffi- 
cient westerly precession. "There is therefore an easterly deviation, 
ealled the latitude error, and this is usually corrected for by an 
alteration of the lubbar line—or zero mark—in the vessel. 

(b) North Steaming Error.—1f a vessel is travelling due north 
or south, the axis of rotation of the compass is now slightly inclined 
to the polar axis, due to the resultant velocity of the earth and 
vessel. This error applies equally to all forms of gyro-compass, and 
is corrected for by the use of tabulated values, giving the error for 
different northerly or southerly speeds. 

(c) Acceleration Error.—When the vessel is changing speed 
in a north-south direction, the inertia effect of the control weight 
causes a virtual change in the direction of gravity, and the compass 
will give an incorrect reading while the speed is changing. Readings 
are therefore taken under steady steaming conditions. 

(d) Error due to Pitching and Rolling.—Rolling and pitch- 
ing of the vessel, when on a due east-west or north-south course, is 
negligible in effect, but for intermediate directions the effect is 
extremely complicated, and the elimination of error from this cause 
necessitates a great increase in instrumental complexity. In one 
case—that of the Anschutz gyro-compass * designed in 1912—three 
extra gyroscopes were fitted. One of these has its axis in the north- 
south direction, while those of the other two are in the same hori- 
zontal plane and make angles of 30° on either side of the main rotor. 
The three are joined by a system of links in such a way that the 
virtual moment of inertia about the north-south line is increased. 
The whole assembly is attached to a spherical float, which swims 
in a vessel containing mercury in the interior of the instrument. 
There is also an attachment by means of which the master compass 
actuates a number of dials in different parts of the ship. 

In recent years much development work on the design of gyro- 
compasses has resulted in their employment by both the United 
States Army Air Force and the Royal Air Force ? in aircraft, Their 
special advantage, a direct result of the large rotational inertia, is 
their steadiness of reading during rapid changes of direction, when 
the magnetie compass is liable to errors wbich cannot be exactly 
computed, and can be allowed for only empirically. Additionally, 


1 See Martienssen, Zeits. Vereins. deutsch. Ing., 67, 182 (1923). 
* Witherow and Hansen, Trans. Amer. Inst. Elec. Eng., 63, 204 (1944) ; see 
also Engineer, London, 197, 177, 188 (1945). 
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in large aircraft repeater dials can be installed so as to give infor- 
mation of course changes to members of the crew at different stations. 
Such gyro-compasses still show precessional effects, and it is neces- 
sary to check their readings by reference to the magnetic compass 
at frequent intervals while on a straight and level course. 

4-15. Other Gyroscopic Applications.— The inherent direc- 
tional stability of a rapidly revolving body has other important 
applications of which a few may be mentioned. Rifle and artillery 
barrels are rifled to give their projectiles a rapid spin about an axis 
in the direction of motion. "This ensures greatly increased uniformity 
of flight by improving their resistance to small deflective forces. The 
rolling of hoops, and the riding of bicycles—both cases of statical 
instability—are possible only because of the gyroscopie effect which, 
as in the rolling dise, produces a movement of the plane of rota- 
tion, tending to counterbalance the disturbing action of gravity. 
The single track train, or mono-rail, of Brennan is stabilised by 
gyrostats, while a similar use to stabilise vessels was suggested by 
Schlick. 

More recently, aircraft instruments such as the automatic pilot, 
modern bomb sights, the artificial horizon, and turn and bank 
indicators have been developed on gyrostat-controlled principles. 
In all such cases the operative process is the relation of a virtually 
fixed datum plane, provided by the gyrostat, to a movable plane 
in the aircraft, and the result of their relative change of orientation 
is an instrumental indication much more reliable than personal 
judgment. 


EXAMPLES 


4:1. A uniform disc of mass 500 gm. and radius 5 cm. revolves about 
an axis through its centre and perpendicular to its plane at a rate of 
50 revolutions per sec. Find the periodic time of the horizontal pre- 
cessional motion of the axis if the flywheel is supported at a point on the 
axis 3 em. from the centre of the disc and projected with axis horizontal 
without subsequent nutational motion. g=981. [8:39 sec.] 

4-2. If, as a result of friction at the support, the axis of the disc in 
the previous question dips below the horizontal at an angle of 30? while 
the rotational speed remains unaltered, find the new precessional period. 
Hence show that for large variations of axis inclination to the horizontal 
the precessional period is practically unchanged. [8:39 sec.] 

4:3. An iron hoop of radius 2 ft. is bowled along a horizontal rough 
surface. Find the minimum forward speed of the hoop at which it 
will roll with plane vertical. [4:01 ft. per sec.] 


4-4, A top consists of a flat dise of radius 2 cm. with an axle of 
negligible thickness, whose point is 2 em. from the centre of the disc. 
Find the minimum rate of rotation at which the top will spin. 

[18-25 revs. per sec.] 


EXAMPLES 108 


4:5. If the top in the previous question is given a spin of 80 revs. 
per sec. and placed on a rough horizontal plane with its axis at 15? to 
the vertical, find the angle through which the axis sways in its initial 


nutation movement. [24°.] 
4:6. Find the minimum rate of rotation of the top in question 4-4 if 
it is to spin stably with axis vertical. [15-8 revs. per sec.] 


47. An aeroplane has a rotary engine which revolves in a clockwise 
direction as seen by the pilot. Show that a pitching moment is ex- 
perienced when the aeroplane is making a horizontal turn, and find the 
direction of this moment when the turn is being made to the right. 
If the aeroplane speed is 100 miles per hour, the engine revolutions 
1500 per minute, the moment of inertia of the engine about its rotation 
axis 500 ft.-Ib. units and the radius of the turn 200 yd., find the magnitude 
of the pitching moment. [Nose down; 1-92 x 10* ft.-Ib. units.] 

4-8. A bullet projected from a rifle has a right handed spin imparted 
to it by the rifling and, in its flight, grazes a vertical wall. Show that 
the result is a deflection upwards, or downwards, according to whether 
the wall is on the left, or right, respectively of the bullet as judged by 
the firer. 


CHAPTER 5 
ELASTICITY 


5-1. Elastic Bodies.—The development of dynamics proceeds 
from the conception of a massive particle—i.e. a body so small that 
all its parts may be regarded as having the same displacement— 
to that of a rigid body, in which the distance between any two 
points is unaffected by forces acting on the body. In order to 
bring physical theory into line with the behaviour of actual bodies, 
it becomes necessary to take into account a possible relative move- 
ment in the parts of a body under the action of forces which, acting 
on a rigid body, would be in equilibrium, and thus have no effect. 
Actually, no body is perfectly rigid, although a substance, such 
as steel or glass, is practically so for small forces. Materials may 
be subdivided according to their behaviour when the forces which 
produce deformations are removed. If the body retains completely 
its altered shape and size, it is said to be perfectly plastic, as, for 
example, putty, If, on the other hand, the body recovers its original 
size and shape, it is said to be perfectly elastic. This method of 
differentiation is not absolute, since no body is perfectly elastic, 
when subjected to very large deformations, while it is probable that 
even putty recovers, at least partially, from very small alterations 
of shape or size. 

5:2. Hooke’s Law and Elastic Limits.—Over a considerable 
range it is found, by experiment, that the deformation, produced 
by forces, is proportional to the magnitude of those forces. This 
statement of proportionality is called Hooke’s Law and is the basis 
of the theory of elasticity. The point at which Hooke’s Law just 
ceases to hold is called the elastic limit of the substance, and is 
determined, experimentally, by plotting the magnitude of the special 


type of deformation against the value of the applied force system.. 


The point of departure of the resulting curve from a straight line 
gives the elastic limit of the specimen, for that particular kind of 
alteration in its size or shape. Sometimes the elastic limit is defined 
as the magnitude of the applied forces which produce the maximum 
amount of recoverable deformation. In this case its experimental 
measurement is rather different, and consists in loading the specimen, 
and then measuring its dimensions on removal of the load. This is 
repeated with increasing loads until the recovery on unloading is not 
complete, i.e. until a definite permanent set—or change of shape— 
is formed. The amount of this permanent set is plotted against the 
load, and an estimate is made of the point at which the set begins. 
104 
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With most materials these two definitions of the elastie limit give 
practically the same values. 

The actual elastic limit can be obtained only by the use of very 
delicate instruments. The yield point occurs with greater forces, 
and is that point at which there is an increase in the deformation 
of the body, without a corresponding addition to its load. With 
some substances, such as iron and mild steel, the yield point is well 
marked, but it is non-existent in hard steel, bronze, and most alloys. 
For these substances the rate of extension with load increases beyond 
the elastic limit without discontinuity. 

5:3. Stress and Strain.—The change in the dimensions of a 
body, produced by a system of forces in equilibrium, is called a strain, 
and its character will evidently depend on the nature of the force 
system producing it. The latter is called the stress and is always 
measured by the applied force per unit area of the body. The 
method of measuring the strain varies according to its character. 


AMA i", 
[Xj 
D C 
(b) 


Fic. 5-1.—Suear STRAIN. 


Consider a long wire clamped at its upper end and loaded at the 
bottom, An increase in the load produces an elongation of the 
wire, and in this case the strain is measured by the increase in 
length, per unit length, of the wire. If, however, a body is uni- 
formly compressed in all directions, it will be unaltered in shape if 
it is isotropic—+.e. if its elastic properties are uniform in all directions 
—but it undergoes a change of volume, and the strain is measured 
by the alteration in volume, per unit volume, of the original body. 
Finally, suppose (Fig. 5-1) a unit cube of a substance is under the 
action of tangential forces as shown in (a). The result will be a 
change in shape, the face ABCD becoming the rhombus A4'B'CD 
(Fig. 5-1) (b), but its size remains constant, since the area ABCD is 
equal to that of A'B'CD, and the body is unchanged in dimensions 
in a direction perpendicular to ABCD. This type of strain is called 
a shear and is measured by the angular deformation 0. The shear 
may be regarded as produced by progressive slidings of planes, such 
as ABGH, in a direction parallel to a chosen datum plane, say 
DCEF, the amount of the movement being proportional to the 
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distance from the selected datum plane. The magnitude of the 
shear may also be defined as the relative displacement of two planes, 
whose distance apart is unity. "This reduces to the same definition 
as before, since, if 0 is small—a necessary assumption in the theory 
of elasticity and one which is realised in practice—we have 
6—tanp— BB' _ relative displacement | 
CHI BC — distance of separation. 

A shear may, alternatively, be regarded as a combination of an 
extension, together with a contraction perpendicular to the extension, 
for (Fig. 5-1) (b) the diagonal DB becomes of length DB’, and if BM 
is drawn perpendicular to DB’, the extension along DB is 

MB MB' BB’ 1 ELTON 
DB DM wa'y3.gc * BC 3 


4N 0 
NC 2 
Thus a shear 0 is equivalent to an extension : together with a com- 


Similarly, the fractional contraction of the diagonal AC is 


pression ; both at 45° to AB, the direction of shear, 


5:4. Moduli of Elasticity.—Adopting the terms stress and strain, 
Hooke's Law may now be stated as: the ratio of stress to strain is 
Constant. The value of this constant is called an elastic modulus. 
Thus, in the case of a body under a linear stress, the ratio of stress 
to strain is known as Young's modulus, Y, For a uniform volume 
compression, or dilation, the modulus is called the bulk modulus, K ; 
while, for a shear, the corresponding modulus is termed the modulus 
of rigidity, n. 

Another elastic constant called the avial modulus X is defined in 
terms of the principal stress needed to produce a simple elongation 
without lateral change. The complete stress is a Young’s Modulus 
Stress, together with two perpendicular stresses of such a magnitude 
as will prevent lateral contraction. The ratio of the extensional 
Stress to increase in length per unit length is y. We thus have 

y — Applied load per unit area of cross-section 
~ Increase in length per unit length — " 
K= Compressive, or tensile, force per unit area 
Decrease, or increase, in volume per unit volume’ 
E. T'angential force per unit area, 
— Angular deformation 
Longitudinal load per unit area of cross-section, 
Increase in length per unit length 

Although the definitions of Y and % are similar, the total force 

system and complete strains differ in the two cases. 
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These moduli are not independent constants, since any possible 
change in the size and shape of a body may be obtained by first 
changing the size, but not the shape—i.e. by a volume strain—and 
then changing the shape, without altering the size—by means of 
shears, Thus a suitable combination of volume and shear strains 
may produce any kind of strain and, in particular, a linear tensile 
doi) This interrelation of the elastic moduli will be considered 
ater. 

Careful measurement shows that, when a body undergoes a linear 
tensile strain—i.e. is under the action of two equal and oppositely 
directed forces—it experiences a lateral contraction in addition to 
its longitudinal extension, and also that this contraction is directly 
proportional to the extension. The ratio of lateral strain—measured 
by the decrease in width per unit width—to the longitudinal strain 
is called Poisson's ratio, o. 

5:5. Direct Measurement of Young’s Modulus.—The value 
of Y for a material in the form of a long thin wire may be obtained 
by an apparatus designed by G, F, C. Searle,! and shown in Fig. 5:2. 


Fic. 5-2.—SEARLE's SPIRIT-LEVEL APPARATUS FOR THE MEASUREMENT OF 
Youne’s MopULus. 


The wire A is clamped firmly at its upper end alongside another 
wire B. The lower ends of these wires are connected to the frame E, 
which carries a sensitive level L, and the latter may be tilted by 
means of the micrometer M. Each wire is initially loaded sufficiently 
to straighten it, and the bubble is adjusted. An additional load is 
then added to the specimen under test, and the corresponding move- 
ment of the micrometer, necessary to restore the level, measures the 


1G. F. C. Searle, Camb. Phil. Soc. Proc., 10, 318 (1900). 
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extension produced. This loading is continued, and extensions are 
plotted against the corresponding loads. The result is a straight 
line whose slope gives the extension for unit load. From this result, 
knowing the length and radius of the wire, Young’s modulus may 
be calculated. A 

For thicker and shorter specimens some form of extensometer is 
required, such as that devised by Ewing.! 

5-6. Determination of Poisson's Ratio.— The most direct 
method of measuring Poisson's ratio consists in using an extensometer 
in combination with an instrument for the Simultaneous measure- 
ment of lateral strain and this is the usual practice in engineering 
establishments where facilities exist for the application of the large 
stretching forces necessary for the production of measurable lateral 
strains in thick rods. For thinner rods and wires, indirect methods, 
such as are described in Articles 5-13 and 5-14, are available, It is 
clear from Article 5-12 that ø must lie between 0 and 0-5 and, for 
many materials, it is nearly 0-33. 

The values of ø for some substances are given in Table 5-1 below. 


TABLE 5:1.—VALUES OF PoissoN's RATIO, o 


f ij 
Substance, | d | Substance. | a 

| || 
Glass . D F 0-25 Tin . 3 z 0:33 
Steel . . . 0:27-0:30 | Aluminium . . 0:34 
Copper > * | 0:81-0-34 | Cadmium . 1 0:30 
Brass, . . 0:32-0:35 || Silver . . . 0:38 
Delta metal . 0-34 Platinum . " 0-39 
Muntz metal . 0:34 Gold . . 0:42 
Lead . . . 0:43 || Marble 0:27 


5:7. Torsion of a Cylinder.— Consider a cylinder, fixed at one 
end and twisted at the other by means of a couple of moment T, 
Whose axis coincides with the axis of the cylinder. The angular 
displacement d, at a distance 1 from the fixed end, is proportional 
to both J and P. This is an example of a pure shear, since there 
can be no change in either the length, or the radius of the cylinder, 
for reversing the couple would reverse any such change, and the 
response of the cylinder to the couple is clearly independent of the 
latter's direction. Each circular cross-section is rotated about the 
cylinder's axis, by an amount which is determined by its distance 
from the fixed end. Thus, in Fig. 5:8 (a), a wedge of the cylinder 
is strained from the position ABCD into the position ABED, so 
that CE=r,4, where 7, is the radius of the cylinder, and, in Fig. 5-8 (b), 
an element FGIH of the lower end is moved to JKML, Suppose 
BF=r and FG=dr, while FH —dz, then the parallelepiped, with 
FGIH as base, is sheared as shown in Fig. 5-8 (c), where GK =rġ. 


1 Ewing, Proc. Roy. Soc. 58A, 123 (1895). 
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The force, f, acting tangentially on the face FGIH and producing 
the shear 0, constitutes a shearing stress of magnitude dida Thus 
the modulus of rigidity is given by 
"pias 
or, since l0 —r4, 


f=ndrdz. es 


This force f has a moment fr about the axis of the cylinder, and thus 


ra" f jene. 
The integral of dz must be taken round the circle of radius r, and so 
da 


the total moment is 


d: C 
Fic. 5:3.—TORSION or A CYLINDER. 
If the cylinder is solid this becomes 
4, 
nant i 
T= a? (531) 


and if hollow, of outer and inner radii 7, and r, respectively, 


nde a nf] . 2 . + (5:2) 
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The quantity TE torque to produce unit twist between the 


ends of the specimen—is usually called the torsional rigidity, and is 
designated by t. 

Equations (5-1) and (5:2) may be applied directly to the measure- 
ment of c for a cylindrical wire, 
using either a static method, or 
a torsional pendulum.! For the 
static experiment, which is suit- 
able for comparatively thick 
specimens, an arrangement shown 
in Fig. 5-4 may be used. The 
specimen AB is clamped at A 
and fixed firmly into a wide 
cylinder C at B. Two mirrors M, 
and M, are fixed to AB at a 
distance / apart, and two flexible 
cords, attached to C, pass over 
freely running pulleys P, and P,. 
They c weights mg and act 
tangentially on C, so that the 
couple applied to the end B is 
I'—2mgK, where R is the radius 


mg mg 

Fig. 5-4.—STATIC EXPERIMENT TO 

MEASURE THE TonsroNAL RiGiprrv 
or A RoD. 


== 


of the cylinder C, The relative 
twist 4, between M, and M, is 
measured by the usual lamp-and- 
scale method, and thus we have 


where z is the torsional rigidity of a length / of the specimen. If 
an absolute measure of the rigidity modulus is required, this is 


obtained from 


t= 


nan. 


2l 


One advantage of the method is that the radius fy being com- 
paratively large, is susceptible to accurate measurement. This is 
important since it is raised to the fourth power, and any error in ^ 
becomes seriously magnified in n, Secondly, since this is a static 
experiment, the specimen is not subjected to periodic changes in 
the strain which may result in a slightly large value for n.2 

In the torsional pom method, a body of known moment of 


inertia, J, is attache 


to the end B, and the system is made to execute 


torsional oscillations. Then, from (1-19), the period 1 is given by 


I 


1 See Article 1-9. 


2 See Article 5:25. 


TORSION OF BARS 111 


and thus z may be measured. For a sufficiently slow oscillation with 
a substance of high rigidity, a long and fairly thin wire is necessary. 

5:8. Torsion of Bars of Non-circular Cross-section.—For 
bars of which the section is not circular, the problem of deducing 
the torsional rigidity becomes very much more difficult, The cases 
where the section is elliptic, equilaterally triangular, and square 
with rounded corners were treated successfully by St. Venant,! who 
showed that the torsion involved a longitudinal displacement in the 
cross-section, This displacement is not uniform, but is an axial 
elongation at some points in the section and an axial contraction 
at others. Thus the particles in any cross-section are no longer 


T 


1 
i 
j 


(b) (a) 


Fig. 5:5.—Tonsion or A Ban—St. VENANT. 


coplanar when strained. The cross-section is divisible by radia 
lines into sectors, which are alternately places of axial extension 
and contraction, i.e. alternate depressions and protuberances, the 
magnitude of the axial movement increasing with distance from the 
axis, and from the radial lines demarking adjacent sectors. For 
example, St. Venant gives the following cases. For a square, 
Fig. 5:5 (a), the section is divisible into eight sectors by median and 
diagonal lines, and the axial displacement is alternately towards and 
away from the fixed end. If the twisting is in the direction of the 
arrow, then the dotted lines show displacements towards the fixed 


1See Love, Math. Theory of Elasticity, 2nd ed., Chapter XIV. 
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end, while the full lines indicate opposite displacements. This effect 
is shown in perspective in Fig. 5-5 (b). For an equilateral triangle 
the effect is as shown in Fig. 5:5 (c), while, for an ellipse, it is as in 
Fig. 5-5 (d). For such an elliptic cross-section, St. Venant showed 
that the torsional rigidity r, is given by 
um. cabo 
DIS] a? Fb? 
where a, and b, are the major and minor semi-axes, respectively. 
If a, is large compared with b,, the specimen becomes a strip and 
3 
pe Een : 
l 
Comparing this torsional rigidity with that, t, for a circular cross- 
section, we have 


Tt 3 

7T, 2a,b,8 
so that, since for equal breaking stresses the cross-sections are equal, 
rj?—ajb,, and 


As a, is large compared with b, the torsional rigidity of a flat 
elliptic strip is much less than that of a circular wire of the same 
material and equal cross-section. 

When a uniformly thin, flat, rectangular strip is twisted, its plane 
becomes a helicoid, and St. Venant's treatment Shows that the 
torsional rigidity v, is given by 
ncd? 

8l 
where c is the width, d the thickness, and 1 the length of the strip, 
and thus 


T= , 


Ce m 2b, 2nd 
SUM IG C TET 


for circular, elliptie, and rectangular strips of the same cross-sectional 
area and equal lengths. Rectangular strips are used as suspensions 
in galvanometers. "These Strips have very small torsional rigidity, 
and possess the additional advantage of offering a comparatively 
large surface area for the dissipation of heat produced by the current. 

If such a rectangular strip acts as the suspension of a torsional 
pendulum, the period t, is given by 


where J is the moment of inertia of the suspended system. Thus 
n may be determined. 
According to St. Venant's mathematical treatment of non-circular 
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sections, if Oz, Oy are axes taken in a plane perpendicular to the 
axis of the bar, and if ¢ is the axial displacement at a point (z, y), 
due to the “ warping ” which occurs when the bar is twisted, must 
satisfy the equation 


9M OM 
i api LACE : . (58) 
and the boundary condition 
oy cos0,—axcosby . 2 + (54) 
where = is the change of ¢ in a direction normal to the boundary 


of the section, and 0+, 0, are the angles between the normal at the 
point (z, y) and the axes of z and y, respectively. Functions which 
satisfy (5:3) always occur in pairs, and if y is the function conjugate 
to d, it is related to ġ by the equations 

0ó Oy, a Oy : 

tea a redd i = (6:5) 
Thus, if we can find y, ¢ is given by (5-5). The function y must 
satisfy (5-3) and its boundary condition 


a 
=y co$0,—zccos0, . : + (56) 
where ee is the rate of change of y round the boundary. But 
ðs 
cos o=% and cos 0,= 2 so that (5-6) reduces to 


9 ð 
aec ig) 
and the boundary condition is 
y—3(2?--y?)--a constant . " h (5:7) 
If another function f is defined by 
fy y?) 
then it evidently satisfies 
Ooo ITE i 
aaa taga TAO e 0 (088) 
at all points in the section, and 
f=constant . . 4 . (5&9) 


at the boundary. 
For an elliptie cross-section, bounded by the curve 


b222--a*y*—a*b2, 
the function f is given by 
f — (032 -a2y)/(a24-b3), 


G.P.M.—1 
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since f=—a*b?/(a?+-b?) at all points of the boundary, and thus 


| ty? brat +a?y? 
ineo: ean 


which gives 


and 


and the axial displacement is given by the family of hyperbolas, 
which have the axes of the ellipse as asymptotes, and agrees with 
the diagram of Fig. 5:5 (d). 

The torque J’ on the bar in each case can be shown to satisfy 
the relation 


Wie =J fdady, 
where 0 is the twist between the ends of the bar. Thus 


i^ )r-a6| [ret aty*)dedy, 


the integral being taken over the cross-section. This reduces to 
St. Venant’s relation 
l(a*?--b2)1—nz0a3b2, 

In only a few cases is it possible to obtain mathematical expres- 
sions for 4, y, and f, and thus there is no general method of ex- 
pressing the strain in a bar in a mathematical form. In cases other 
than those of the ellipse, square, equilateral triangle, and a few more 
simple forms of cross-section, further investigation must be made by 
experiment, utilising equation (5:8) and (5-9). It has been pointed 
out by various experimenters that these equations represent other 
physical phenomena which are more susceptible of direct measure- 
ment. For example, Prandtl,! in what is known as Prandtl’s Analogy, 
drew attention to the fact that there is a similarity between f and 
the deviation, from the plane, of a soap film which covers a hole 
of the same size as the cross-section, and which is under an excess 
pressure on one side. In such a case, if S is the surface tension, 
p the excess pressure, and z the displacement at any point (æ, y) 
from the plane of the section, then 


Cedi UE 
da?! dy as 
1 Prandtl, Phys. Zeits., 4, 758 (1903). 
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z being zero at the boundary. "Thus, if z is measured on such a scale 
that f= 2 equations (5:8) and (5-10) are identical, and measurements 


of z at various points on the film will, together with a knowledge of 
p and S, give f everywhere over the cross-section. The soap film 
may be regarded as a graphical representation of the function f. 

If n is the modulus of rigidity and ® the twist in the bar, then 
the shear stress at any point may be found by multiplying the slope 
of the surface, representing f at that point, by n4, so that if œ is 
the inclination of the soap film to the cross-section, the stress P 
is given by 


P——nda, 
while the torque J’ on the bar is 
T-mo| f f. dody- noy, 


where V is the volume between the film and the plane of the cross- 
section, ® being equal to 0/l. : / 
5:9. The Bending of Beams.—Cantilever.—When à rod is bent 
from its natural shape by the action of applied forces, it will recover 
A 


1 
i 
1 


(c) 


y 


Fic. 5-6.—BENT CANTILEVER. 


its original form on removal of those forces, provided that no part 
of it has been strained beyond the elastie limit. In the strained 
position, its shape will be governed by the opposing action of the 
rigidity of the rod against the type of stress applied, and by the 
magnitude of the stress system. In Fig. 5*6 (a) a beam CB is shown 
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clamped at one end and supporting an applied load at the free 
extremity. Such a system is called a cantilever. If we imagine a 
section of the rod to be drawn at the point 4, the internal forces, 
over the section A, applied by the remainder AC of the beam, must, 
together with the external load W, keep the part 4B in equilibrium. 
The force W acting vertically downwards at B is balanced by an 
equal vertical force W, acting upwards at A. These two forces 
constitute a couple, of moment W x AB, called the bending moment 
at A, and thus there must be, in addition, an internal couple of 
equal moment and opposite sense. Certain lines along the length 
of the beam are extended, others are compressed, while some are 
unaltered in length. The latter lie in a surface, called the neutral 
surface, which is parallel to the axis about which bending occurs. 
Thus DE, which is the intersection of the neutral surface by the 
plane of the diagram, retains its original length. Fibres within the 
beam above DE will be extended, and the extension will increase 
with greater distance from the neutral surface, while fibres below 
DE will undergo longitudinal contractions. The resultant elastic 
reaction will produce forces such as p}, p, in both parts of the beam, 
and these will constitute a system of couples, whose resultant may 
be called the moment of resistance, and balances the bending moment 
WxAB. We therefore conclude that the combined moments, due 
to the forces p about the point D, are equal and opposite to the 
external bending moment. Hence the internal forces give rise to :— 


(i) A shearing stress of value w where a is the width of the rod 


ab 
and b is its depth. 
(ii) A moment of resistance whose magnitude equals Wx AB. 
The first of these causes a shear of the beam, producing a lowering 
of the end B relative to C. This effect, however, is small compared 
with the depression of B, 


y : 
due to the bending, as 
M. o bp TM proved below. To obtain 
E SS expressions for the de- 
Yes 
P 


ps pression, and for the 
jo d form of the beam when 
it is bent, consider an 

^ / element MNUT (Fig. 5-7) 

\ / of the beam. "The neu- 

\ / tral surface PQ subtends 

\ / an angle ¢ at its centre 

\ vf of curvature, and, if the 

iow radius of curvature is R, 

M, then PQ—R4. Draw QV 

v parallel to PM, and, 

since FG is the length 
of a stretched fibre, 
situated at a distance z above the neutral surface, FW=PQ=s, say, 


Fic, 5-7.—EXPRESSION FOR THE INTERNAL 
BENDING Moment. 


THE BENDING OF BEAMS 117 
is the normal length, while WG@=ds is the extension it has under- 
gone. Thus its tensile strain is = and if p is the magnitude of 


the internal force which produced this extension, 
Dy i 
E Y Prae A : a (5T) 


where œ is the cross-sectional area of the fibre and Y is Young's 
modulus for the material of the beam. But PQ=s=R¢, and ds—24. 


ds z 
Hence TE 
and Y or Du (Qt. 


The moment of p about Q is payee and thus the internal bending 


moment—or moment of resistance—which is the sum of all such 
terms, is 


Ip PT 


The quantity Zaz? is analogous to the moment of inertia about the 
neutral axis, and is called the geometrical moment of inerlia of the 
cross-section about that axis. It is equal to Ak?, where A is the cross- 
sectional area and k is the radius of gyration. We thus have 

YAk? 

R^ 
and this must balance the moment of the external forces at the sec- 
tion. The quantity YAk*, which measures the resistance of the 
beam to bending, and which is quantitatively defined as the external 
bending moment required to produce unit radius of curvature, is 
called the flexural rigidity. 

To apply this fundamental equation, choose axes Oz, Oy (Fig. 
5:6) (c) along, and perpendicular to, the unstrained position of the 
beam. Let the co-ordinates of A be æ, y, and suppose that the 
curvature of the beam is small. The co-ordinates of B then are 1, 
ô, where à is the depression of B, due to bending, and 1 is the length 
of the beam. The external bending moment at A is W(l—2) and, 
if we consider a short length ds of the beam, its curvature at a point 


is ur where y is the angle the tangent makes with the æ axis. 


ds 


Hence the curvature 


Internal Bending Moment= (5:12) 


OS eal y) m 


Rds dæ? 
since y is small, and thus y=tan y. Hence 


Wü) pA — Y Ak. Be ese ES EY 
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By integration, we have 
vant wn e 
da Uy see 


When 2z—0, dy o, so that c,—0, and 


2 
YA Wi. MUN Cc (844) 
At the loaded end z—1, and 
dy Wie 
OZ (515) 


which gives the slope of the beam at that point. If (5:14) is inte- 
grated, we have, since e=0 when y=0, 
2 3 
YAkNy— boe) "i . (516) 


which is the equation to the beam. At B the maximum displace- 
ment, ô, from the horizontal position occurs, a=l, and 


wis 


ô= c 


(5.17) 


2 
For a bar of rectangular section mu and thus 


12 


The depression §,, due to the shear stress ua is 


GEEN 
where n is the modulus of rigidity. Therefore 
6, Wl Yab? Y (^ 


“abn 7 


à abn 4WE 4n 
2 
and for a moderately long and fairly thin beam (i) is very small. 


Thus 6, is small compared with 6, and the whole depression of B 
is sensibly equal to 6. 

The foregoing treatment assume that the weight of the beam 
produces no appreciable bending. If this is not so, we may take 
this weight into consideration by adding, to the external moment 
due to W, the moment about A, due to the portion AB of the beam, 
If the beam weight per unit length is w, this amounts to a force 
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w(l—a), acting at the centre of gravity of AB, that is, at a distance 
4(l—aæ) from A, Thus equation (5-18) becomes 


d*y w, 
YAk p= Wl—a)+zl—a)?, 
or, on integrating twice, 
la? a? Vx? dx? gt 
pare "(T DIC min 


which gives at B 


3 3 
ra= yog wem], E SONIS 


where W,=wl is the weight of the beam. 

Formula (5-17) may be used in determining the value of Young's 
modulus for the beam by measuring the depression produced bya 
given load. Ina similar manner, by utilising equation (5:15), Y may 
be found in terms of the angular deflection of the loaded end of the 
beam, The latter method is more delicate, because the optical lever 
may be employed to magnify the movement. 

Beam Supported at its Ends and Loaded at the Centre.— 
Suppose that the beam AB (Fig. 5:8) is supported at, or near, its ends, 
and carries a load W at the centre-point P. The external forces 


acting are T at each end, due to the support thrusts, and W acting 
downwards at P. The tangent at P will be horizontal, and thus 


-———-—------ D------- tad 
M; M, 
x yo PD Nae 
5 
w wy 2D 
[ ‘| 
A P B 


Fic. 5-8.—BEAM LOADED AT ITS CENTRE AND SUPPORTED NEAR ITS Enps. 


each half of the beam is equivalent to a cantilever, clamped at the 
point P and displaced by an end force 7. The relative elevation 
6 of A, or B, above P is, from (5-17), 

Wis 


—i8Y Aki (2v) 
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A similar result may be obtained by the direct integration of 
d*y l Ww 3 
a —W(z—a|—-—(-—: . . :20 
YAk dii W (s 2) gt x), (5:20) 
and correction for the weight of the beam is made in the same 
manner as previously. Equation (5:19) is used in the determination 
of Y by observing 6 for a known value of W. Also, the first stage 
of integration of (5:20) gives 


dy Wi? Wa? 
fo M cs 
YAk 16 1 
2 ab? 
At the end of a rectangular bar z—0 and Ak E 8° that 
d Wi 
i-i is (5-21) 


Thus Young's modulus may be found by means of the following 
experiment. A pair of pillars, with small mirrors M,, M, (Fig. 5:8) 
attached to the upper ends, are fixed near the ends of the beam, the 
mirrors being practically normal to its length. A scale S is viewed 
by means of a telescope at T, the light from the scale having suffered 
two reflections from the mirrors. Suppose that the difference in the 
scale readings in the telescope, before and after putting on a load W 
at the centre of the beam, is s. If L is the horizontal distance be- 
tween the two mirrors, and D the horizontal distance from the scale 
to the mirror M,, then, from simple geometry, 
d, 8 s 
dom 2(L+2Dy approximately. 
Equating this value to (5-21) we have 
y 3WI2D-LL), 
m Pais: 

A more complete treatment of the internal forces of a bent beam 
is possible for any part of the beam between points of application 
of discrete external loads. Let MNUT, Fig. 5-9, be a very short 
element of the bent beam of length óz where the axis of z is taken 
along the unstrained horizontal direction of the beam, the origin 
being to the left of the diagram. The anticlockwise bending moment 


in the cross-section MT is G and the upward shearing force there is f. 
These magnitudes become 


G4 8 as and Fo as 


for the section NU while the weight of the element w. dz acts through 
the middle point. 
For the vertical equilibrium of the element 


fo de f AT be or, s- —w 
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and 
f=fr—wr, . : : . (522) 
where f, is the upward shearing force at the origin. 
For no rotation, taking moments about T 


dG „Ôa? 
CUTS 6a Gra E - s 
Thus 
dG 
dic Jf me 
and 
YAk? zi 
—CORo-G-6. feo. 0. 0. (E28) 


hie 
Fic. 5-9.—INTERNAL BENDING MOMENT AND 
SHEARING Force, 


where Gù is the anticlockwise bending moment at the origin. 

As an example of the use of these equations consider a beam 
clamped horizontally at one end, supported at the level of the clamp 
at the other end and bending slightly under its own weight alone. 
This is represented in Fig. 5-10. 

Let the reaction at the support P be X, the length OP be | 


and thus 
X-W—fy 
where W, is the whole weight of the beam. Taking moments about O 
Wil Wil 
G,——-—(W,—f) =fl— 
Therefore 


d? WA wg? 
Yaa Si a fat Sl (5:94) 
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di Wie fa, wa? MI 

Y Ae — fo ale p me eo. (525) 
2 3 4 

Yapy- f, Wet fe FAS. (520) 


When z—l, y=0 and so 
fol? _5 WI? peu W, 
8 24 «9x 58 8 
To find the point Q where the sag is greatest put dy/dz —0 in equa- 
tion (5-25) and substitute for fj. It will be found that OQ is 0:578 1 
and, if this is substituted in equation (5:26) the maximum sag is 
disclosed. 


, X=? 


Wi 
1 GR 


i a 3 
ly 
Fic. 5-10.—AsvMMETRICALLY BENT BEAM, 

5:10. Beam Bent with Considerable Curvature.—If a beam 
is so strongly bent that the tangent of its inclination of the unstrained 
position ean no longer be regarded as small, and the curvature cannot 

2; 

be taken as equal to Ri the original form of equation (5:12) must be 
retained. In many problems the resulting differential equation is 
not easily solved, but in 
Some cases interesting 
results may be obtained 
by simple means. Con- 
sider a flexible cantilever 
—for example a piece of 
thin clock-spring—carry- 
ing a constant load and 
clamped successively at 
various points along its 
length. In this case the 
horizontal distance þe- 
tween the clamp and the 
loaded end approaches a 
y maximum value. Thus 
Fic. 5:11.—STRONGLY BENT CANTILEVER. OPQ (Fig. 511) is the 

spring in a strongly bent 

position, and P is a point with co-ordinates z, y. The tangent at 
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P meets the Oz axis at an angle y, while that at the end Q— 
of which the co-ordinate is a—is ¢. The bending moment at P is 
W(a—za), so that 


dy dy 
opie ET 2 e d 
W(a—a)— Y Ak ds Y AK? cos Vay 
and 
a n 
f W(a—a)dx=Y arf cos ydy 
0 0 


2 
ss Wat YAk sing . 0. 0. (9m) 
At ¢=90° the æ co-ordinate of the loaded end is given by 
Wat 2Y AK? 
$ 0 = . 
Yap P, wj SELL 


The equation (5:27) may be employed to determine Y for a very 
flexible beam by observing the inclination to the horizontal of the 
loaded end, while (5:28) enables Y to be measured from the value 
of ay, the maximum horizontal distance between clamp and loaded 
end. In these cases the limit of accuracy is imposed by the accuracy 
with which the thickness of the strip is measured, for, in a rectangular 
cross-section, the thickness is raised to the third power in Ak*. 


Columns and Supports.—When a beam is loaded in the direc- 
tion of its length, as with vertical columns and supports, the method 


Fic. 5-12.—COLUMNS AND SUPPORTS. 


of treatment is different, Suppose, for Sys ri) a long thin column, 
with rounded ends so that it can bend along its whole length, 


124 ELASTICITY 


supports loads of P at each end, as shown in Fig. 5-12 (a). Then, 
for small bending, we have as the bending moment at Q, 
d 
Y ARS — (a y) 
where a is the lateral displacement at the central point O. The 
solution to this equation is 
y —a(1— cos jz), 


here Å is equal t P wi i f 
where ^ 1s equal to yag; Whena P l being the length o 
the beam, y=a. Thus P is given by 

paw YAk* 


ARN 


and is independent of a, i.e. the force P will maintain the beam in 
any slightly bent form. This value of P is the critical load since, 
for a smaller value, no bending will occur and the beam will be in 
stable equilibrium. For loads greater than this critical value the 
beam will bend more and more. 

If the beam is clamped rigidly at each end, its slightly deformed 
shape is as shown in Fig. 5-12 (b. In this case the length AB is 
under similar conditions of bending as in the previous case, and, 


substituting the condition y=a when ant, we find that P, the 


critical load, is now 
4n*Y Ak? 
CE pum. 

5:11. Spiral Springs.—The principles and formule developed 
for bending and torsion are immediately applicable to the theory of 
spiral springs. A common spiral spring consists of a uniform wire, 
shaped permanently to have, when unstrained, the form of a regular 
helix. If the top end is held fixed and the lower end is attached 
to a bar, the spring may be acted on, through this bar, by forces 
such that, in its altered form, it is still a regular helix. This 
condition is obviously fulfilled if an infinitely small force, and an 
infinitely small couple, are applied to the bar along the axis of the 
spring and in a plane perpendicular to it. If the force and couple 


axis of the cylinder, or it may make a small angle with it, The 
type of spiral spring formed in the first case is referred to as flat. 

Flat Spiral Springs.—Suppose a weight W is attached to the 
free end. Then, considering the equilibrium of the part of the 
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spring below a section at A (Fig. 5-13), there must be a shearing 
force equal to W acting vertically over the section, and a couple 
of moment WR. The effect of the latter 
is to produce a uniform twist, say d, per 
unit length of the wire, and this is balanced 
by the torsional resistance 1nzr'$ where r, 
the radius of the wire, is supposed small com- 
pared with R. For equilibrium, 


ER 7 


wea" .  . (529) 


If l is the total length of the wire, the 
twist at the free end is /$ and the work 
done in twisting the wire is 


1 dard rd 
iis 


which is stored up in the wire as potential 
energy. Suppose the weight W is depressed 
and then released. When its displacement 
is a, the twist in the wire is increased by 
an amount ¢, per unit length, such that 
w=IR¢,, and the external work required to 
produce this displacement is 

narta? 


Fic. 5.13.-—SPIRAL 
gnari, l= Agi SPRING. 


In this position W has been lowered by æ and the centre of gravity 


of the spring by A so that the change of potential energy from these 


effects is ; 
naria Wu 
uno "e uS 
where W, is the weight of the spring. At the same position the 
2 
weight W will have kinetic energy equal to u = , and the spring 


itself possesses kinetic energy. The vertical depression at any point 
in the spring is proportional to its distance, s, from the fixed end, 
measured along the wire, and the velocity will be i z * If mis 


the mass per unit length, the kinetic energy of an element ds will be 


s da\? 
(i) ds, 


and of the whole spring, 
m (da) f agy Wafda)? 
su) IK i-r Cr) 3 
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Thus the total kinetic energy is 


1 W,\ /daN? 
zr) 


and, from the principle of energy conservation, 
2 
(n mets Wa Wie const. 


2g\ "3 )\at 41R? 2 
Differentiating this with respect to ¢ and rearranging the terms, we 
have 
W, 
WEER 
d?a narígo | ( ta Ne 


3 F——— E 4 ==0, 
2 » 
e au (w^) (w5) 
3 3 
which represents periodic motion, taking place about a displaced 
zero with a period tọ given by 


uw.) 
t=22,/ — an 


nari 
The depression due to vertical shear has been neglected com- 
pared with that due to torsion, and that this is permissible may be 


shown as follows. The shearing strain at A (Fig. 5-18) is T and 


so the total depression produced by this strain is ui The depres- 
2WR*l 


sion due to twist is Ld, and from (5:29) this is equal to amu 


Hence 


Depression due to vertical Shear ri ; 
Depression due to torsion ` 2R? 
and this ratio, in general, is very small. 
Angular Oscillations.—As shown below, if a horizontal torque 
I’ is applied to the free end of a vertical flat spiral spring the result- 


ing angle of twist due to the bending of the wire of the spring is 
given by 


AIT. 
CanY 
Thus the value of the torque per unit twist is 
ImUY 3 
4l 
so that if such a twisted spring has a body of inertia moment Mk?, 


0 
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about the axis of the spring, attached to its lower end the periodie 
time of the resultant horizontal angular oscillations is 
A(ME? --mR?/8) 
uem arty : 
the spring making an effective addition mr?/8 to the moment of 
inertia, m being the mass of the spring. 

Non-flat Spiral Springs.—1f the spring is not flat, i.e. if an 
element of the spiral is inclined at an angle « with the horizontal, the 
section at a point of the wire, perpendicular to the length of the wire, 
will be inclined at the angle « to a plane passing through the point 
and the axis of the spiral. "Thus the torsional moment, produced by 
the weight W, may be resolved into two components, one WR cos « 
acting in the plane of the section at 4 and producing a twist ¢ per 
unit length given by 


4, 
WR cos a=" E FY ob eism ca 80) 


The other component, WE sin «, acting with its axis perpendicular 
to the section at A, constitutes a bending moment and produces 
a change in curvature at A given by (5:12), i.e. 
WR sina  AWR sin x 
YAR — ariY 
so that, if ds is an element of the length of the wire, this element 
is bent through an angle 
AWR sin ads 


 ariY 
Considering the vertical displacements of the free end resulting 


from the twisting and bending, we have, from (5:80), since the section 
is inclined at an angle « to the vertical, a vertical displacement 


equal to 
2WR?*l cos? x. 
Rig cos «=— ADT 
and, arising from (5-31), an additional vertical movement, 
4WR sin a x if 4WR?*L sin? x 
——.Hsina| de-— rr 
o artY 


(5:31) 


Hence the total vertical displacement is 
- eei ue sin? T 


ar n Y 
In addition to this vertical movement of the free end, there will 
be an angular displacement in the horizontal plane. Thus, from 
(5:80), the torsion gives rise to a horizontal angular shift of 


; 2WIR sin « cos « 
1g sina=— r 
nar 
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and tends to coil up the spring. In a similar manner the bending 
will produce a horizontal angular rotation of the free end, which, 
from (5:31), is given by 
AWR sin « cos a f ds= WRI sin a cos a. 
arty A an 
and this tends to uncoil the spring. The resultant movement tend- 
ing to coil up the spring is 
2WRI sina cosafl 2 
art E | 

and is greatest when a=45°, 

The spring tends to coil, or uncoil, according as 


1 2 
AT or <y 


For most metals Y >2n, and spiral springs formed of wires of circular 
cross-sections tend to coil up when an extending force is applied to 
their free ends, 

5:12. Relations between the Elastic Constants.—Since a com- 
bination of a uniform volume strain and three perpendicular shears 
is capable of producing any homogeneous strain, it is evident that 
the elastic constants Y, K, n, nd gi must be interrelated, and the 
connection between them may be obtained by a tabular method of 
designating stresses and their resultant strains. In Table 5-2 the 
first three columns indicate the applied stresses along any three 
perpendicular axes Ox, Oy, Oz, while in the remaining columns are 
the consequent strains, If the stress is extensional, it is given a 
plus sign + if compressional, it is vg eg as negative and similarly 
with strains, Thus a stress +P in the Oz column and 0, 0, in 
the and Oz stress columns mean that an extensional Young's 
Modulus stress is apte alone along Oz. The consequent strain 


is an extension +7 along Ox and two contractions each equal to 
-IÈ along Oy and s. 
In this way Table 5-2 (A) shows the result of applying three per- 


pendicular stresses, cach +P, in succession. The resultant stress is a 
pure volume stress -+P and the strain is three perpendicular exten- 


sions each equal to ža—2), or a volume strain of AE — 29). But 
by definition the volume strain is t and thus 


kp 2) or Y-3K(I—9s) .  . (532) 


In Table 5-2 (B) two equal perpendicular stresses, one extensional 
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the T compressional, are combined to produce an extension along 
Or of E1-.6) and an equal compression along Oy. But these strains 
have been shown in Article 5:8 to be equivalent to a shear strain of 
magnitude 5P(140) at 43° to Ox or Oy. Since the equivalent 
shearing stress is P, we have :— 

Ome a P40), or Ye2Qn(l+o) .  . (589) 


Table 5-2 (C) shows the result of applying a set of stresses which 


Taste 5-2.—Srnessns AND STRAINS 


(4) 


(ce) 
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will define the axial modulus if the lateral strains along Oy and Oz 
are zero, i.e. if 
oP 
P,=0(P+P,), or Po 
In this case the extension along Oz is 


s) mEt), 


Y (1—o) 
But as this by definition is also equal to z, we have 


Y(1—o)=x(1+0)(1—20). .  . . (584) 
From these equations we may also obtain :— 


9nK .— 83K—9n , 3Kd4n s 
Ye Ein o= KF m ye (5:85) 


5:13. Searle's Method for the Elastic Constants.—G. F. C. 
Searle 1 has described a very convenient method for the measurement 
of the elastic constants of a material in the form of fairly short 
and moderately thin wire. The specimen AB (Fig. 5:14) (a) passes 
into two small holes, drilled at the centres of two rods CD and EF 
of square or circular cross-section, and is fixed firmly by two set 
screws, which may conveniently be fitted with rings for the attach- 


1 i) 
TEM 
i 1 
D E 
& Cop |) 
CHA B c a 
) (b) 


(a. 


Fig, 5.14.—SkARLE'S APPARATUS FOR THE MEASUREMENT ov THE ELASTIC 
Constants ov A Winx, 


ment of a bifilar form of support. The ends E, D are drawn together 
by means of a thread, thus forcing the wire into an arc, and when 
the system is released, the relaxation of the strain in the wire causes 
each rod to vibrate in a horizontal plane about its supporting thread 
with period f. This period is measured. If (Fig. 5-14) (b) lis the 
e is of wire between the clamping screws, and « the angular 
deflection of each bar from its equilibrium position, then, since the 
bending moment is constant at any point in AB, the latter will 


1G. F. C. Searle, Phil. Mag., 49, 193 (1900). 
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form a circular are of radius R, such that I=2Rg, The bending 
moment is, from (5:12), equal to 

YAk* 2Y Aka 
R l 
and this is the restoring couple acting on each bar when the system is 
released. Thus the torque r per unit angular displacement is given by 
2Y Ak? 
l 


t= , 


and the periodic time of oscillation is, from (1-19), 
Il 
5795, | SY aR 
where J is the moment of inertia of the bar about its supporting 
thread. For a circular wire AB the radius of gyration is jr, and thus 


aon (a. TOU UE 


If, now, the bar CD is clamped horizontally with the wire AB 
vertical, and EP is made to execute torsional oscillations, from (1-19), 
the period f, of the oscillating bar is given by 


fj 2n jon. Sf vo awe (OT) 


the value of J being the same in both experiments. From (5-86) 
and (5:87) Y and n may be found, while, utilising relation (5:33), 
g is given by 


21-40) rai 


It should be noted that this gives a method of determining a for a 

wire in terms of two accurately determinable quantities f, and ty 
5:14. Change in Cross-section of Bent Beams.—Although it 

has been assumed that the 

cross-sectional form of a bent / \ 

beam is unaltered when the 7 x 

beam is strained, this is only / X 

approximately true, since the A/ MB 

extension of some fibres, and 

the contraction of others, will E F 

be accompanied by corres- 

ponding in lateral 

dimensions, those fibres which C D 

are stretched longitudinally 

decreasing in width and vice Fjo, 5.15,—Cnoss-secriox or a Bext 

versa, Hence, in practice, the Beas. 

form assumed by a section, 

which in the unstrained condition is rectangular, will be similar to 
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that shown in Fig. 5-15 when stress is applied, while a rod of cir- 
cular cross-section changes into an oval form with maximum width 
on the compressed side of the rod. If the rectangular section had 
width a and depth b in the unstrained position, 4B becomes 


«(1-25 since the longitudinal extension at the distance 4b from 


the neutral line is, from Article 5:9, equal to m where R is the 
radius of curvature of the beam. From Fig. 5:15, if r is the radius 
of curvature of the neutral surface EF in the plane of the diagram. 


Hence 


This relation has been used in the measurement of c, but, since 7 
is of the order 8R, and is measured by determining the mutual 
inclination of 4C and BD, the method does not give accurate results, 
Whiddington’s method of measuring small distances might be 
employed. In this the alteration of pitch in a heterodyne beat 
note, consequent on the difference in capacity of an air condenser, 
produced by a change in the distance between its plates, is used to 
determine that small distance variation. The method has been 
successfully applied to measure the cantilever depression of a fairly 
rigid steel bar under very light loads, and seems likely to be of great 
value where exceedingly small changes in length are involved. 

If the upper surface of the beam is optically flat, an optical 
interference method ? is available for the measurement of ø, utilising 
the relation r=. A test plate of glass is mounted on the beam 
at its mid point, and the beam is bent by being supported near its 
ends on knife edges as in Fig. 5:8, but with loads applied at 4 and 
B instead of at P. Interference fringes can then be seen by light 
which is reflected vertically, as in the well known Newton's Rings 
experiment. These fringes comprise two sets of hyperbolas having 
common asymptotes. 1f horizontal axes Oz, Oy are taken along 
and across the length of the beam, the depression z at any point 
(zy) is given by 

SRirz—Aa*?r 4- R(a?—Ay?), 


where a is the width of the beam. Along each fringe z is constant 


1 Whiddington, Phil. Mag., 40, 634 (1920); Engineering, 110, 884 (1920). 
* G. F. C. Searle, Experimental Physics, p. 89 (1934). 
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and, for the fringes passing through the centre, 8rz—a?. Thus the 
equation to the asymptotes is 
ra?—Ry*, 
which is a pair of straight lines each making an angle 0 with the 
æ axis, given by cot? 0=R/r=o. 
5:15. Expansion of a Hollow Isotropic Cylinder.—The expan- 
sion of a hollow cylinder under internal and external pressures is 


Ri p+ép 


(r+dr) 50 
L NE c P, —— eee E Mesa 
| | 


4 (b) 


| (a) 


5 


FiG. 5-10.—EXPANSION OF A CYLINDER. 


of importance in many experiments, designed to measure the bulk 
sir of the material of the cylinder. Fig, 5:16 (a) shows the 
cylinder of internal and external radii R, and R,, the internal and 
external pressures being p, and p, The cylinder is supposed to 
have a length large compared with its radius, and to be closed by 
thick and flat ends. In general, there will be both axial and radial 
displacements at each point in the material. Suppose the axial 
strain to be C, and the radial displacement at a point distant r from 
the axis to be p. Then, as is shown below, p is given by 


B 
p=4r+—, 
where A and B are constants. 


Thus the radial strain is ea r while the transverse, or 


184 ELASTICITY 


circumferential, strain =A ies Suppose the corresponding axial, 


radial and transverse stresses are P, Q, R respectively. Then, by 
the method given in Article 512, the strains are given by 


cb ARER) 
YEY 

4-8 RARER), 
HUY y, 


B R e(P4Q) 
ata yy 
If these equations are solved for P, Q, R we have 
... CY(1—o) 24Yo — 
C-re)—2s) (Es) —29) " 
CYo BY AY 
Es —26) +a) OF Bay 
R CYo ai DYTI AYT 
- (1+0)(1—20) 'r{1F0) * (1-+-0)(1—2c) 
When r=R,, Q=—p,, and when r=R,, Q——pn. 
Thus from (5:39). 


(5-88) 


(5-89) 


(5-40) 


and, by eliminating BY, 
Y(A+0C) a) PaRa’ —p,R,* 
(1-++¢)(1—2c) | R?—R,? 
The axial stress P is given by 
Pa(R?—R,°)=paR,?—pR,, 
and so from (5-88) 
Y[2c4-4-C(1 —e)] 22 PaRa? —p,R,? 
(l+-o)(1—20) — Rè—R? |] 
Combining (5-41) and (5-42) 
VAGIEYC, EA. PR? —p,E,? 
l—20 1—23g Rj—HS | 
From these values of A, B, C we have: 


Axial Strain 
C òl _(1—20) PaRa’ —p, R; 
l Y RR? [| 


(5-41) 


(5:42) 


Radial Strain 


B 1—20 3—p,R, 1 RR 
4-5 E = ee | +! Ye [n4 s mo 
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Transverse Strain 
B — (1—2eo)|p,R,—p,R,?] (1--o)D RR, 
Acu-——,y [ "RAO je Ye [ni : [m 
Thus the new dimensions of the cylinder can be obtained from: 
Increase in length 


dl Uu —2e) | P:R, — p? 
X RIERA |’ 


Increase in external radius 
B 
ae eae 26 


or OR, =% [p,F,* R,*(2—0)—p,RE,*(1- Fo) —p,E,*(1— -26)]. 
= R—R,? 
1 
Increase in A. radius 


baeo 


or OR,— Ae 


KEX y? 
The increase in XE volume ôV, is given by 
àV, dU AR, 
VIS ae A 
or ÒV, 8p,R,(1—26)--2p,R,*(1 4-0) —p,R,*(5— =) 
Vy Yt, — 8) 
and the increase in external volume ôV, is given by 
ôV, P:R’ (5—40)—: —46)—2p,R.,*(1--0) —8p,R,*(Y — -20), 
Fii Y(R,*—R,*) 
The following special cases are of importance :— 
(a) Increase in eal) for internal pressure only, the wall 
thickness being small, i.e. p,—P, p,—zero. Thus 
5 . PR,(1—2c) PR 
CY(Rj—R,3) 6Kz 
where R is the mean ol and z the wall thickness. "This is the 
theory of Mallock's experiment. 
(b) Increase in internal volume under the action of an external 
pressure alone, i.e. p,—zero, p,—P. "Then 
ds PR,(4c—5) PR(42—5) 
—Y(R,—H,?)  2Yz 
This is the basis y Bos experiments. 
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(c) Increase in internal volume when external and internal 

pressures are the same, i.e. p,—p,—P. 

óV,  8P(1—2c9) P 

ye ESI 
a result which would be obtained if the cylinder had been solid and 
under the action of an external pressure P alone. This result is 
of importance in Regnault’s measurement of the bulk modulus of 
liquids, 


To prove that the radial displacement p is of the form Ar P 


consider the following :—Fig. 5:16 (b) represents a small curved ele- 
ment of the cylinder wall of unit depth, p, being the circumferential 
stress, For radial equilibrium 


próü —(p--óp)(r--ór)00 — póró0, 
or (pr) —pir. 


The resultant axial strain is IP= Po) and, since this must be constant 


over the section, 


Y 
p-pi=p + AP) constant- M. 
Thus T2-—M —2p 
which gives on integration, 

M —2p=%, N being a constant. 
Therefore 

2p,—2p—2M — -u-X 
The total radial strain is 


dp (p-tepy--oP) — [Mr*(1—o)--26Pr* N10] 
dr | à 2Yr! k 


and thus 
1 N 
p=-ap| [nao ooo i +0) |dr 


2Y Y 2Yr 


5:16. The Bulk Modulus of Solids.—The bulk modulus of a 
solid may be calculated from the values of Y and n, using equation 
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(5:85), and there are several methods by which a direct determination 
may be made, For example, Amagat measured K by observing 
the change in the internal volume of a cylinder under an applied 
traction. According to Article 5-12, this change is given by 


ôV P 2 
y^yu-?9)-3p 


where P is the applied force per unit area, V the original volume 
and ôV the change in volume. In Amagat's work ôV was measured 
by filling the cylinder with water, which extended into a narrow 
calibrated capillary tube, and noting the alteration in the position 
of the meniscus when the cylinder was loaded. In another experi- 
ment the change, ôV, in internal volume, experienced by the cylinder 
under a uniform external pressure P, was measured by the same 
means. In such a case, as was proved in the previous article, dV, 
is given by 


(5:48) 


Mo S PR 
V RjS—R,SY 
where R, and R, are the external and internal radii of the cylinder. 
By dividing (5:48) by (5:44) we have 
AV LBS ES 1—20, 
ôV, R? 4—5 
and this gives an accurate means of determining Poisson's ratio. 
In Mallock’s method ! of measuring K the material is in the form 
of a long and thin-walled tube which is subjected to internal pressure. 
The tube is supported in horizontal gimbals, one of which is held on 
a rocking support carrying a small reflecting prism. ‘The latter has 
an index mer which is observed through a micrometer microscope, 
and thus the longitudinal extension is magnified and measured, If 
the thickness of the walls is small compared with the diameter of 
the tube, it is found that the change in length depends solely on 
the bulk modulus and, for isotropic substances, 


PR 
E 7 e(t — R, ôl 


where ôl is the longitudinal extension and X is the mean radius. Over 
the range of pressures employed—1 to 30 atmospheres—the extension 
was proportional to the applied pressure, and thus indicated a con- 
stant value of the bulk modulus. Mallock's experimental results, 
obtained with steel, brass, and copper, are included in Table 5-8, 
and it is noteworthy that hard-drawn copper tubing proved to be 
stiffer than steel. ith steel and brass, annealing produced only 
a small change in the bulk modulus, but with copper the effect was 
very much greater. 


1 Mallock, Proc. Roy. Soc., 74A, 50 (1904). 
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TABLE 5-8.—VALUES OF THE ELASTIC CONSTANTS OF SOLIDS 
(K, Y, n in dynes per sq. em. x 101) 
Material, K. Y. n. [3 

Steel o urne er e EOD 38:8 

» : : . (B)| 194 

e erra, essi LA DA 207 T 0-207 

dene re b .| 104 20-9 8-12 0-287 
Copper . . « (A) 11-8 12-8 x 0-327 

» + + M| 23 

» (annealed) . (M) 148 
Brass. . B » (A) 10:6 11:00 . 0-328 

DM S 5 ; - (M) 10-9 | 
Copper: ^: 19 009 o sex dtu 128 | 455 0-337 
Glass . BS Js - (A) 4-61 TOS r ss 0:245 

AO EE SAEC 4-67 | 
Aluminium PPB ely S SN 
Lead . : Š . (A) 3-78 158 | ne 0-428 
Aluminium . . . 7:46 7:05 2-67 0:339 
Lead . . B . 4-00 1-62 m 0:446 
Silver . . . . 10-9 7-90 2-87 0-379 
Platinum. . . . 247 16:8 | 6:10 0:887 
Gold . . . . 10:6 8:0 2-77 0-422 
Quartz 4 P " - 14 518 | 3-0 
Tin . B . . 529 543 | 2-04 0:88 
Nickel . . . . 17-6 20-2 710 0:309 
Manganin . . . 121 12-4 4:65 0-329 
Constantan . . . 15:5 16:3 6-11 0:325 
Cadmium . . . . 412 499 1-92 0:30 
Phosphor bronze x : k 12-0 4-36 0:38 
Delta metal . « (A) 9:94 11-86 En 0-840 
Zine . . . . . 6:0 8-28 9-80 
Bismuth . . . 8:26 3-18 122 0:83 
Palladium . . . ` E 11:3 511 0:393 
Bronze > . . ; -i 8:08 8:43 0-358 
German silver. . . as 11-6 45 0:37 
Platinoid . . : . E 13-6 3-6 0:37 
India-rubber . . EN .. 0-05 0-00016 0:48 
Oak . . . E . s 13 
Mahogany E . .. 0-88 
Boxwood . 5 . -| : 3-0 
Catgatimere ices See" ag 0-32 

(M) Mallock. (B) Bridgman. (A) Amagat. 


Bridgman ! made a number of measurements of K for solids in the 
form of rods or tubes, utilising pressures up to 6,500 kg. per square 
centimetre—about 6,800 atmospheres—by two different methods. 
In the first method the specimen, in the form of a rod, is enclosed in 
a heavy steel cylinder throughout the interior of which the hydro- 
static pressure is applied. The rod shortens under this uniform 
external pressure while the cylinder lengthens, the latter effect being 


1 Bridgman, Proc. Amer Acad., 44, 255 (1908). 
gm: 


High Pressures. 


See also The Physics of 
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only about 5 per cent. of the former. The extension ól, of the 
cylinder is measured by placing it on the bed of a comparator, and 
noting the distance apart of two fine scratches before, and after, 
applying the pressure. In addition, the contraction dl, of the rod, 
relative to the cylinder, is measured. The rod passes through a 
ring which it fits with sufficient friction to retain it in position, and 
one end of the rod abuts against the cylinder end. The other end 
of the rod is free to contract through the ring, which is itself prevented 
from moving, relative to the cylinder, by pressing against an internal 
shoulder. Thus the relative movement, ôl, is equal to the change 
of position of the ring on the rod, and this is observed by measuring 
the distance between two marks, one on each, before and after the 
pressure is applied. The absolute extension ôl of the rod is then 


given by 
6l=6l,—61,. 


This gives the longitudinal strain, which is one-third of the volume 
compressive strain, and thus enables K to be calculated. 

In Bridgman’s second method—which employs the same prin- 
ciples of measurement—the relative change in length of a rod with 
respect to a tube of another substance, when both are under a uniform 
pressure over the whole surface, is measured. If the bulk modulus 
of the material of the rod is known, that of the tube may be deduced. 
With glass tubes a seasoning effect is necessary, and this is produced 
by applying several cycles of pressure variation. 

In a succession of further experiments Bridgman ! has raised the 
maximum pressure used to about 100,000 kg. per sq. cm. or approxi- 
mately 97,000 atmospheres. Indirect methods were necessary to 
measure such pressures. In one, resistance elements of various 
metals were used, and the resistances plotted against pressure over 
the directly measurable range. For some the resistance increased, 
for others it decreased, in a strictly linear manner, and it was found 
that when they were used at much higher pressures their extrapolated 
graphs, at the measured resistance values, gave practically the same 
value of the pressure which was therefore accepted. No containing 
vessel was reliably able to withstand such pressures applied internally 
alone, so Bridgman placed the operative vessel within another by 
means of which a suitable external pressure could be applied of 
sufficient intensity to guard against risk of bursting. In this im- 
portant series of measurements data are provided for the P, V 
relations of 17 elements up to 100,000 kg. per sq. cm., and, to a 
lower maximum, of water and 20 organicliquids. Inan investigation 
of the behaviour of substances under high shearing stress at high 
pressure, Bridgman found ? that many normally stable substances 
become unstable and may detonate, while pairs of substances usually 
inert may combine explosively. 


1 Bridgman, Proc. Amer. Acad. Arts. Sci., 74, 18, 425 (1942). 
2 Bridgman, Phys. Rev., 48, 825 (1935). 
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5-17. Electric Constants and Ultrasonics.—By the trans- 
mission of ultrasonic waves it is possible to measure the adiabatic 
values of the elastic constants of small pieces of material and this 
technique is applicable to materials, such as plastics and glass, of 
which the reaction under static loading causes considerable difficulty 
of interpretation.! Either shear or longitudinal waves may be used 
and from the deduced velocities, V, and V, respectively, n and 
either Y (for rods) or y (for an extensive material) may be calculated. 
If the ratio V4/V, is k then Poisson's ratio is given, for an extensive 
specimen, by 

k2—2 
X 2(k?—1) 

For transparent media a cube of the solid acts as a 3-dimensional 
diffraction grating * and from the pattern produced both V, and 
Va may be found. This has been extensively used for optical glass. 

It is also possible to utilise the standing waves produced when 
vibrations are reflected back from the distant sides of the material. 
At normal incidence the interference depends upon the thickness of 
the plate so that, if this is variable, the transmitted energy undergoes 
alternating maxima and minima. A wedge of the material may be 
moved across the ultrasonic beam and the distance of travel between 
successive maxima (or minima) is measured. From the angle of 
the wedge the extra distance, half a wavelength, is determined and, 
as the frequency is precisely known, the velocity is obtained. 

The same technique is applicable to the measurement of elastic 
constants for single metal crystals. Usually greater reliability 
results from the propagation of plane waves in the directions of 
crystallographic symmetry. 

5:18. Single Metal Crystals.—Normal polycrystalline metals 
have praetically the same properties in all directions, but this uni- 
formity is the consequence of a chaotic crystal distribution giving 
a steady statistical average. The individual crystals are very small, 
and the discontinuities between them cause brittleness which increases 
with continuous, and particularly with continuously varying, strain. 
It is thus to be expected that the properties, especially those of 
elasticity, of large metal crystals are greatly influenced by the 
internal regularity of orientation of molecular fields. 

Many different methods of producing rods of monocrystalline 
structure have been used. Bridgman ‘ first melted the tip of the 
rod or wire and then placed it in a glass tube in an almost non- 
oxidising atmosphere so that the oxide coating, which serves to 
hold the wire in cylindrical form, is neither destroyed nor unduly 
developed. Then a furnace, maintained slightly above the melting 

1 Schneider and Burton, J. App. Phys., 20, 47 (1949). 

? Schaefer and Bergmann, Sitz-Ber., Berliner Akad., 135 (1934), Zeits. Tech. 
Phys., 17, 441 (1986). 

3 Huntington, Phys. Rev., 72, 321 (1947). 

* Bridgman, Proc. Amer. Acad. Sci., 60, 307 (1925). 
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point, is drawn slowly along the wire, the melted end entering first. 
For a wire 0-1 cm. diameter the rate of passage through the furnace 
should be about 1 mm. per minute, and then each element, as it 
melts and subsequently resolidifies, takes up the crystal orientation 
determined by the already treated portion. The defect of the 
method is that no control is exercised over the crystal orientation 
relative to the length of the wire. To overcome this drawback, 
Kapitza + describes a somewhat similar method in which a seed 
crystal, with the desired orientation, is fused to the leading end 
of the melted rod and thus directs the subsequent axial directions. 
In a third method Czochralski? melted the metal in a crucible 
maintained a few degrees above the melting point. A sheet of 
mica, with a hole giving the size of the desired rod, floats on the 
metal and a seed crystal, suitably oriented, is used to touch the 
melt through the hole, and is then drawn upwards by a clockwork 
or electric motor, at a rate which may be as great as 1 cm. per minute. 
By this means rods from 0-5 mm. to 5:0 mm. diameter may be 
produced. 

As is to be expected, practically all the normal physical properties 
show directional variation in the monocrystalline state, and follow 
closely the law :— 

P=P, cos? «+P, sin? « 


in which P, P, and P, are the measures of that property at an 
angle « to the symmetry axis, parallel to that axis, and perpendicular 
to it, respectively. This is the case with electrical resistance, 
thermal conductivity, and thermo-electricity. 


Strength, Elasticity, and Plasticity.—In general, single crystals 
have smaller elasticity and markedly greater plasticity than poly- 
crystaline samples, and these reactions to stresses vary notably 
with direction. Because of regular molecular patterning, there are 
directional variations in tensile strength, and marked tendencies for 
fracture to occur along fixed cleavage planes. Thus if various planes 
are drawn in the metal, the breaking stress normal to the planes 
will exhibit defined minima of different magnitudes. Therefore the 
actual direction of fracture depends upon the ratio of stress com- 
ponent, perpendicular to one of the cleavage planes, to its particular 
breaking stress, and the break occurs at that plane for which the 
ratio is greatest. The cleavage planes naturally tend to be where 
molecular spacing is a maximum, but since most molecular fields 
are polar, this is not always true; for ionic crystals it is more usual 
for cleavage planes to be determined by the direction of iso-ionic 
planes, so that cleavage exposes opposite faces of similar ions. 

It is in connection with plastic deformations that metal crystals 
show extraordinary and somewhat puzzling properties. For example, 
ordinary cadmium wire has a high value of n but single crystal wire 

1 Kapitza, Proc. Roy. Soc., 119A, 358 (1929). 
2 Czochralski, Z.f. Phys. Chem., 92, 219 (1917). 
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shears into a permanent set under its own weight. Just as there 
are minimum breaking stress planes (cleavage planes), so there are 
minimum shearing stress planes, and plastic deformation occurs as 
a result of the mutual gliding of these planes over one another. 
The process of glide deformation is shown diagrammatically in Fig. 
5-17 in which a longitudinal yield is indicated as the result of an 
inclined glide. The actual direction of glide depends, as with 
cleavage, on the plane in which the ratio of shearing stress to maxis 
mum bearable stress is greatest. For some simple crystalline forms, 
e.g. cadmium, there is only one glide direction. 

The glide deformation occurs as a series of jerks and at the same 

time a striated appearance can be observed on the surface because 

the glide packets are parallel slabs of 

metal a few microns thick.! This is 

evidence that the deformation is not 

homogeneous but is concentrated in 

relatively few atomic planes. Micro- 

ide seopical examination suggests that this 

[ze conclusion is more valid in later stages 

of deformation and that the beginning of 

the plastie strain is more homogeneous. 

Each slip distance is a few thousand 

atomic diameters and there is no evidence 

of relative movement within the glide 

packet. This inhomogeneity calls into 

question the validity of the use of such 

macroscopie quantities as stress-strain 

relationships which can be only statistical 
in nature. 

If slip is assumed to occur at some 
locally weak slip plane it is surprising 

Fic, 5:17. that it does not continue there up to the 

breakage point; instead, it shifts to a 

parallel plane and the usual explanation is a work-hardening by 

which the lattice formation in the slip direction is distorted so that 

a higher stress is needed to overcome the resistance. There are 
obvious difficulties in such a theory. 

After a limiting degree of this kind of deformation an increasing 
strain with time at constant stress occurs, This is called creep, to 
which can be applied a general equation? for many substances 
metallic, non-metallic, crystalline and amorphous in which the 
detailed atomic processes must vary. It is thus a statistical result 
of averaging the effects. 

When the surface slip bands are examined by an interferometer ? 


1 Brown, Adv. in Phys., 1, 427 (1952). 

2 Andrade, Proc. Hoy. Soc., 90A, 29 (1914); Phys. Soc. Conf., Strength of 
Metals, 20 (1948). 

3 Tolansky and Holden, Nature, 164, 754 (1949). 
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or electron microscope 1 they are found to be extremely uniform, 
the number of bands per unit length is proportional to the stress 
and each band displays terraces about 100 atoms in width. 

The onset of plasticity is most accurately delineated by the stress- 
strain graph, but it may also be studied by (a) the distortion produced 
in the Laue spots given by X-ray diffractions, or (b) the double 
refraction which is produced in transparent crystals. 

5:19. Elasticity of Fluids.—A solid possesses both rigidity and 
bulk moduli, but a fluid has no rigidity and thus cannot permanently 
resist a tangential stress. In a solid the stress at any point on a given 
element of area may have any direction with reference to that area, 
but in a fluid at rest it must act along the normal to the plane, and it 
follows that, in liquids at rest, the pressure at a point is independent 
of direction, and is thus a function of the position of the point alone. 
In a perfect fluid, whether at rest or in relative motion, no tangential 
stress can exist, but, in practice, relative motion is accompanied by 
tangential forces tending to prevent that motion, and they persist 
as long as the motion lasts. Thus the fluid may be regarded as 
yielding to these stresses, different liquids yielding at very different 
rates, The condition at which yield takes place is determined by 
a property known as viscosity, and the latter may be regarded as 
a transient type of rigidity. This point is discussed further in the 
chapter on viscosity. : 

A perfect liquid is usually described as a completely incompressible 
fluid. No liquid, in practice, is quite incompressible, although in 
many cases the change in volume, for moderate increases in pressure, 
is sufficiently small to be neglected in many problems. The quanti- 
tative study of the bulk modulus of liquids, and its relation to the 
other properties of the liquid, is a matter of great practical impor- 
tance. It must be remembered, however, that the value of the 
modulus depends on the rate of application and removal of the 
stress. The two extreme cases, (i) slow stress changes under iso- 
thermal conditions, and (ii) rapidly alternating stresses under 
adiabatic conditions, are of special importance. In either case the 
bulk modulus K is defined by the relation 


dP 
r=) 


where dP is an additional stress, causing an increase dV in an original 
volume V. The compressibility B is defined as the reciprocal of K, 


A complete study of the isothermal compressibility of a substance 
involves a knowledge of the isothermal curves connecting P and V 
at various temperatures, so that the density of the substance must 


1 Heidenreich and Shockley, J. App. Phys., 18, 1029 (1947). 


144 ELASTICITY 


be known at all pressures and temperatures. From such curves, 
or from corresponding data, the most important thermodynamical 
properties of the substance become known. 

5:20. Measurement of the Bulk Moduli of Liquids.—Experi- 
ments designed to measure K are beset with difficulties, which arise 
chiefly in the determination of the high pressures involved, the small 
change of volume to be measured, and, still more, the change in 
the size of the containing vessel. To correct for the last factor, 
accurate knowledge of the bulk modulus of the material of the 
vessel is required. In early experiments the vessels were of glass, 
but, since the elastic constants of glass are not very definite, it is 
essential to make preliminary measurements with the vessel to be 
used in the experiment. If the vessel is subjected to the same 
internal and external pressure, its internal volume does not remain 
constant, but decreases by an amount equal to that which would 
be caused if the vessel were solid and were subjected to the given 
stress, applied externally. A cylinder with flat ends, under a pressure 
P, experiences a change in internal volume ôV, given by 


6V, P 


where K, is the bulk modulus of the material of the vessel and V 
is its original volume. If measurements are made of the apparent 
change ôV, in the volume of contained liquid under the pressure P, 
applied internally and externally, the true diminution V is given by 


8V—8V,4-0V,, 
or 

dV SAINT s 

T-P) PU SUNMEETETS 


where K is the bulk modulus of the liquid. This was the method used 
by Regnault, the liquid being placed in a glass piezometer enclosed in 
an outer vessel in such a way that, by means of three taps, pressure 
could be applied to the inside, to the outside, or on both sides of the 
piezometer. This flexibility of adjustment was necessary, since the 
previous theory assumes homogeneity of the elastic properties in 
the vessel, and this assumption, in the case of glass, is of doubtful 
validity. 

Regnault's experiments were limited to moderate pressures up 
to 10 atmospheres. This range was extended by Tait to 500 atmo- 
spheres, by Parsons and Cook 1 to 2,000 atmospheres, and, more 
recently, in the important investigations by Bridgman ? to about 
12,000 atmospheres. The latter experiments are the most complete 
yet carried out, and the resulting isothermals, for pressure and 
volume of many liquids, are now accepted as standards. The sub- 


1 Parsons and Cook, Proc. Roy. Soc., 85A, 332 (1911). 


* Bridgman, Proc. Amer. Acad., 48, 309 (1912) ; 49,8 (1918) ; 66, 185 (1931). 
See also The Physics of High Pressures. 
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stance under test was placed in a strong chrome-vanadium steel 
cylinder, and the pressure was produced by the advance of a piston 
of known cross-section, the amount of advance giving the apparent 
change in the volume of the liquid relative to the enclosing vessel. 
The pressure was determined by noting the change in the electrical 
resistance of a coil of manganin wire placed in the vessel, the resist- 
ance of this coil being about 100 ohms; and the relation between 
pressure and resistance was obtained by initial calibration with an 
absolute manometer of special type. This relation was found to be 
so accurately linear to pressures of the order of 12,000 atmospheres, 
that it could be extended by extrapolation to 20,000 atmospheres 
without serious error. To render the 
piston leak-proof at such high pres- 
sures, Bridgman used a special form 
of packing which, although somewhat 
inefficient at low  pressures—thus 
necessitating an ordinary form of 
packing as an auxiliary—became 
automatically tighter with increase 
of pressure, so that the limit to the 
attainable pressure was determined 
by the strength of the cylinder. The 
principle of this packing is indicated 
in Fig. 5:18. Pressure is applied to 
the liquid L in the cylinder by the 
sliding mushroom head A which, in 
turn, is forced into the cylinder by 
the pressure of the rod P, acting on 
A through the hardened ring of 
steel D, the mild steel, or copper 
washers B, and the soft rubber pack- 
ing C. Thus the compressional force 
on C must equal the total thrust On fyo, 518. pipowAN's ExrERI- 
A and, since the cross-sectional area MENTS ON THE BULK MODULI 
of C is less than that of A, the pres- OF LIQUIDS. 

sure in the packing exceeds the 

pressure of the liquid, and the liquid can never leak. The whole 
apparatus was maintained at a constant temperature by thermostatic 
control and, in the ease of water, readings of the pressure and 
volume were taken to 80°C, The correction for the expansion of 
the cylinder was determined by a set of auxiliary experiments 
in which part of the liquid was replaced by steel, and the com- 
pressibility of the two together was found. 

Some of the many additional important results obtained by 
Bridgman 1 in these experiments are summarised below. As will 
be seen these results do not yet permit many simple generalisations 
1 See Bridgman, Rev. Mod. Phys., 18, 1 (1946); Proc. Roy. Soc., 203A, 1 


(1950), 
G.P.M.—L 
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and, as a rule, they show irregularities due in all probability to the 
overlapping of different effects. For example, the compression under 
pressure appears to be due partly to a reduction in the spacing of 
the molecules and partly to an actual change in the effective mole- 
cular size. 

The elastic constants do not show an invariable increase with 
pressure, with some substances decreases are observed. "Thermal 
conductivity, electrical conductivity, and Peltier coefficients also 
yield no general rule, and the two former show little mutual 
relationship. 

The value of K for water, obtained by different observers, is 
given in Table 5-4, where the units of K are 104 kg. per sq. cm. 

5:21. Elasticity and Temperature.—As a general rule elastic 
moduli decrease with temperature, and for comparatively small 
ranges of temperature the relation is approximately linear. Schaefer 
indicated that, for temperatures from about 15? C. down to that 
of liquid air, the order of ascending temperature coefficients for 
Young's modulus is also the order of increasing thermal expansion 
and diminishing melting-point, but, since he assumed a linear relation, 
his work does not indicate how the temperature coefficient changes. 
Wassmuth t determined the variation of Young's modulus with 
temperature by means of bent beams. Lee and Shave,? and 
Andrews,? working at temperatures to within 150? C. of the melting- 
points of the materials, found that the relation between Y and T 
was of an exponential form, 

Y=Y eT, 
where b, has one value for temperatures to about one-half the 
absolute temperature of the melting-point, and another value for 
higher temperatures. With quartz, Y was found to change only 
slightly over the range 0* C. to 800°C. In connection with this it 
is interesting to note that the thermal expansion of this substance 
is also very small over the same temperature range. 

The first experiments on the temperature variation of the rigidity 
modulus were made by Kohlrausch and Loomis, who observed over 
a temperature range 15° C. to 100? C., and their results are expressible 
in the form :— 

nr=n(1—aT—bT?), 
Schaefer * measured n at air temperature and at the temperature of 
liquid air, but again he assumed a linear law of change. Horton ë 
carried out careful measurements with a number of metallic wires 
and also with quartz fibres. A torsional oscillation method was 
employed, and the temperature range was from 16? C. to 100? C. 


” 
1 Wassmuth, Phys. Zeits., 6, 755 (1905). 

* Lee and Shave, Proc. Phys. Soc., 36, 5 (1924). 

? Andrews, ibid., 37, 8 (1925). 

* Schaefer, Ann. d. Phys., 9, 8 (1902). 

5 Horton, Phil. Trans., 204A, 1 (1904). 
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and in some cases to 126°C. A truly linear relation was found only 
for pure copper and steel, although it was very approximately linear 
with silver. In most other cases Horton found that the measured 
rigidity depended greatly on the previous heat treatment of the 
specimen, 

In general, the com bility of liquids increases with rise of 


temperature, although t found a minimum value for water 
at about 50°C. Pagliani Vicentini determined the temperature 
sgo 
ot 
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Ag. per sq.cm. 
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of minimum compressibility to be between 60° C, and 70° C., while 
Grassi obtained a maximum com bility between 0* C, and 4° C. 
This result does not agree with those of other observers, and Bridg- 
man ! found a continually decreasing compressibility over the range 
0°C, to 50* C. His results may be expressed in the form, 
K=A+BT—CT?, 

which has a maximum value when B=2CT, and for all pressures 
this temperature of minimum compressibility was approximately 
50°C. Curves deduced from Bridgman's readings are shown (Fig. 
5-19). For the other Y oy studied by Bridgman no general ru 
can be stated, and in a few cases the compressibility increased with 


rise in temperature. 
! Bridgman, loc. cit. 
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5:22. Elasticity and Pressure.— There is no essential distinction 
in merid ween a substance, ordinarily liquid, and a gas, 
after the first few thousand atmospheres, Amagat showed that air, 
for example, at a pressure of 8000 atmospheres is as dense as water, 
but the compressibility of solids is, in general, much less than that 
of fluids, In all cases the decrease in volume is the result of two 
effects, (a) a decrease in the space between the constituent molecules 
and (b) an actual decrease in the volume of the molecules themselves. 
The initial compressibility of gases is due to the comparatively 

distances between the molecules, and the initial decrease in 
volume is a result of effect (a), but after the first few thousands 
of atmospheres the ma m peat of the loss of volume is due to (b), 

In the case of all | the compressibility decreases with in- 
crease of pressure, at first rapidly and then much more slowly, The 
initial comparatively s a ven come d arises by a decrease in the 
molecular spacing, while the value is probably due to 
a decrease in the volume of the molecules themselves, During this 
first stage, for water at any given temperature, the bulk modulus K 
is a linear function of the pressure w. from Bridgman's results, 


is given by 
At. 0* C, K (2:02 4-0:000056P) x 10*, 
At 50°C., K (2:30-4-0-000598P) x 104, 


where P is expressed in kg. sq. em. 
In the case of solids Ss Lee tita of an initial comparatively 


large compressibility is much less apparent, and the compressibilit: 

doses pene hay at high py years It is therefore bable 

that by far the part of the volume decrease is due to a 

ig rero) by : 
ie effect of pressure on rigidity was measured 

by observing the change in extension of a hell spring, stretched by 

a constant weight subjected to uniform pressure, 

range was about 12,000 measurements 

intervals of 2000 atmospheres, and the temperature was thermo- 

statically controlled. As the spring stretched it drew a MA 


manganin wire over a fixed contact, as in the potentiometer, 
the uent difference of potential between the contact and a 
measured, The 


ted were steel, tinum, nickel, and several other metals, 
fh penal the Adi increases slightly under pressure, the order 
of the change being t 2 per cent, for an increase of of 
10,000 atmos: but the experiments were not of sufficient 
accuracy to any non-linear connection between rigidity and 
pressure, For glass a decrease of p Dever pressure was found, 

Using these results Bridgman uced that both Young's 
modulus and Poisson's ratio show an increase of about 8 per cent. 
for 10,000 atmospheres increase in pressure. 

1 Bridgman, Proc. Amer. Acad., 63, 401 (1028); 64, 30 (1029). 
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5:23. Compressibility of Gases.—The relation between the 
pressure P, volume V, and absolute temperature T' of a perfect gas 


is given by 
PV-SET, C. f 4 . (5:46) 
and thus the bulk modulus, K, under isothermal conditions is 


dP 
Kr=— (ar) T 


For adiabatic compressions—in which the beat of compression re- 
mains in the gas—P V"—const. and the adiabatic elasticity Ky is 
given by 


The adiabatic elasticity is greater than the isothermal value in the 
ratio y, which depends on the nature of the gas, being 1-66 for mon- 
atomic gases, l-41 for air, and approaching unity with increasing 
molecular complexity. 

Tn real gases the relation (5-46) is very closely obeyed for moderate 
ranges of temperature, but at very low temperatures and at high 
pressures, considerable deviations from the perfect gas law occur. 
This is to be expected, since in these circumstances the assumptions 
made in deducing the perfect gas law from the kinetic theory of gases 
no longer apply. 

At constant temperature the relation between pressure and 
volume for a perfect gas is 


P V — constant, 


and this equation is known as Boyle's Law. Despretz enclosed a 
number of gases in barometer tubes standing in the same cistern, so 
that they had equal volumes under the same initial pressure. This 
system was then placed in a vessel filled with water, and when pres- 
sure was applied it was found that the previous equality of volumes 
was destroyed. Thus some at least of the gases did not obey Boyle's 
Law. Of all the gases examined, hydrogen was found to be least 
compressible, although it was only at high pressures that a difference 
was observable between hydrogen and air. Regnault enclosed a 
gas in a closed tube which dipped into the mercury filling a vessel. 
By pouring more mercury into the vessel through a side tube, the 
volume of gas was approximately halved and the corresponding 
pressure recorded. Then gas was pumped into the closed tube to 
restore the old volume condition under the new pressure, and the 
latter was then increased again to compress the gas to half volume. 
In no case was PV found to be constant, and with all gases except 
hydrogen the product decreased with increasing pressure. A series 
of important experiments was besun by Amagat, who worked at 
the bottom of a mine-shaft and produced the pressures by means 
of mercury in a tube 800 metres long extending up through the shaft. 


—€—À———PO""——en— 
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He experimented with nitrogen, oxygen, air, carbon monoxide, 
marsh gas, and ethylene. At low pressure PV for nitrogen decreased 
to a minimum, and then increased as the pressure was continually 
raised. A similar variation, still more strongly marked, was found 
with ethylene, particularly at lower temperatures; in fact, this type 
of variation occurs with all gases, including hydrogen, as the critical 
temperature is approached. For very high pressures the relation 
between PV and P is sensibly linear, and thus the curves are of 


the form, 
P(V—b)=c, 


where b and c are constants, the former depending on the nature of 
the gas and the latter on the temperature. When V=b the pressure 
is infinite, and so b may be regarded as the least volume which can 


be occupied by the gas particles. Amagat found that the ratio » 


at a pressure of 760 mm. of mercury was 0-00078 for hydrogen and 
000231 for ethylene. The experiments of Amagat were extended 
to pressures as high as 3000 atmospheres, using a method similar to 
that employed for studying the compressibility of liquids,! but the 
difficulties were much greater owing to the very small volumes into 
which the gas was compressed by such high pressures. The bulk 
moduli at 8000 atmospheres of hydrogen, oxygen, nitrogen, and air 
were found to be 


6-39 X10®, 10-15:x10?, 10-15x10?, and 10-9010 


dynes per sq. cm., respectively. 

5:24. Characteristic Equation of a Fluid.—Many attempts 
have been made to obtain a general expression connecting the pres- 
sure P, volume V, and absolute temperature T' of a substance 
throughout the range from gas to liquid. Such equations are 
modifications of the perfect gas law PV=RT, to which they must 
approximate at high temperatures. The most celebrated of these 
is Van der Waals' ? equation, 


(rey V—0)=RT, 


in which the 5 term is introduced to account for the intermolecular 


attractions of the gas particles which produce an internal, or intrinsic, 
pressure in addition to that, P, exerted on a confining boundary. 
The quantity b is proportional to the effective volume occupied by 
the actual particles of the gas, and is shown * from considerations 
of probability to be four times the actual volume of the particles 
themselves. Van der Waals' equation is limited in its applicability, 
is not in accord with later experiments, and does not hold for 

1 Amagat, Comptes Rendus, 115, 638 (1892-3). 

2 See Threlfall and Adair, Mems. Phys. Soc., Vol. I, part 3, p. 837. 


? See Article 8:15. * loc. cit. 
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any real liquid. The quantity a varies with the temperature, 
and Clausius } suggested the equation, 

p RT C F 
PEDA 
where R, «, f, and C are constants. This formula gives, generally, 
good agreement with experiment, and it is a special form of the 
general relation suggested by Amagat,? 


(Prim nr. 


in which it is assumed that the internal pressure varies with volume 
and temperature, Finally, we may note the equation suggested by 
Dieterici,’ 


which reduces to Van der Waals’ form if quantities other than those 
of the first order of smallness are neglected. 


5:25. Isothermal and Adiabatic Elasticities.—When a body 
is suddenly strained, thermal effects are produced which tend to 
increase the resistance offered to further strain. This effect is quite 
general, and as a result it is necessary in measuring elastic moduli 
to note the conditions under which the straining occurs, The 
adiabatic modulus is always greater than the isothermal value, and 
in the case of a gas, the ratio of the two is given by 

Ku_ 

Ky ” 
where y is the ratio of the specific heats at constant pressure and 
constant volume. The same type of law applies to the bulk moduli 
of liquids, although the ratio is smaller than it is for gases, 

The relation between the adiabatic and isothermal values of the 
different moduli may be obtained by an appropriate Carnot’s cycle, 
For example, suppose that a stretched wire undergoes the cycle repre- 
sented in Fig. 5-20. The independent variables are F, the stretching 
force, and a, the increase in length. Let AB be the T isothermal 
whose slope gives the value of the isothermal modulus. From A to 
B the wire is stretched isothermally by an increase 6F—BM in the 
stretching force, and the corresponding extension is =4M. The 
heat absorbed is, say, h ergs. From B to C a further expansion 
occurs adiabatically, the temperature changing from T to T'—óT. 
An isothermal contraction CD at T —óT, followed by the adiabatic 
contraction DA, restores the wire to its original state, and by the 
laws of thermodynamics 

h Area ABCD ABGN AN.BM 
T COMETS og 
! Clausius, Wied. Ann., 9, 897 (1880); Phil. Mag., 9, 393 (1880). 


? Amagat, Ann. d. Chim. et d. Phys., 28, 480 (1893). 
3 Dieterici, Wied Ann., 69, 685 (1899). 
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But AN is the decrease in length at constant tension for a fall of. 
temperature ôT. Thus AN=-lzôT, where l is the length of the 


ie 


Stretching Force 


0 £xtension 
Fic. 5:20.—IsoTHERMAL AND ADIABATIC VALUES OF YOUNG'S MODULUS. 


wire and « is its coefficient of linear expansion, while BM —óF. 


Hence 
h_ dT .6F 
Dwar: 
or, h, the heat supplied to maintain constant temperature conditions, 
when an increase ôF is made in the stretching force, is given by 
h=IT«.6F, 
and if « is positive, A and ôF are either both positive, or negative, 
so that a stretching under adiabatie conditions for such a wire or 


rod results in a cooling effect. 
If this cooling effect is conserved, a fall of temperature dT will 


oceur and 


=l«.ôF, 


h=Jepla,dT, 
where c, p, and a, are the specific heat, density. and cross-sectional 


area of the wire, respectively. Thus 
To ÔF TodP Y : . (547) 


where 6P is the increase in tensile stress. This result has been 
verified within the limits of experimental accuracy by Joule.* 

During an adiabatic expansion, the actual increase in length is due 
to the combined results of the increased tension and the consequent 
cooling. Thus, if a change ôP is made suddenly in the stress on 
a wire, and the total resultant fractional extension is de, then 


1 Joule, Phil. Trans., 149, 91 (1859). 
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where Yz is the adiabatic value of Young's modulus. The extension 
ôe may also be produced by a combination of the isothermal ex- 
pansion and the contraction due to cooling. Hence 
ôP  T«*0P 
WII dT Jat 
where Yp is the isothermal value of Young's modulus. By equating 
these values of de, we have 


oP óP TwóP 
Yu Yr Jop’ 
or 
1 l œT 
Tiu Lee os 649 


From a knowledge of Yr, Yq may be caleulated and thus their 
ratio obtained. Vor metals, equation (5-48) gives a value of the 
order 1-005. 


The cooling of a wire, when it is suddenly stretched, is a particular 
example of a general principle which states that, in the case of bodies 
which expand on being heated, an increase of pressure is accompanied 
by the development of heat and vice versa. "This general principle 
may be proved thus: From the first law of thermodynamies, 

dQ=dE+-P.dV, 
where P.dV is the work done by the body, dE and dQ being the 
resulting change of internal energy and heat within the body. Since 
dQ is T'.d@, where dØ is the change of entropy, 


dE=T S@—P.dV 


7" dd av dV 
=r( an) ira s p) P P(r), —2(Sp) av. 


(ar), r(t), (27); : . (549) 
(io), (i5) -P (ar). mee S50) 


But dE and d$ are perfect differentials, and we ma differentiate 
(5:49) and (5-50) with respect to P and 7, Fespectivei, and equate 


the results so that 
CO RA 
dP]», dT mi 


(Dm 


and 


or 
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1 - : 
where = 2 is the volume coefficient, k, at constant pressure. 
V\aT jp 


Hence, if k is positive, (ip) is negative, and a quantity of heat must 
T 


be taken away from a body in order to maintain its temperature 
constant when the pressure is increased, so that a sudden increase 
of pressure is accompanied by a development of heat, in the case of 
bodies whieh expand on being heated, and similarly a lowering of 
temperature results with those bodies, such as india-rubber, which 
contract when heated. This principle was verified experimentally 
by Joule,! who found that, for water above 4? C. when suddenly 
compressed, there was a rise in temperature, while, at temperatures 
below 4° C., the opposite effect occurred. He enclosed the liquid in 
a strong vessel, furnished with a cylinder in which a piston worked. 
The pressure could be changed by a sudden addition of weights to 
the piston. The change of temperature was measured by means 
of a thermo-electrie couple of copper and iron wires, one junction of 
which was placed in the centre of the liquid and the other in a 
bath of water. 

5:26. The Theory of Elasticity.—The mathematical theory of 
elasticity is developed from the dynamics of a particle, of rigid bodies, 
and thence to the action of forces on deformable bodies. Its appli- 
cation is limited to the extent to which actual bodies fulfil certain 
fundamental hypotheses, One of these is that their behaviour is 
independent of their previous history, and it is also usual to assume 
that the elastic displacements are small quantities whose products 
and powers may be neglected. The former assumption is approxi- 
mately true, unless overstraining—which may materially affect 
subsequent values of the moduli—has occurred, and the second 
is included in the applications made of Hooke’s Law, except for 
abnormally elastic substances such as india-rubber. 

Consider a body, in equilibrium when subjected to any external 
system of forces, and choose axes Ox, Oy, Oz (Fig. 5-21). A small rect- 
angular parallelepiped of the material will be in equilibrium under 
the action of a number of internal forces. Acting on the face ABCD 


! Pu 
will be a force P, and ABCD * the average stress over that face. As 


the area of the face is continually decreased by the approach of D 
and B towards A, the value of this average stress tends towards 
some definite limit which is called the stress at 4. It may act at 
any angle to an element of area at A, and thus may be fully repre- 
sented by its components P; Py, and P, acting along Oz, Oy, and 
Oz, respectively. 

Under the action of the stresses on its faces, the parallelepiped 
may be strained so as to produce a change in length of any, or all, 


1 Joule, Phil. Trans., 149, 133 (1859). 
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of its edges and an alteration in the size of its ince zm is 
the new position of AB, its fractional elongation is Sane ape 
the limit of this ratio as B approaches A is termed the extension 
at A along Ov, In a similar way the change in the angle DAE is 
measured by the quantity 0,—DAE-—D'A'E'. Hence there are 
two fundamental types of strain, longitudinal and shear. 

Pero L constant, and to give definite 
significance to this constant it is necessary to consider various types 
of strain, The stress on any plane may be resolved into three com- 
ponents, one normal and two tangential, to the plane, of which the 
former produces compression or dilation, while the latter are shearing 
stresses, If the co-ordinate axes are parallel to these stresses, and 
we consider the deformation of a rectangular parallelepiped, there 


From Hooke's Law we have 


0 ac 
Fig. 5-21.—Turory or Exasticrry—Srress AND STRAIN. 


will be, in general, three different normal stresses which may con- 
veniently be called X,, Y,, Z, and three different pairs of shearing 
stresses X= Yy, Z,—X,, Y,—Z, In this notation the capitals indi- 
cate the direction of the force, and the subscripts show the direction 
of the normal to the surface on which it acts, e.g. Y, means a force 
acting along Oy on a face which is perpendicular to the Oz axis, i.e. 
in the ay plane. That these constitute the whole components of a 
uniform stress system is easily seen, since the most general distribu- 
tion of forces on the parallelepiped would give eighteen different 
values, viz, one normal and two perpendicular tangential com- 
ponents on each of the six faces. For no translational motion in 
any direction, oppositely directed normal or tangential forces must 
be equal. Thus there can be, at the most, only three different 
normal components and six different tangential components, while 
the condition that there shall be no rotation reduces the number 
of the latter to three. Hence the six different values given above 
represent the most general homogeneous stress system. 
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In a similar way a uniform strain may be resolved into six com- 
ponents which will represent the effect of the stress system. The 
extensions along the co-ordinate axes, due to normal displacements, 
may be designated ej; ej, e, the double subscript being used to 
indicate that it is the relative displacement of two planes, originally 
unit distance apart, which is being considered, and both of these 
planes are normal to the Oz, Oy, Oz axes respectively. The shears 
can be converted into extensions by the alternative definition of the 
shear strain as the relative tangential displacement of planes unit 
distance apart. They will thus take their places in the notation 
adopted as 

Cys Coy, Cx zs Éyp— ny, 
where eys is the relative displacement of planes perpendicular respec- 
tively to Oy and Oz. Thus, again, only six different values are 
required to specify the strain completely. 

Principal Strains.—Through any point of the body there will 
be three directions which are mutually perpendicular before and after 
straining. These are called the azes of the strain, and the correspond- 
ing magnitudes are called the principal strains. For isotropic sub- 
stances these axes will be the directions of the normal stresses, and 
thus the complete stress-strain relations may be given by the ratios 
of the principal stresses and their corresponding strains. Consider 
a simple linear tensile stress P,. It might be expected that there 
would be a corresponding strain in the same direction, and none at 
right angles. Such is not the case, for it is found that the resulting 
tensile strain is accompanied by compressions which are perpendicular 
and proportional to the tensile strain. If P, acts along Ox, then 

XP ¥,=0,) 2,0, 
and 
1 1 
6e y €y— eu —O y 
where Y is Young's modulus and c Poisson's ratio. 

Principle of Superposition.—At a point the most general stress 
is P, along Or, P, along Oy, and P, along Oz. Thus X,=P,, 
Y,—P, Z,—P, and X,—Y,—2,—0. It is assumed that each 
component stress produces the same effect if acting alone, as it con- 
tributes to the final result when acting in conjunction with the others. 
This assumption is known as the Principle of Superposition. 

The strains corresponding to these stresses will be 


tu [Pio Pe P9 
e ylPi- o (Py P.) 


1 
6a y P3— 0L P1 P3) 
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and Cny= y ==. 
Solving these equations, for P,, P, and P, we have 
(1—o)Y a; 
P= Goya —2) |" 1-909 | 
(1—o)Y o 
1— ro) —2c) Eut Igle t een) , 
(1—o)Y c 
rey — 20) | HT Taleo Few) |: 
or, as they are more generally written, 


biam) 


P, 


P4—40--2n.e,, >, : 4 . (5:51) 
P4—40--2n.e,, 
where Ó—es,--ey,- l6, 


, and 2n— 'The dila- 


fnt qd kr 

~ (1+¢)(1—20) 1+o 
tion, 6, is the sum of the principal elongations, and measures the j 
fractional change of volume. 


5:27. Strain Ellipsoid.—With a uniform homogeneous strain a 
parallelepiped becomes strained, in general, into another paral- 
lelepiped, a circle into an ellipse, and a sphere into an ellipsoid. 
Projective properties are retained, and thus conjugate diameters 
of the sphere become conjugate diameters of the ellipsoid. In par- 
ticular, the three principal diameters of the ellipsoid are derived 
from three perpendicular diameters of the sphere and thus are, by 
the previous definition, the axes of the strain. The ellipsoid, result- 
ing from the deformation of a sphere, is called the strain ellipsoid, 
and its equation assumes a simple form, when referred to the axes 
of strain. Calling the principal strains along Ox, Oy, Oz, a, b, c, 
de pitis unit length becomes 1-++a, 14-5, 14c in these directions, 
and a sphere of unit radius becomes the ellipsoid, 


a y? g2 
Grai ga agr! o o 0682 
, n some cases this ellipsoid reduces to a spheroid. For example, 
in a Young’s modulus extension along Oz, the elongations are 
4—8, b=—oa, c=—oa, 
and the strain ellipsoid becomes the prolate spheroid, 
c? 


oe 


1—ca 


For a uniform dilation a=b=c, and the unstrained sphere is still 
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spherical when strained, while for a uniform shear in the zz plane 
we have b=0, c——a, and the ellipsoid becomes 


a A g2 
Utat Hap 

To find the directions in which the elongation has a given value 
—which must, of course, be intermediate between the largest and 
smallest of a, b, and c—it is necessary to determine the intersection 
of the strain ellipsoid and a sphere, of radius equal to the given 
extended length. "Thus, if the extension is d, the required directions 
are found by solving the equations, 


P y? 2i 
(Fay poet (pei 
and 
qi y? gi | 
arat aas ara 
Subtracting, we have 


Fea LOS IX E 
e] en [nnn al 9, 


where « is written for (1--a), 6 for (1+-d), etc. This is the “equation 
to a general conical surface, called the cone of constant elongation, with 
its vertex as origin. In some cases this equation may be simplified. 
For example, a Young’s modulus extension along Ox gives 
Aa? — B(y?--2?) «0, 
which is a right circular cone with axis along Oz, For a simple 
shear we have, if d=1, 
POP 


dou or w=-+2, 


which gives two planes intersecting along the y axis and inclined 
at 45? to the axes of shear. These planes evidently give the two 
circular sections of the ellipsoid, and indicate the directions of no 
change in size or shape. 


EXAMPLES 


5-1. Two cylindrical shafts have the same length and mass and are 
made of the same material. One is solid, while the other, which is 
hollow, has an external radius twice the internal radius. Compare their 
torsional rigidities and the maximum strains produced by equal twisting 
torques. [3:5; 1:144.] 

5-2. A suspension thread of length 2l consists of a wire of length l and 
radius r rigidly joined to a second wire of equal length, of radius 2r 
and similar material The top end is clamped, while the lower end is 
twisted about the axis. Find (a) the torsional rigidity of the complete 
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suspension thread if the rigidity modulus is mana (b) E ratio of the 
i les of twist between the ends of the two parts. 

peru radi [(a) 8z5r*/170; (b) 16 :1.] 
5:8. A horizontal bar of weight W is suspended by two parallel vertical 

wires each of length / and radius r. The rigidity of the wires is 7 and 

they are at a distance d apart. If the upper end of each wire is twisted 

about its own axis through an angle 0, find the angle through which 

the bar is deflected. [425130 /(W d? +42nr4).] 


5-4, Prove that if a number of rods are joined end to end the torsional 
rigidity of the combination is given by the same formula as that for a 
number of resistances in parallel. Hence, or otherwise, find the tor- 
sional rigidity of a tapering wire of length J, rigidity modulus 7 and 
end radii a and b. [32a?b? /2l(b 4- ab 4- a*).] 

5:5 A long thin rod has a length 100 em. and an elliptic cross-section 
2 em. wide and 0:5 em. deep. When clamped at its upper end and 
supporting at the lower end a body of inertia moment 5-21 x 105 C.G.S. 
units, the periodic time of torsional oscillations is 0:313 sec. When 
supported horizontally on knife edges at its ends and carrying a load 
of 450 gm. at its mid-point, the sag produced is 6-12 mm. Find the 
value of each of the usual elastic constants. 

[74:55 x10; Y=12-25 x101 3 K—183x10!; o=0-35.] 

5:6. A cantilever beam mounted horizontally has a negligible weight. 
Show that the depression at any point P due to a vertical load applied 


at a second point Q is the same as the depression at Q produced by 
a similar load at P. 


5-7. A flexible steel strip is bent into a strongly curved form by a 
string tied to its ends. Find the value of Young's modulus for the strip 
if the tension in the string is 3 kg., the distance between the centre points 
of string and strip being 15cm. The strip has a width of 2 cm., a thick- 
ness of 1 mm., and string and strip meet at right angles. £ —981. 

[1:99 x10!? dynes per sq. em.] 

5:8. A light cantilever beam is clamped horizontally and carries a load 
of 8 kg. at its free end, this being such as to produce only a slight amount 
of bending. When depressed and released the beam vibrates with a 
periodic time of 0-30 sec. The projecting length of the beam is 50 em., 
its width is 2-5 em. and depth 0-5 em. Find the value of Young's 
modulus for the beam. If the mass of the projecting beam is 500 gm., 
what percentage error in the value of Young's modulus is made by 
neglecting to take this mass into account ? 


059. A spiral spring whose diameter is 3 em. consists of 200 turns of 
wire of radius 1-0 mm., the length of the spring when hanging vertically 
being 50 em. "The rigidity modulus of the wire is 8 x 1011 dyne per sq. 


[1-655 em.; (a) negligible; (b) practically all.] 
5-10. A thin-walled brass tube closed at each end is mounted horizon- 
tally, so that one end is prevented from moving and the pressure inside 
is gradually increased from 1 to 5 atmospheres. The other end, free to 
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move, carries one mirror of a Michelson interferometer and 44-5 com- 
plete fringe displacements are observed using light of 6000 A.U. The 
tube has a length of 100 cm., an external radius of 2 em. and a wall 
thickness of 1 mm. Find the value of the bulk modulus of brass. 
[10-12 x 10 dynes per sq. em.] 

5:11. A glass vessel of volume 1 litre is filled with water and placed 
under the receiver of a compression pump; the pressure is increased 
from 1 to 3 atmospheres. The meniscus, formed in a capillary tube of 
internal radius 0-160 cm., is found to descend through a distance of 
118 em. If the bulk modulus of the glass is 4-61 x10 dynes per 
Sq. cm., find the bulk modulus of water at the temperature of the 
experiment. [2-04 x10? dynes per sq. em.] 

5-12. A body is under stress along three perpendicular axes Ow, Oy, Oz 
such that there is no linear strain along Oy or Oz. It is then stressed 
along the same axes so that the linear strains along Oy and Oz are equal 
and there is no strain along Ox. Compare the ratio of stress to strain 
along Ox in the first case with that along Oy or Oz in the second. 

[(1—o) : 1.] 

5-18. Taking the same stresses and strains as in the last question 
express each of these stress-strain ratios in terms of the bulk modulus k 
and the rigidity modulus 7. [k+4n/3; 2k--25/8.] 

5-14. A 400-day clock is controlled by the torsional oscillations of a 
horizontal brass disc supported by a fine brass wire. If the coefficient 
of linear expansion of brass is 18 x 10-* and the thermal coefficient of 
rigidity of brass is 4-6 x10-*, find the error of the clock in 24 hours 
at 10° C. if it keeps correct time at 0° C. [Loses 3 min. 11 sec.] 

5:15. A circular bar, supported horizontally on horizontal knife edges 
40 cm. apart, has a length of 60 cm. and carries a load of 10 kg. suspended 
from each end. The radius of the bar is 4 mm., and when the loads are 
applied the centre point rises by 4-88 mm. Find the value of Young's 
modulus for the bar. [20-0 x 10?! dynes per sq. cm.] 

5:16. The bar in the previous question is now rigidly clamped in a 
vertical position and at a distance of 50 cm. below the clamp a couple 
of magnitude 5 x 10" dyne-cm. is applied. As a result a mirror fixed to 
the lower end of the bar deflects a spot of light by 155 mm. on a scale 
1 metre away. Find the value of the modulus of rigidity for the bar. 

[8:02 x 10! dynes per sq. cm.] 

5:17. Calculate the bulk modulus and Poisson's ratio for the material 
of the rod in the previous two questions. 

[13-2 x10?! dynes per sq cm. ; 0-24.] 

5:118. A uniform thin rod of weight W is supported at its ends and is 
initially horizontal. If it bends slightly under its own weight and the 
final sag of the middle point below the horizontal through the supports 
is 6, show that the loss of gravitational potential energy is 16W6/25, 
and that half of this is represented by the energy of strain, in the final 
equilibrium position. 

5:19. A rod of uniform cross-section is supported horizontally at three 
points, one at each end and one in the middle at the same level. Show 
that the greatest sags occur very nearly at one-fifth of the length from 
each end. 


G.P.M.—M 


CHAPTER 6 
SURFACE TENSION 


forces on the particle will derive from molecules inside this hemi- 
sphere—if the molecular attractions due to particles in the other 
hemisphere outside the liquid are negligible—and it is obvious that 
the symmetrical grouping of these molecules results in the produc- 
tion of a resultant force directed towards the interior of the liquid. 

It is well known that if a glass tube of small bore be dipped in 
water, the water rises inside the tube to a higher level than that of 
the water outside ; and if a liquid is spilt on a table, it has a definite 
boundary, the curved edges clinging to the table. These phenomena, 
and many others, are explained by the fact that, at the surface of a 
homogeneous body, the sphere of molecular activity of a particular 
molecule is incomplete, and that the molecule also falls within the 


side of the boundary surface. 
Also, if we assume that the dimensions of the field of action are 
very small, compared with the radius of curvature of the surfaces, 


are concerned. Thus the surface potential energy, due to these 

molecular forces, must be ina constant ratio to the surface area, 

the constant depending on the nature of the substances in contact. 

If a liquid is contained within a vessel, the containing walls of the 
162 


TOTAL SURFACE ENERGY 168 


latter will have their own sphere of attraction and corresponding 
resultant forces opposed to those of the liquid itself. The tendency 
of a particle to move will be determined by the direction of the 
resultant of these forces. For the liquid surface in contact with a 
gas, the tendency to move will be towards the interior of the liquid, 
and over such a surface there will be a universal trend to inward 
movement, or an attempt to reduce the number of surface molecules 
to a minimum. For a given volume the geometrical form with a 
minimum surface area is a sphere, and thus we conclude that the 
natural shape of a uniformly gravitating liquid will be, in the absence 
of other forces, a sphere. 1f, however, the earth's attraction on the 
parts of the liquid is not negligible, the natural form will depart 
from the spherical into one more closely approximating to a hori- 
zontal plane as the earth's effect increases. The various forms 
assumed by mercury drops illustrate this, for with very small drops 
the shape is practically spherical. Slightly larger drops are approxi- 
mate spheres, with a slight flattening at the top and bottom, while 
a large pool of mercury is flat. 

The fact that a liquid surface contraets spontaneously shows 
that there is free energy associated with it, that work must be done 
to extend the surface. This free surface energy is of fundamental 
importance, but to simplify caleulations it is usual to substitute for 
it a hypothetical tension, acting in all directions parallel to the 
surface and equal to the free surface energy. This tension is known 
as surface tension and it has the same dimensions as a surface energy, 
as well as the same numerical magnitude. The work done in extend- 
ing a surface which is pulling with a tension S dynes per cm., by 
1 sq. cm., will be S ergs per sq. cm., hence the free surface energy 
of such a surface will be § ergs per sq. cm. 

The conception of surface tension can always be used in consider- 
ing the properties of surfaces which depend solely on the existence 
of free surface energy. It should be realised, however, that the 
term “surface tension” is misleading by reason of its suggestion 
that there is a real stretching force tangential to the surface of a 
liquid. There is no special “ contractile skin,” or physical tension, 
parallel to the surface of liquids. It is more useful to regard the 
surface tension as that force which, as a tension in the surface, would 
produce the real effects actually due to the asymmetrical spacing 
of intermolecular attractions at, and near, a boundary between two 
media. 

6:2. Total Surface Energy.—It is important to notice that the 
above quantity of work does not represent the whole of the energy 
expended when a fresh surface is formed. If the enlargement is 
made suddenly, the liquid is cooled, or the surface energy is increased 
at the expense of the internal energy. At the same time the force 
to be overcome increases, by reason of the increase in surface tension 
with falling temperature. During a slow isothermal change an 
equivalent amount of heat flows in from neighbouring bodies to 
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maintain the temperature constant. Thus, when the surface area 
is increased by 1 sq. em. the additional total surface energy, E, is 
related to the mechanical work, S, done in stretching the surface 
isothermally, and to the heat, h, absorbed, according to the equation, 
E=S+h. 
To find the corresponding value of h, we may suppose that the film 
is subjected to a Carnot cycle. Thus (Fig. 6-1) let the surface tension 
at absolute temperatures T, T—dT be S and S—éS, respectively. 
"Then, since surface tension is independent of area, the work done 
when the film is stretched isothermally from a condition represented 
by D, to that represented by C, is S.64, and the heat taken in is 
h.Ó4. From C to B there is an adiabatic contraction, the tempera- 
ture changing from T to T—óT' From B to A, let the surface 


iy 


Surface Tension 


Surface Area 
Fis. 6-1.—Torat SURFACE ENERGY. 


contract isothermally, So that when it expands adiabatically, it 
finally arrives back at its original state, as represented by D. This 
cycle is clearly reversible, and so, from the laws of thermodynamies, 


___ Net work done during cycle or 
Heat absorbed at higher temperature T?’ 
ds 
or (s-ra —S.6A4 
% hdd we 
and 
ds 
h= m 
Hence 
E=s-1% 


noB T der (C1) 
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We thus see that the total surface energy is numerically equal 
to the surface tension only if T—0, i.e. at the absolute zero, or if 


Bao. With all liquids the surface tension decreases with rise in 


temperature, and thus s is negative, E being greater than S. If, 


however, we are concerned with the net gain in energy of the surface 
and its surroundings, this is evidently equal to S, since the heat 
given to the surface is taken from its surroundings. 

6:3. Liquid in Contact with a Solid.—The surface of a liquid 
near its place of contact with a solid body must, in general, be 
curved, even when gravity is the only external force acting through- 
out the mass of the liquid. Thus let PAB (Fig. 6-2) represent the 
surface of a liquid in contact at P with the surface PQ of a solid 


Fic, 6:2.—1INcLiNATION oF Free LIQUID SURFACE TO THE HORIZONTAL. 


body. If we consider the forces acting on a molecule at P, we have 
the force of gravity acting vertically along PN, the molecular forces 
of the solid producing a resultant along PN,—normal to the solid 
at P—and the molecular forces of the liquid molecules, adjacent to 
P, giving a resultant PR, which acts somewhere between the tangent 
plane to the liquid surface at P and the surface of the solid. In 
all cases the resultant of these forces, acting on a molecule of a 
perfect fluid at its free surface, must be normal to that surface. 
Hence the resultant of PN, PN,, and PR will determine the direction 
of the normal to the fluid surface at P. In general this resultant 
will not act along PN, so that the surface of the fluid at P is not 
usually horizontal. 

At points remote from the solid body there are only two forces 
acting, viz., gravity and the molecular attraction, the latter of which 
is normal to the free surface. Thus the former must act in the same 
direction and the free surface is horizontal. 
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6:4. Pressure on a Curved Membrane of Uniform Tension. 
—If we consider a curved mem- 
brane, it is evident that an element 
of the membrane is in equilibrium, 
only if an excess pressure acts on 
the concave side to counterbalance 
the surface tension effect. The 
magnitude of this excess pressure 
may be obtained as follows :— 

Let ABCD (Fig. 6:8) be an 
element of the curved surface 
having principal radii of curvature 
7, and r, Suppose the excess 
pressure on the concave side is p 
and let the surface area wy be given 
a small normal displacement, óz, 
So that it reaches the position 
Fic. 6-8.—Pressure ON A Curvep indicated by A'B'C'D'. The work 

MEMBRANE. done by the pressure will be 
pay .óz, 
and, since the increase in surface arca is Ó(zy), the work done is 
also given by 
28 .ô(xy), 


remembering there are two surfaces. Thus 


pry.óz—2S(zóy--yóm). . 5 SR GE 
The triangles ABO, A'B'O' are similar, and thus 


c 
=-=, or ór—-—óz. 
^ 


Similarly, dy os, so that, from (6:2), 
2 


pua [ere 
2 


7 
1^. d 
or p=2s|7 +2 : : < . (6:8) 


This expression is true also for the excess pressure inside a liquid 
bubble. Tf there is only one surface—as, for example, in the Pu of 
a liquid drop, or an air bubble in a liquid— 


2-577] eis! si: > (8:4 


Ty fs 
-If the two curvatures are oppositely directed this becomes 


3 
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6:5. The Shape of Films.—If the pressure is the same on both 
sides of the surface, the latter must fulfil the condition T——T$, Or 
the principal curvatures at any point are equal in magnitude and 
oppositely directed. A series of films which satisfy this condition 
may be obtained experimentally by the use of two funnels, A 
coating of soap solution is obtained by dipping the broad end of 
one funnel into a soap solution and sharing it with the second funnel 
by placing the two, rim to rim. On drawing the funnels apart, the 
required film surface is produced between them, and in this case 
is a surface of revolution. A section of such a film is shown in 
Fig. 6-4. If P is any point on the curve, and O is the centre of 
curvature in the plane of the diagram, then, when OP is produced 
to meet the axis of symmetry AB in Q, PQ is the other radius of 


Fic. 6-4.—CaTENOIDAL FILMS. 


curvature, and PO=—PQ. Such a relation is a property of the 
catenary curve, and the surface is a catenoid of revolution about 
AB as axis. 

If the film collected between the two funnels is given an additional 
pressure inside, it may be rendered nearly cylindrical. Such films, 
however, are seldom perfectly cylindrical. Consider a section which 
has the form shown in Fig. 6-5. The points 4 and B are points of 
inflexion, and if P is any other point on the surface, the normal 
at P cuts the axis of symmetry UM in O,. Then O,P is the radius 
of curvature in a plane perpendicular to the plane of the figure. 
Suppose O,P is the radius of curvature in the plane of the diagram. 
The excess pressure p inside the film is, from (6-8), 


DUE 
p=28 [x] 
where r—0,P and E—0,P. At the point B, r=BM=a, approxi- 


=. If PN=6, r=a+6, and 


mately, and R=co, so that p= 


EU—L—-——pBe——m. 0. 0. (65) 


approximately. This equation represents the locus of a point X 
M eq P 
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(Fig. 6:5) (5) situated at a distance b—CD from the centre Y of 
a circle of radius a, as the circle rolls along the line UM. Points 
such as 4 and B (Fig. 6:5) (a) are obtained with successive hori- 
zontal positions of Xi Y, the distance between two such adjacent 
positions being given by UM —AB-—za. 

The following typical cases occur :— 

(i) The film has a length less than half the cireumference of the 
generating circle and is conver, In this case, as shown in Fig. 6-6 (a), 


Fio. 6°5,—Neanty CvnmNDhiCAL FILMS, 


whereas if the film were truly cylindrical between the same ends, 
the excess pressure p inside would be p= where FG represents 
the radius of the funnel. Hence in this case 
n $ p«n. 

(ii) The film has a length less than half the ct Ur om of the 
generating circle and is concave, Fig. 6-6 (b) represents this case and 
if p, is the excess pressure, i 


Also, since 
%>FG>a, p,>p>p,. 


(iii) Similarly, if the film length is greater than half the cireum- 


i 
| 
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ference of the generating circle and is convex at the centre, while p; 
is its excess pressure, 


28 2 
n- and P=FG 


(iv) Finally, the film length may be greater than half the cireum- 
ference of the generating cinde; while there is a concavity at the centre. 
In this case, if p, is the excess pressure inside, 

mas and =a. 
Pe PTG 


a2FG2a, —pyCpcp,. 


Since 


I 
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Fic. 6-6.—PnxssunE INSIDE CYLINDRICAL Finns. 


Such films are shown in Fig. 6-6 (c) and (d). 

These results have been confirmed experimentally with the 
apparatus shown in Fig. 6/7 by Rucker and Reinold. A tube shaped 
like the letter H was fitted with three taps 7',, Ta T^, and the vertical 
ends terminated in cups A and B, which were placed over end-pieces, 
If a film is collected between A and C, and a little air is drawn out 
through 7^, the film is constricted at the centre and is stable, while T; 
and 7, remain closed. A short film widened at the centre may be 
collected between B and D. If now the tap T is opened, then, since 
the excess pressure p, in the film BD is greater than that p, in AC, 
air flows from B to A and the films tend to the same form. On the 
other hand, if the films have lengths greater than half the circum- 
ference of the generating circle (Fig. 6-7) (b), the excess pressure p, 
is less than 74, and air flows from A to B, so that B becomes still 
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more convex, while A collapses to disruption. Both these predicted 
results were confirmed by the experiment. 

Cylindrical films of the type described above are stable only if 
their lengths are less than their circumferences, because, if we imagine 
a movement of air from one half to the other within a film of length 
greater than 2za, then the half which loses air will be constricted 
at the centre, and since its length is greater than half its circum- 
ference, the pressure rises to p, In the other half, which becomes 
convex, the pressure is reduced to p, so that the resulting pressure 
change produces a continued movement of air in the same direction 
as the original disturbance, and the film is unstable. This is evident 


(a) 


Fic. 67,.—RUCKER AND REINOLD'S APPARATUS FOR THE STUDY or 
CYLINDRICAL FILMS. 


stable, as may be seen by imagining the two films of Fig. 6-7 (a 
placed end to end. These considerations, and the our deles 
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tendency of a jet of liquid to break up into drops when its length 
exceeds its circumference. If the liquid has a large coefficient of 
viscosity, the relative movements of the parts of the jet which accom- 
pany disruption will be opposed, and greater length of cylindrical 
drop is possible without instability. For this reason very viscous 
liquids, such as molten glass and quartz, may be drawn into fine 
threads of great length. 

6:6. The Forms of Liquid Films in General.—Equation (6:5) 
above was obtained on the assumption that ô was very small. If 
this restriction is removed, the general shape of a liquid film may 
be obtained as follows. 


Fic. 68.—GENERAL Form or Firm SURFACES OF REVOLUTION. 


Consider a film in equilibrium under its own molecular forces, 
the existence of practically flat films indicating that the action of 
gravity may be neglected compared with the tension of the film. 
In this case we have, from (6:8), 


s n. 

Tru 9st 
where p, the excess pressure inside the film, may be maintained by 
closing its ends and assuming that the volume of air enclosed remains 
constant. We shall consider only surfaces of revolution. In Fig. 6:8 
the curve ABC generates the surface by revolution around the æ axis, 
and, if r is the radius of curvature in the plane of the diagram and 
the length of the normal AG is l, the principal radii of curvature 
are r and l, and 

l.p 
verc cae, | 6 

"2 28 a 
Let the tangent at A make an angle 0 with the a axis so that r= -īp 
where ds is an element of the arc measured along the curve from 4 
towards B, and AE—y-—lcos0. Hence, from (6-6), 


_d ,cos0 p . (9m) 


ds' y 28" 
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But 
do De ru 
a” dy’ 
and, from (6:7), 
y cos 9— V? A, d E . (6:8) 


where A, is a constant, All curves satisfying (6-8) are traced out 
by the foci of conie sections rolling, without sliding, along the axis 


of z. Thus, substituting in (6:8) cos o=}, 


v(r-is)-^- EMO 10:9) 


But, if L is the length of the perpendicular, drawn from the focus 
of an ellipse on the tangent at any point, and R is the distance of 
this point from the focus, 


T 1 b, 
2( — __ —_ ) P . - (6:10 
(s 2 2a, (a0) 
where a, and b, are the semi-axes. Comparing (6-9) and (6-10) we 


see that the point A is the focus of an ellipse which touches the æ 
axis at G, the semi-axes being given by 


p p 
This is true for any position of A, and thus the locus of A is traced 
out by the focus of the ellipse as it rolls along EG. This curve is 
known as the unduloid and is sinuous in form. 
If the pressure is the same on both sides of the film, (6-9) becomes 


2 

PA, Dekh e WERTE 
In a parabola the ratio of the square of the perpendicular, from the 
focus on a tangent at a point, to the distance of the point from the 
focus is constant. Hence we see that the locus of 4 in this case 
is the curve traced out by the focus of a parabola as it rolls along 
EG. This curve is a catenary, and the surface of revolution is a 
catenoid. Under certain conditions two catenaries can be drawn 
between two points, the surface generated by the revolution of the 
upper one being a minimum. On the other hand, it is not always 
possible to draw a catenary, which shall pass through two given 
points and have a given line as directrix, so that it is not always 
possible to obtain a film joining two circular lines, or the ends of 
two funnels. In other cases two catenoid films are possible, but 
only one of these is stable. 


Plateau realised the case of liquid drops, unacted upon by external 
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forces, by immersing a drop of olive oil in an alcohol-water mixture 
of the same specifie gravity. By holding the drop between two wires 
in the shape of closed curves, or by allowing it to form around a solid 
of any shape held in the water-aleohol mixture, a large number of 
liquid surfaces may be obtained. They may also be produced by 
a suitable manipulation of soap bubbles. 

6:7. Experimental Methods for the Measurement of Surface 
Tension. (i) Jaeger's Method.—If a spherical air bubble is pro- 


duced in a liquid, the excess pressure inside the bubble is p-25, 


where 7-is the radius of the bubble. Jaeger utilised this relation in 
measuring surface tensions by observing the pressure necessary to 
produce such bubbles. The apparatus is shown diagrammatically in 


From Pump 


Fic. 6:9.—JaEGER's METHÓD or MEASURING SURFACE TENSIONS. 


Fig. 6-9. A pressure pump is connected to a large vessel A, which acts 
as a reservoir and is joined, through a tap T, to the manometer M 
and the vertical tube BC, the latter having a fairly narrow orifice of 
radius r at C. As the tap is opened, the pressure at C increases until 
a bubble breaks off with a corresponding change in the manometer 
reading. Another bubble begins to form, and the manometer registers 
a pressure difference h, which is a maximum when the bubble has 
maximum curvature. The experiment consists in noting the value 
of h when the bubbles form at the rate of about one every second 
or even slower. The maximum pressure p; inside the bubble is then 
given by 
2i—gph-- B, 

where B is the atmospheric pressure and p is the density of the mano- 
meter liquid. The pressure p, just outside the bubble is 


pa3— B --ad0, 
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where d is the density of the liquid and æ is the depth of C below 
its surface, Thus the excess pressure p inside the bubble is 


28 
P=P:—Pa=élph—ad]=—, 
so that 
S-Üph-sd]. =. |. (612) 


The experiment in this form does not give accurate values for S, 
chiefly because instability of the bubble is not reached when its radius 
is equal to that of the orifice, For a given tube and a steady rate 


of bubbling, the equilibrium position will be some definite function 
of the radius 7, say f(r), and the equation should be 


S=f(r).S{ph—ad). 


This result may be utilised to measure the relative values of the 
surface tension at different temperatures, since then f(r) will be the 
same for all the experiments, "These relative values may be con- 
verted into absolute determinations if the surface tension at any 


Jaeger! has also described a method by which the bubble is 
produced in the liquid contained in a long narrow bulb. A tube 
is sealed into the top of this bulb and dips 
into the liquid, while its upper end is connected to a reservoir of 
pure nitrogen. A second tube, sealed into the bulb near its top 
and placed horizontally, is joined to one side of a manometer 
whose other limb connects to the first tube. The manometer 
measures the maximum excess pressure p of the bubble as in the 
earlier method, and the surface tension is given by ? 


pac] 


cde AG 

h (p—pi)g 
7 is the internal radius of the tube, and P» p; are the densities of the 
liquid and of the fluid issuing from the orifice, respectively. "This 


where 


the apparatus to be maintained at any temperature, while no large 
quantity of liquid is required. 
The same principle was applied by Bireumshaw * to measure the 


1 Jaeger, K. Akad. Amsterdam Proc., 17, 521 (1914). 


; Schrodinger, Ann. d. Phys., 46, 418 (1915); Verschatfelt, K. Akad. : 
dam Proc., 21, 366 (1919). 1 » 418 (1915); Verschaffelt, K. Akad. Amster. 


*Bircumshaw, Phil. Mag., 2, 841 (1926); 3, 1286 1927), 
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surface tension of liquid metals from their melting points to about 
1000* C. in some cases. The liquids used were tin, lead, bismuth, 
cadmium, zine, and antimony, and in all cases the maximum pressure 
was measured when bubbles were blown at a depth ¢ below the liquid 
surface from each of two coaxial tubes of radii r, and r,. The values 
of r, and r, were too large to use in the formula given above, and 
so use was made of Sugden's ! correction in the form :— 


S 
a 


in which p is the liquid density, (h—1) the excess pressure inside the 
drop expressed in em. of the same liquid and k the numerical cor- 
rection obtained by Sugden from the basic capillary curve data 
provided by Bashforth and Adams.* The value of k has been given 
by Sugden for all values of 5 from 0 to about 2, and thus by suc- 
cessive approximation, the exact value may be obtained from an 
approximately deduced value of S. Hence if k, and k, are the 
values of rk for the two tubes, we have :— 


2B? 2B 
LEE arm 
from NR api n bs When this method is used for the 
3*1 


surface tension of mercury difficulties are caused by the insufficient 
adhesion between the liquid and the jet. The difficulty can be 
overcome by using an amalgamated copper jet of which the internal 
and external radii are practically the same, 

In all these applications of the method more consistent values 
are obtained by plotting the excess pressure against the rate of 
bubble formation and extending the curve to zero rate. 

(ii) Ferguson's Method.—A capillary tube method, which re- 
quires only a few cubic mm. of liquid and no determination of the 
liquid density, was deseribed by Ferguson * as a modification of a 
previous experiment. If the liquid is within a horizontal capillary 
tube with no pressure difference between its ends, its two meniscus 
surfaces will be similar, but if an excess pressure is applied to one 
of them, the liquid will be blown to the far end where its meniscus 
changes from concave, through plane, to convex form, If this 
meniscus is used as a reflecting surface, an image of a source of 
light will be formed near the pole of the meniscus while its radius 
of curvature is relatively small, but the appearance of the illuminated 
surface changes very rapidly to become a practically uniform field 
in the observing microscope at the instant of planeness, Assuming 
that the bore is sufficiently small, that the distorting effects of 

1 Sugden, Journ. Chem. Soc., 121, 858 (1922). 


? Bashforth and Adams, Capillary Action, Cambridge (1883). 
? Ferguson, Proc. Phys. Soc., 44, 511 (1932). 
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so that the effect is the same as if the surface were in a state of 
nsion. 2123 

à ron suppose that the line of contact of the liquid with the 

vessel is displaced from WX to YZ (Fig. 6-11). Draw normals to 

the surface 4 from all points on WX, and let these normals mect 

the surface A, along the line W,X,, so that the surface A, may be 

supposed to consist of two parts, that enclosed by the line W,X, 


Y ds 


5 ceo ea a 
È 


H 
Is 
1 


c---—---f-- 


x 


Fio. 611,—VrRTUAL DISPLACEMENT or MENISEUS, 


and denoted by a, and that enclosed between W,X, and YZ and 
denoted by a, "Then 


a-4-- | | (ejua, as before, 

Ti fs 

If ôL denotes the distance between the lines WX and YZ, a, may 
be considered as the projection of the elements óLds of the surface 


of the vessel on the new liquid surface 4,, where ds is an element of 


the line of contact. Thus, if ( is the angle between the normals 
to the surfaces 4 and B, 


a= feos 0.ôLds. 
But 6B= -ic- [sta and since the potential energy is stationary, 


sro] [eet ass 05, —0, 


or 


e| f #.6UA+8,(a,+4,—A)+5,5B+8,5C—0, 
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ie, j fe-s (rtr) [out f [e cos 0--S,—S,)Lds-0. 


The first integral extends over the whole surface of the liquid, and 
since the displacement ôl is quite arbitrary, each element of this 
integral must vanish. Hence, as before, 


D 

S(542)-2-. 
The second integral must also be equal to zero, and thus 

S, cos 04-S,—S,=0, 
so that the liquid surface is inclined at the same angle 0 to the surface 
of the vessel at all points. This angle is called the angle of contact 
between the liquid and the solid, and is the angle between the normal 
to the liquid surface, drawn into the substance of the liquid, and 
the normal to the solid, directed towards the substance of the solid, 


Fio. 0:12.—CAriLLARY CURVE, 


6:9, The Capillary Curve.—If a perfectly clean glass plate 
dips vertically in a liquid then, close to the plate, the surface of 
the liquid assumes a definite shape. A section of the surface made 
by a vertical plane, perpendicular to the glass plate, gives the form 
assumed by the liquid at the place of contact, and is termed the 
capillary curve. Let the glass plate, or wall, be supposed normal 
to the plane of the diagram (Fig. 6:12), which represents the section 
of the plane and the liquid surface, this section being far removed 
from the edges of the plate OF. Of the two principal radii of 
curvature of the liquid surface at any point P, one will be infinite 
and the other will be r, the radius of curvature of APQ at P. 

Taking the z axis horizontally and the axis of y vertically we 
obtain 


, 
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where v=5t¢, the density is p and ds is an element of the periphery. 


S 
Putting —=B? 
25 p 


v v 
-»| sin y de- f'y dy 
n" 
d 
ar y*—2B*(14-cos y), 


when y=04, y-045 where 0 is the angle of contact. Thus 
0 A?*—2B*(1— sin 0). 


6:10. Sessile Drop.—It was shown in Article 6-1 that, under 
the combined action of the earth's attraction on its parts and its 


Fic. 0:19.—SnarE or A Lance Dror. 


own intermolecular forces, a moderately large drop has a form 
intermediate between a sphere and a horizontal plane. Some of the 
characteristics of such a drop may be deduced in the case where the 
liquid does not wet the surface, i.e. if the potential energy is not 
reduced by a spreading of the liquid over the supporting surface, as, 
for example, mercury on glass, or water on porate wax. Suppose 
the drop is sufficiently large, so that its upper surface is horizontal 
and its diameter is large compared with its thickness. A section 
of such a drop is shown in Fig, 6-18. At any point P(x, y) on the 
surface, draw a tangent making an angle y with the z axis. Since 
P is at a distance y below the horizontal surface, the pressure at 
P is p=py+gpy, where Po is the external pressure, But if the 
principal radii of curvature at P are r and R. in and perpendicular 
to the plane of the diagram, respectively, then 


1 
p—8 [+z] +Po 
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and since R is large compared with r, 
S apy, approximately, 


The curvature is Ed where ds is an element of the periphery of 
the drop at P in the plane of the diagram, and since 


dp. dy dy dp, 
ds dy ds dy" "^ ” 


d 
S siny t= ; 
dy m. 
or, ef wiy-s| sin ydy, 
0 0 
which gives Spy? 
2 =S[1—cos y]. 


At the point A, where the tangent is vertical, y=OA'=h, and 
cos y=0. Hence 


LIED Ea) 


At the point of contact B, the angle y becomes 0, the angle of contact, 
and y=OB'=H, the thickness of the drop. Thus 
2 
eH sn —cos0) .  .  . (010) 
and from equations (6:15) and (6-16) both $ and 0 may be determined, 
The assumptions made above that R is everywhere large compared 
with r and that the curvature at the apex is negligible, produce 
errors which, while not greatly affecting the angle of contact, may, 
for drops of the size commonly employed in such measurements, 
amount to as much as 8 per cent. in the value for S, the simple 
formula giving results which are too high. A corrected formula,! 


s-.Ke- oa —n); 


is more nearly exact if g is the density of the air and 7 is the 
positive root of the cubic 
0-6095h 
n=—, 0-9», 
c being the maximum horizontal radius of the drop. For a drop 
with c—2 em. and h=0-8 cm., 7=0-080, 
The same treatment is possible in the case of a large gas bubble 
entrapped under a horizontal plate and within the liquid. In either 
case, a formula of sufficient accuracy has been derived by elementary 


1 See G. F. C. Searle, Experimental Physics, p. 197 (1934). 
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means by Ferguson.' In the expression for the excess pressure we 
have, from Fig. 6-18, 
l siny 1 dp 
>=— and [Usi VAY 
and, putting B? for E 
£p 
Ht . dy 
S 2 mis 
= sin y+B mer 
Neglecting the small term 


y?=2B*(1—cos y), approximately, 
from which 


ay’ Vine 
cos y= a and sin y=" ZB 


Thus E 
31—B3 sin poe V. as 
y’=B sin y Ey; VAB y’. 
The only values of z which make the second term appreciable are 
near to A'A=c¢ and therefore to a sufficient degree of accuracy 
su dy y. rms 
2— p2 pod: ACIE UN 2. 4,2 
y=B sin y. Ea AB y 
and this when integrated gives, after substituting y=0 when y=0, 
1 8B? 
2— 9 BA] —. po! 2.429 4 
y! —2B'(1—cos y) — (4B? y?) + So" 
Therefore 
1 8B? 
C PROS ^T feed 3. p24., 9. 
h?=2B g 4B i 4- ac 
and, after simplification, 
0 sB* XU 
| pm 2 f, "xin Sel A TP 3s. 
H?—AB* cos at a ( sin z) 


the angle 0 being assumed acute. 
A simple method of producing and measuring such gas bubbles 


1 Ferguson, Proc. Phys. Soc., 53, 554 (1941). 
a Bate, Proc. Phys. Soc., 53, 403 (1941). 
* Kingery and Humenik, J. Phys. Chem., 57, 359 (1953). 


FORCE BETWEEN TWO PLATES 188 


where the necessary measurements of H, h, and c were made. The 
metals employed were silver, nickel, iron, and iron-nickel alloys. 

The Bashforth and Adams tables * cover a range of h/c values 
from 0-45 to 1:00 and these were extended by Porter ? below 0:45 
so that, with the Ferguson correction above, a wide range of bubble 
sizes may be used. 

6:11. Force between Two Plates separated by a Thin Layer 
of a Liquid.—If two glass plates are well wetted and placed 
together, it will be found that, although they slide over each other 
comparatively easily, it requires considerable force to draw them 
apart normally. Indeed, in doing so there is great risk of breakage. 
The force required for this normal separation—which measures the 
attractive force produced by surface tension—may be evaluated as 
follows :— 

If the wetted area of each plate is A, its circumference B, and 
the angle of contact 0, while the distance between the plates, which 
are assumed to be parallel, is d, then the normal component of the 
surface tensional force around the periphery is BS sin 0. The pres- 
sure inside the film is less than that outside by an amount S 1-5 , 
where r and R are the principal radii of curvature of the meniscus. 
The former is given by d=2r cos 0 and thus the resultant attrac- 
tion is 

cos 1 9 
Pa2ds (“7° zp) +BS SinÜ  . . (617) 

For most liquids which wet the plates this becomes, with sufficient 
accuracy, 
24S 

d^? 
and with very nearly plane surfaces d will become so small that 
F will be large, showing that the liquid can withstand a state of 
great tension. 

6:12. Force to Pull a Plate from a Liquid Surface.—If a flat 
plate is placed in the surface of a liquid and then raised, a layer of 
the liquid will adhere to the plate and will thus be elevated. Con- 
siderable force is necessary to produce separation by a purely normal 
pull, and the magnitude of this force may be determined by con- 
sidering Fig. 6-14 (a), which represents the state of affairs when the 
liquid, having been raised the maximum amount, h, is about to 
break away. If the area of the plate is 4, and p, is the external 
pressure, the force acting downwards on the top surface of the 
plate is py4. At a point Q just below the plate, the pressure p 
is given by 


F= 


P=Po—&ph, 
1 loc. cit. 2 Porter, Phil. Mag., 15, 163 (1988); 24, 823 (1937). 
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where p is the density of the liquid. Thus the force acting upwards 
is pA— A[p,—gph], and the tension F, necessary to pull the plate 
away from the liquid, is 
F—p,A—A[p,—gph]—Agph — . — . (018) 
To find h, consider the horizontal equilibrium of a slice of the 
elevated liquid, 1 em. wide (Fig. 6-14) (b). Two forces, each equal 
to S, will act tangentially to the meniscus, while the hydrostatic 
pressure P on the vertical rectangular end of the slice acts in the 
same direction. The magnitude of this force is 
Ph=h{po—tgph). 
The external pressure p, will be directed in the opposite direction and 


(b) 
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will produce a force equal to py. Thus, for horizontal equilibrium, 
py—h[py— Mgph]--28, 


or, 


1goh*—28 ; ien f5, 
&p 


Substituting this value in (6:18) we have 


F-24g [5 agg Mes (618) 


If this force is measured by means of a chemical or torsion 
balance, it enables an approximate value to be obtained for S. 
The formula (6-19), however, is only approximately true. and a 
better expression was given by Ferguson! in a form which may 


be stated 
B? B*V9 
F= ee GE AED 5 
nap] rcgi | F . (6-20) 


1 Ferguson, Phil. Mag., 26, 925 (1913). 
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where B is written for mi cà and r is the radius of the plate. Thus 


(6:19) is only the first of these three terms. The last term is small, 
but needs inclusion for accurate work, unless ris over 6 em, It must 
be remembered also that we have assumed the plate to be perfectly 
wetted by the liquid, and thus the expression will be modified if the 
liquid has a finite angle of contact. When equation (6-20) is used 
this method is capable of measuring S with considerable accuracy. 

Adhesion Ring.—By replacing the plate with a ring du Nouy ! 
somewhat simplified the calculation of the adhesion force. The ring 
was of platinum-iridium and could thus easily be cleaned, and the 
radius of the circular wire of which it was made was sufficiently 
small, 0-015 cm., for the weight of liquid elevated to be small com- 
pared with the downward pull due to surface tension. Thus an 
approximation to the adhesion force is given by 

F-—AaRS, 
R being the mean ring radius. But in fact the process of detach- 
ment is more complicated in this case as well, and an empirical 
calibration of the ring may be made ? in which, using liquids of 
known surface tension and with rings having similar ratios of R to r, 
the radius of the wire, graphs may be drawn connecting the dimen- 
3 

sionless variables Bs and ag Then in measuring an unknown 
surface tension, one of these rings is used, or at least one with the 


R Rpg i 
same 7 and, from the measured value of =p > the corresponding 


B value is found. 
6:13. Capillary Ascent.—If a clean narrow-bore glass tube is 
placed vertically with one end below the surface of a liquid, the 
latter will rise inside the tube—except in the case of mercury with 
which a depression occurs—to a level above that in the vessel out- 
side. The height h of this capillary ascent may be calculated by 
considering the forces maintaining the elevated liquid column. If 
h is measured vertically from the bottom of the meniscus to the 
horizontal part of the free surface, the weight of a cylinder of liquid 
of height h, density p, and radius r—which is the internal radius of 
the capillary tube—is balanced by the surface tension acting around 
the contact circle, whose radius is also equal to r. If the angle of 
contact is 0, the equation for equilibrium is 
2nrS cos 0 —nr*?hpg, 
or, rd 
rpg 
~ 2co0 ` s E + (621) 


1 du Nouy, Journ. Gen. Physiol., 1, 521 (1919). 
2 Harkins, Young and Cheng, Science, 64, 838 (1926), 
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This ignores the weight of liquid in the meniscus above the horizontal 
part. Asa first approximation the meniscus is a hemisphere of radius 
r, and the weight of liquid above the horizontal tangent plane to the 
meniscus is 47r%pg. The corrected formula is 


xe de d 
S-g orn] AUC (6:22) 


"Thus the correction becomes appreciable only if, within the limits of 
an experiment, jr is comparable with h. The approximate formula 
may be used with a very narrow capillary tube. 

A further simplification occurs for liquids such as water, alcohol, 
chloroform, ete., whose contact angle is usually assumed to be zero. 


In these cases 
ES t 
S= 2 l4] 


If the radius of the capillary tube is so large that r/h approxi- 
mates to unity, this correction for the meniscus will not be sufficiently 
accurate. For slightly wider tubes the meniscus may be treated as 
having a semi-elliptical section, and the corrected formula 1 is 

r3 


2 
sal Tg; om eoo | 


which is substantially the same as that obtained by Rayleigh ? by 


more complicated analysis, viz. 


sa i+ 


2 3 
z mse, o1; 


8h h hè” 


This degree of approximation gives results accurate to 1 in 2000 
for values of r up to 0:2 h. Beyond this, Sugden ? calculated the 


lier / 
values of ee against r z by the methods suggested by Bash- 


forth and Adams,! In use, an approximate value of S is used to give 
£p 


"AJ 98 from which a corrected value of h is determined from the 
h 
e table. Thus a corrected figure of S is determined, and the pro- 


cess may be repeated until a constant value is found for S. Usually 
no more than two such references to the tables are needed. 

If two vertical plates are placed close together, each with one 
edge beneath a liquid surface, then a corresponding ascent is 


1 Ferguson, Mechanical Properties of Fluids, p. 24 (1925). 
* Rayleigh, Proc. Roy. Soc., 92A, 184 (1910). Pow 
AER Journ. Chem. Soc., 119, 1483 (1921). 

^ cu 
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obtained between the plates. Considering the forces maintaining 
equilibrium of the elevated liquid, it may be shown that 


mE dfg T 
Sez cos |" ta? 2 
dpa : 
—g os pU 0:107d], 
where d is the distance between the plates. If 0—0, this becomes 
s— i Lo074] 


and if d is very small compared with h, the equation reduces to 


or 
hd —constant. 


This is the equation to a hyperbola with the axes as asymptotes, 
and it gives the shape of the surface line between the plates when 
they are inclined at an angle to one another in a horizontal plane. 
It should be remembered, however, that this is true only when the 
separation distance is small. 

6:14. Measurement of Contact Angles.—The direct measure- 
ment of contact angles is difficult and uncertain. More accurate 
and consistent values are obtained by measuring the surface tension 
separately by two methods, one of which is independent of, and the 
other involving in a known manner, the angle of contact. Thus 
Jaeger's method may be combined with an experiment such as that 
due to Wilhelmy,! in which the additional force, due to surface 
tension, on a plate suspended vertically from a balance-arm is 
measured. If the lower edge of the plate is in the level of the 
undisplaced liquid surface, the equation of equilibrium is 

mg=Sl cos 6, 
where mg is the additional weight required to balance the vertical 
effect of surface tension, and / is the length of the line of contact, 
This method is superior to the capillary tube experiment, Since 
the plate is easily cleaned and its contour line can be accurately 
measured, 

After reviewing this and other methods Ferguson ? suggested 
that direct methods, e.g., the tilting of a plate until the liquid met 
the plate without meniscus formation, are probably preferable, 

6:15. Measurement of Surface Tension by Means of Ripples. 
—The rate at which short waves or ripples travel over the Surface 
of a liquid depends on the surface tension, their velocity, c, being 
given in Article 18-9, 


22S | ga 
2 8 
M pa tow 


1 Wilhelmy, Pogg. Ann., 119, 176 (1863). ? loc. cit, 
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where A is the wave-length. Rayleigh * and Dorsey ? „used these 
ripples when determining the surface tension, by causing a style 
attached to an electrically maintained tuning-fork to touch the 
liquid surface. A coperiodie ripple system was formed and viewed 
stroboscopically by means of another fork having the same frequency. 
The ripples then appeared stationary and the wave-length could be 
measured. If n is the frequency of the fork, v=nå, and 


sate got 
Du 


In the case of mercury, the procedure may be simplified by using the 
mercury in the fork circuit. Each time the platinum wire, which is 
attached to the prong, leaves the surface of the mercury, a small 
spark occurs at the same phase of the ripple formation, and the 
system, viewed by means of this spark illumination, appears at rest. 
The wave-length is measured by means of a travelling microscope, 
and for n=100, 4 is about 8 mm. Since the wave-length is raised to 
the third power, it is this measurement which limits the accuracy of 
the experiment. 

A review of possible stroboscopic methods of illumination which 
render possible the projection of ripple images upon a screen has 
been given by Tyler.? This improves the accuracy of measurement 
of the wave-length, and Tyler shows that the most satisfactory 
method of utilising the results consists in graphing An? against z 
and measuring the slope of the resultant straight line. Another 
measurement of considerable precision was made by Brown,‘ in 
which current from a valve oscillator was used to produce both the 
ripple system and its intermittent illumination. 

6:16. Surface Tension and Temperature.—The surface tension 
of all liquids decreases linearly with rising temperature, over small 
Ne og ad ranges, so that the surface tension S, at t? C. is given 

y 


S,;=S,(1—at), and ———k, 


sei S, is the value at 0? C., æ is the temperature coefficient, and 
t—Syx. 

At the critical temperature the value of S is zero, and the inter- 
face between liquid and vapour disappears, so that the absolute 
value of the surface tension depends on how far the temperature is 
from the critical value. Van der Waals suggested the relation, 


2 
S7=A z) 


1 Rayleigh, Phil. Mag., 30, 386 (1890). 
2 Dorsey, ibid., 44, 369 (1897). 3 Tyler, ibid., 31, 209 (1941). 
* Brown, Proc. Phys. Soc., 48, 312 (1936). 
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where Sp is the surface tension at absolute temperature T, and T, 
is the critical temperature, 4 being a constant for a given liquid. 


From this 
vas t T 
Agl TSEN Ep 


and both S and E are zero at the critical temperature. 


EPA 
Sre (1-7) A 


where n varies for different liquids, but is in the neighbourhood of 
1:21, is more accurate.’ 

In practice, however, the surface tension curve approaches the 
critical point tangentially, and becomes negligibly small at some 
degrees below the critical point. 

If M is the molecular weight and p the density of the liquid, the 
surface area occupied by a gramme molecule, assuming the molecules 


A modified formula 


are symmetrical in shape, is proportional to Ge». and is known 


as the molar surface. 'The surface energy in the molar surface is 
proportional to sQ , and is termed the molar energy, so that 


(P) -xa.-n. 


K being a universal constant of approximate value 2-2. "This relation 
is known as Eötvös’ Law,* which states that the molar free surface 
energy of any liquid should be proportional to the difference between 
its temperature and the critical temperature, and to a universal 
constant. This law is analogous to the gas law po— RT, where po 
corresponds to the free molar energy of the gas. Ramsay and 
Shields 3 modified the relation giving 


s(Z) -xar 


where (T,—ó) is the temperature at which the surface tension 
vanishes. This may be written 


d MN]. A 
a5] constant K, 


and, as already stated, K is 2-2 for many liquids. With some organic 
liquids, however, much higher values of K are obtained, and this is 
1 Ferguson, Trans. Far. Soc., 19, 408 (1923). 


2 Eötvös, Wied. Ann., 27, 448 (1886). 
? Ramsay and Shields, Zeits. Phys. Chem., 12, 433 (1893). 


190 SURFACE TENSION 


explained by the now generally accepted theory of molecular orienta- 
tion in the liquid-gas surface. A high value of K corresponds to an 
arrangement of the molecules with their greatest dimension placed 
normally to the surface, and, from the value of K for a substance, 
interesting conclusions may be drawn as to the orientation of its 
surface molecules. 

A more satisfactory relationship between the molar free energy 
and temperature is obtained by taking into account the effect of 


the vapour atmosphere above the liquid, and Katayama 1 suggested 


the definition of the molar free energy E, as S|, *, p; being the 
EXP 


vapour density. "Then it is found that 
E,—a(T,—T), 
Where a is a constant. a 
From equation (6:1) we see that the total surface energy E is 
greater than S, and since S is approximately constant, so that 


dE as : 
dp -TIT =0, approximately, 


the total surface energy remains constant over a considerable range 
of temperatures, From a critical examination of the total surface 
energies of various liquids, Langmuir ? and Harkins 3 have concluded 
that pure liquid surfaces consist of a layer of oriented molecules, 
with their active parts drawn inwards. In the case of water, for 
example, there is supposed to be such a layer of directed molecules, 
while with benzene the molecules probably lie on the surface in 
a flat ring. 

It must be remembered, however, that these surface molecules are 
continually evaporating and recondensing on the surface, the rate of 


evaporation and recondensation being given by TF where p is 
the vapour pressure and C, is a constant. In the case of water at 
20° C. the rate of evaporation is about 102? molecules per sq. em. 
per sec., so that the life of a molecule on the surface is only about 
10-7 seconds, and during this time the molecule must become oriented 
in a vertical position about which it oscillates. Since the moment 
of inertia of a molecule is extremely small, the short time available 
He taking up a definite position does not necessarily invalidate the 
theory. 

6:17. Liquid—Liquid Interfaces.—It is to be expected that, at 
the interface between two immiscible liquids, a new phase will come 
into existence possessing a definite surface energy dependent on the 

* Katayama, Tohoku Univ. Sci. Rep., 4, 873 (1916). 

2 Langmuir, Amer. Chem. Soc. Journ., 38, 2221 (1916). 


Gk d ibid., 39, 354 (1917) ; 39, 541 (1917); 42, 700 (1920); 43, 35 
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composition of the two liquids. Antonow! stated that the inter- 
facial tension between two liquids in equilibrium is equal to the 
difference between the surface tensions of each separately. "This rule 
applies only to mutually saturated solutions. Since the surface 
tension of one is often reduced by the addition of the second, the 
measurements must be made with the liquids in equilibrium. For 
example, the difference between the surface tension of an aqueous 
layer on benzene and that of a benzene layer on water is equal to 
the tension of the water-benzene interface. The following results 
obtained by Reynolds ? may be quoted in support of this rule :— 


TABLE 6-1.—INTERFACIAL SURFACE TENSIONS 


| Surface Tension | Tension of 
in Interface 
dynes per cm. S for in dynes per em. 
Liquid. |- £s rtis MY el seh b [i 
| | Liquid. 
Water Liquid Cal- Ob- 
Layer. | Layer. | culated, | served. 
DEPT E ke RE e | L 
Benzene . . . . 63:2 28:8 28:4 944 9444 
Ether . . . . 28:1 17-5 177 10:6 10-6 
Aniline . . . . 46-4 42:2 41:9 42 48 
Chloroform . . ; 59:8 26:4 27.2 33:4 39:8 
Carbon tetrachloride . . 70:2 267 26-7 43-5 49:5 
Amylaleohol . . . 26:3 21:5 244 48 48 
Cresol . ` . . 97.8 84:3 971 9:5 99 


Since the interfacial tension between two liquids can be expressed 
as the difference of two surface tensions, the value is, as a rule, small, 
and increases as the solubility in the second liquid diminishes. It 
also decreases with rise of temperature. 

A consideration of the magnitude of various interfacial tensions 
leads to interesting conclusions concerning chemical constitution. 
Thus if S4, Sa and $,, are the surface tensions of two pure liquids 
and of their interface, then, by Antonow's rule, 

S14-837 S1, 
and during the process of mutual saturation there will be a decrease 
in the free energy of the system. "The work of cohesion, which is 
the work done when a liquid of unit cross-section is pulled apart 
against the cohesive forces, is given by 
W.=2S,, or 2S, 
for the two liquids, respectively. The work of adhesion W, is the 
work required to separate a composite layer, consisting of two liquids, 
at the junction, and is evidently equal to the decrease in free energy 
when the two liquids are brought into contact, i.e. 
W,28,4-$,—83. 


1 Antonow, Journ. d. Chim. Phys., 5, 872 (1907). 
2 Reynolds, Journ. Chem. Soc., 119, 460 (1921). 
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A break should occur with the least expenditure of energy, and 
so the molecules are oriented at the surfaces such that this work of 
separation is a minimum. On this theory, W, for some liquids 
should be the same. For instance, the molecules of octyl alcohol 
should orient themselves so that the break occurs between parts of 
the molecule which are similar to those parts of the octane molecule 
at which a break occurs, i.e. between the ends of the hydrocarbon 
chains. We should, therefore, expect W, to be the same for octane 
as for octyl alcohol. Harkins! finds the values slightly different, 
and he accounts for this by assuming imperfect orientation due to 
thermal agitation. 

Similarly, with an octyl alcohol-water interface, the polar groups 
of the aleohol molecules are immersed in the water and, to separate 
the surfaces, polar groups must be separated from their strong mutual 
attraction. In this case W, must be large. Differences between W, 
for an organic liquid, and W, for the liquid and water, is a measure 
of the asymmetry of the organic liquid molecules. 

The interfacial tension between two liquids may be measured by 
the drop-weight method.? In this experiment the weight mg is found 
for a drop of one liquid, density p,, falling from a tube, of external 
radius r, which dips below the surface of the second liquid of density 
pz If the detachment is regarded as a case of approximately static 
equilibrium, at the moment when the pendulous drop has a cylindrical 
form where it is attached to the tube, the equation of equilibrium 
of that portion of the drop which is hanging is 


mg 21—Pa) ae 2) +-par?=2n7S >, 
1 
where p is the excess pressure inside and is equal to Sa Thus 


TS 101 
Mae, 


&(P1—P2) 
But the detachment of the drop is essentially a dynamical problem 
for which dimensional analysis gives 3 


Sisrp È Sis ] 
m——————4| ——32— |, ` . (623 
Zeod lerem en: 
where $ is some function of the non-dimensional variable 
Sis 


grip.) 
The same problem was attacked by Harkins and Brown who 
observed that the non-dimensional quantity S must be determined 


? Harkins, Amer. Chem. Soc. Journ., 38, 228 (1916); 42, 700 (1920). 
? See Guye and Perrot, Arch. Sci. Phys. et Nat., 11, 225 (1901). 

3 Article 14-15. 

* Harkins and Brown, Journ. Amer. Chem. Soc., 1, 499 (1919). 
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by the values of the other non-dimensional ratios a and P where 


V is the volume of the drop and B is written for A as before. 


Thus 
KOKE 


Using liquids of known S, thus giving B, the values of 7E and 5 


were obtained together with Tt Curves were then drawn connecting 


E een d Eon 
(a) yi with SP wv él) 
A osea VS ir 
(b) B with SP T sial: 
This was done with water, benzene, carbon tetrachloride, and ethylene 
dibromide and the points for different liquids and different tips fell 


smoothly on the same curves. Therefore these curves could be used 
subsequently to find an unknown surface tension by determining 


m and r. Then Ti can be calculated, and the graph determines 


the value of $ 7 or sé from which S is directly derivable. 


Instead of using the graph with its unavoidable limit of accuracy, 
the reference may be made to the tabulated values from which the 


graphs were constructed and, since the tabulated values of 5 with 


f [5] are obtained with greater smoothness, it is preferable to deter- 


mine [ra] from the one set of results, transfer this value to the 


other set, and thus obtain 5 from which S is calculable. In the 


paper cited it is recommended that for greatest accuracy the time 
of formation of each drop should be between 8 and 10 minutes, 
the size of tip should be selected so that r/B lies between 0-85 and 
1:85 although the tabulated values cover r/B ratios from 0:85 to 
9-68. If, in addition, the tip used is from a thick-walled capillary 
and care is taken that its end is truly flat and the edges sharp then 
this method of measurement is of good accuracy. 

A modified form of drop weight experiment which needs only a 
single calibration has been described by Brown and McCormick.? 


1 Brown and McCormick, Phil. Mag., 39, 420 (1948). 
G.P.M.—O 
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A conical tip is used and liquid flowing slowly down its outside 
surface gathers at the bottom forming drops at the rate of about 
one in five minutes or longer. A dimensional argument shows that 
the volume V of each drop is given by 


V—EkB*9(0) 
where is the semi-vertical angle of the cone and the function. 
$(0) is constant for a given tip. In these circumstances we have 


S3 /m,\?/p ) 
3— Am? es SETS (eee (/a 
S8=Am% and 33 ( ) s 


where 4 is an instrumental constant, m the mass of a drop and p 
the liquid density. Since this formula is true for any one value of 0 
it should apply also to the formation of drops on the underside of 
2 horizontal plate and experiment verifies this. If the value of an 
interface tension is being measured, and strictly all are interface 
tensions, it is obtained by substitution in 


sg. (mn—m)s 


T 
"(5) 
m; being the mass of an equal volume of the lighter fluid. 
Lord Rayleigh,! using water drops in air, showed that the value 


of the non-dimensional variable in equation (6:23) was nearly constant 
at 8-8 for a large variation in r, Therefore 


mae 9Sufpi, 
&(P1—Pa) 


If the drop forms in air so that p, may be neglected, the tension 
S of the liquid-air surface is given by 

mg=8-8Sr, 

The weight of one drop is obtained by collecting and weighing 
a known number of drops, and the value of r should be about 8 or 
4 mm. The method gives accurate values, and is probably the best 
means of measuring the tension of liquid interfaces, the chief diffi- 
culty being the exact determination of the mass of the detached drops. 
If these fall into a pyknometer with a capillary neck ? and the mix- 
ture of liquids up to a mark on the neck is weighed, then a second 
weighing, made with the same volume of the lighter liquid filling 
the vessel, will give by difference the quantity m(p,—p,). 

The Wilhelmy method, in conjunction with a torsion balance, may 
also be used for measuring interfacial tensions. The two liquids are 
contained in a beaker, and the vertical plate, suspended from the arm 
of the torsion balance, is fully immersed in the upper liquid. When 
the beaker is raised, equilibrium is maintained until the interface is 
reached. Then the additional pull on the plate forces it downwards 

1 Rayleigh, Phil. Mag., 48, 321 (1899). 
? Ward and Tordai, J. Sci. Instr., 21, 143 (1944). 
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from the balanced position. The plate is restored to its original 
position by twisting the torsion head, and the angle of twist measures 
the force lS, where 1 is the horizontal perimeter of the plate and 
Sa is the interface tension. This assumes that the angle of contact 
is zero or, more accurately, that cos 0 does not vary appreciably 
from unity. 

6:18. Surface Tension and Other Constants of the Liquid.— 
Several attempts have been made to connect the surface tension of 
a liquid with its other constants. For instance, Macleod 1 showed 
that, for any given liquid at different temperatures, 

S=C,(p—p,)4, 
where C, is a constant and p, p, are the densities of the liquid and 
saturated vapour, respectively. 

Attempts to test the Macleod law in its generalised form, 
S=C,(p—p,)", by a logarithmic graph of S and (p—p), show that, 
for many liquids for which the power law is closely followed at lower 
temperatures, there are considerable deviations from the Macleod 
law in the neighbourhood of the critical temperature. Moreover, in 
the range for which the logarithmic curve is linear, there are devia- 
tions from the value n—4. These are sufficient to produce appreci- 
able errors into the numerical value of the parachor, if the common 
practice is followed of taking the fourth root instead of the nth root 
in the calculation for the parachor. 

Richard and Matthews ? found that, for a large number of non- 
associated liquids, 

Sp$— constant, 
where f| is the compressibility. Finally, Bennett and Mitchell ? 
showed that, as already mentioned, the total surface energy E is 
constant over a large range of temperatures, and suggested this 
relation as a test of association into molecular aggregates. 

6:19. The Parachor.—Macleod's equation, given above, can be 
written in the form :— 


M ost 

PSR 
and since both M and C are constants for a given liquid, MSt/p is 
constant. It has been termed by Sugden* the parachor of the 
substance, and is independent of temperatures over a wide range. 
Neglecting p, in comparison with p, we may express the parachor, 
P, in the form 

P-—VSt, 


where V is the molecular volume of the substance. Thus we may 


1 Macleod, Trans. Far. Soc., 19, 38 (1923). 

? Riehards and Matthews, Zeits. Phys. Chem., 61, 49 (1908). 

2 Bennett and Mitchell, ibid., 84, 475 (1913). 

* Sugden, Journ. Chem. Soc., 125, 82, 1177 (1924). See also The Parachor 


and Valency, by Sugden (1930). 
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regard the parachor as the molecular volume of a substance when 
the surface tension of the latter is unity, and parachors of different 
substances should be proportional to the molecular volumes, at 
temperatures at which the liquids have the same surface tension. 
For example, the ratio of the parachor to the molecular critical 
volume V, of a given compound should be constant for all substances, 
as illustrated in the following table :— 


Substance. | r Ito | P/V, 
| | 

Hydrogen | 851 | 46-9 075 
Benzene . - . .| 2063 256-1 0:81 
Chlorobenzene . * . | 2445 307-8 0:80 
Methylether . ? SI 217 281-9 0-75 
Carbon tetrachloride. | 2199 | 2761 | 0-80 
Methyl formate z .| 1886 | 1720 | 0-81 
| 0-76 


Ethyl acetate . . .| 2171 286-0 


The additivity law applies also to atomie parachors, so that by 
subtracting from the parachor for a paraffin, C,Hyn+2, that for n CH, 
groups, as determined above, the parachor equivalent to two atoms 
of hydrogen can be found. Thus the atomic parachor of hydrogen 
can be determined, and in a similar manner other atomic parachors. 
The most interesting applications of the parachor have been made 
in connection with problems of chemical structure. 

6:20. Surface Tension of Solutions.—We have hitherto re- 
garded the boundary separating two phases, such as liquid and 
vapour, simply as a geometrical surface, upon one side of which 
there is a phase of uniform properties, and on the other a second 
phase, everywhere distinct from the first and homogeneous in itself. 
Actually this is not the case, nor do the contiguous layers shade, as 
it were, rapidly but continuously one into the other. We must 
regard the boundary as a film or lamina of finite, though minute, 
thickness, consisting of an entirely different phase with definite and 
measurable properties. 

With solutions, the composition of the interface phase, or surface 
layer, is mostly different from that of the solution itself in bulk. 
In the case of a pure liquid, the interface energy is a minimum—as 
indeed it must be for all interfaces—but with pure liquids S is con- 
stant, and the energy can decrease only by a contraction in area. 
With solutions this is not so, for the surface tension varies with the 
concentration, and the possibility exists that S tends to a minimum 
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value with changing concentration. To effect this, the surface layer 
must be more dilute than the remainder of the solution, if $ increases 
with concentration. If, on the contrary, S decreases as the con- 
centration is raised, then the dissolved substance will collect in the 
surface layer. This enrichment, or impoverishment, of the surface 
phase does not continue indefinitely, for a point is reached at which 
the action is balanced by the counter-movement due to diffusion. 
The excess, or deficiency, of solute in the superficial phase may be 
calculated by Gibbs’ equation, which may be developed from his 
adsorption theorem. 

6:21. Gibbs’ Adsorption Theorem.!—Consider a solution of 
which the surface, area A, and the volume, v, are subjected to 
independent reversible alterations, and let the osmotic pressure of 
the solute be p. Then the work done on the system by increasing 
the area by dA—the volume remaining constant—is SdA, and that 
on increasing the volume by do—the surface remaining constant—is 
pdv. These operations may be performed successively, and the final 
result is independent of the order in which they occur. Hence 


S4— (p fia) do= -piot (ss toa, 


so that 

d$ | dp 

do dA ' : 3 s 
"Thus the surface tension will vary with the volume of the solution, 
i.e. with the concentration, only when the osmotic pressure depends 
upon the surface area, In other words the concentration of the 
solute in the thin surface film, which is the seat of the capillary forces, 
must be different from what it is in the bulk of the solution. If 
there is an excess concentration within the surface, any surface area 
increase will result in the removal of a certain amount of solute from 
the interior of the solution, and the osmotic pressure within the latter 
will decrease. Let C, be the number of gram-molecules of the solute 
in the bulk of the solution originally, and C, the number of gram- 
molecules of solute, per sq. em. of the surface, which are withdrawn 
from the interior of the solution. Then the final concentration C 
in the interior, upon which both the osmotic pressure and the surface 


tension depend, will be given by 


(6:24) 


cult ACs, 
v 
Thus 
d$ d$ dC — C dS 
dv dC dv v dC 
and 


USTEDES: 
1 See Milner, Phil. Mag., 13, 96 (1907). 
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Utilising equation (6-24) 


If the osmotic pressure obeys the ordinary gas laws, then p=CRT 
and so 

c aS. 

RT dc 
Tn all inorganic solutions the surface tension increases linearly with 
concentration, so that C, is negative, C,/C is constant, and there is 
a defect of salt in the surface film of an amount proportional to the 
concentration. 

Gibbs’ theorem has been verified experimentally and the field 
which it covers is very wide. Thus the addition of a solute to a 
solvent will cause marked changes in the composition of the surface 
phase, if the solvent and solute possess different surface tensions. 
For example, on the addition of a material of low surface tension 
to water, the surface phase becomes rich in the solute and the surface 
tension of the solution will fall rapidly. 

The surface-tension-concentration curve for mixtures of two 
substances will, as a rule, run a simple course between the surface 
tension lines of the two substances, For a number of aqueous 
solutions in which the surface tension is greater than that of water, 
e.g. sodium chloride, sugars and glycerine, 


C= 


Sr—S$x 
Um UR A 


where Sz, Sm are the tensions of the solution and water, respectively, 
kis a constant, and C is the concentration. J. aeger ! found a similar 
behaviour in the case of solutions of benzoic acid, camphor, aniline, 
naphthalene in methyl and ethyl alcohols. On the other hand, 
substances which lower the surface tension of water are alcohols, 
aldehydes, fatty acids, camphor, etc. Considerable lowering of the 
surface tension is caused at low concentrations, but at intermediate 
and high concentrations, Sz, changes comparatively little and mostly 
tends towards the value possessed by the organic liquid. An experi- 
mental formula proposed by Szyszkowski ? to represent the change is 


Su—SL C 
Su =b log (GH), 


where k and b are constants. 

The marked lowering of the surface tension of water by small 
amounts of some substances is evident in many phenomena. Thus 
ether vapour produces a lively motion in a water surface, as the 
lowering of Sz does not proceed equally strongly at all parts of the 


1 Jaeger, Wien, Akad. d. Wiss., 101, 158 (1892). 
* Szyszkowski, Zeits. f. Phys. Chem., 64, 885 (1908). 
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surface, and the water is drawn from a place with lower surface tension 
to one where the surface tension has a higher value. The same local 
differences in Sz, cause the motion which pieces of camphor exhibit 
upon a pure water surface. It is actually the camphor vapour which 
is responsible for this effect. 

6:22. Theories of Capillarity.—Many attempts have been made 
to associate the results of surface tension with the conception of 
intermolecular forces, and their variations are due mainly to the 
possible hypotheses regarding surface structure and the law of force. 
The Newtonian law of gravitation, t.e. the inverse square law of 
attractions, is not adequate to explain capillary phenomena, and 
various alternatives have been suggested. In one of the early 
attempts, Young? solved many of the problems of capillarity, 
including most of those afterwards treated by Laplace,? by assuming 
that intermolecular action was the resultant of two opposed types of 
force; one, an attraction which remains constant throughout its 
effective range, and the other a repulsion which, though preponderat- 
ing at very close distances of approach, decreases rapidly with 
distance. Young's explanations were rendered obscure by bis 
avoidance of mathematical symbols. 

Laplace ? offered a treatment of the subject which was entirely 
mathematical, while his results agreed in many respects with those 
of Young. He investigated, without assuming any special distance 
law of attraction, the force acting on the fluid contained in an 
infinitely thin canal normal to the fluid surface and arising from the 
attraction of the fluid outside the canal. The pressure at a point 
in the interior of a fluid was of the form 


17 1 
p=K H( een) 
where K is a constant pressure which is probably large but which is 
not a surface effect, and k is another constant upon which all capillary 
phenomena depend. 

Gauss * in 1830 developed the principle of virtual displacements 
into practically what is now called the conservation of energy, and 
by its means he formed an expression for the total potentials arising 
from the action between each pair of particles. This aggregate— 
which with reversed sign is now called the potential energy—is the 
result of three different actions : 

(i) The external effect of gravity ; 

(ii) The mutual actions of the fluid particles ; 

(iii) The interactions between the fluid and its boundary media. 

The condition of minimum potential energy gave the equation to 
the free surface in Laplace's form, and also indicated the conditions 


1 Young, “ Cohesion of Fluids," Phil. Trans., 95A, 65 (1805). 
? Laplace, Mécanique Celeste, Suppl. to Book 10. ? Laplace, loc. cit. 
4 Gauss, Principia generalia theorie figure fluidorium in statu equilibrii. 
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governing angles of contact. Thus Gauss supplemented the results 
of Laplace's theory. it 
In 1881 Poisson published his New Theory of Capillary Action in 
which the chief advance was the suggestion, for which he gave 
strong reasons, that there is a rapid variation in density near the 
liquid surface. Laplace's assumption of uniform density is not 
necessarily true—indeed, as we have seen, recent developments 
indicate that it is certainly not the case—and thus Poisson rendered 
valuable serviee in directing attention to this fundamental point. 
Gauss' method has been modified in the light of Poisson's sugges- 
tion and its language brought more into line with modern descriptions. 
Because of the influence which it has exerted on surface tension 
theory, a brief indication of Laplace's method will now be given. 
In Fig. 6:15 AB is the boundary surface of the liquid, P, any point 
in 4B, and CD, the tangent plane at P. A narrow cylinder PR is 


o 
Fic. 6-15,—Lartace’s THEORY or CAPILLARITY, PRESSURE INSIDE A 
CURVED SURFACE, 


described, having its length normal to the surface at P and with 
cross-sectional area. At a distance PQ—equal to the extreme range 
of molecular action—a surface FQG is drawn parallel to APB. 
Thus the liquid between APB and FQG represents the surface layer 
in which the surface effects are built up, and the molecular pressure 
produced at Q will relate also to all points in QR, or QR continued. 
It is thus necessary to deal only with the transition distance PQ. 
Laplace assumed that the attraction between two elementary masses 
m, and m, whose separation distance is r, is given by 
F-m,.f(r), . i ; . (6:25) 
where f (r) is a function of the distance, such that when r is indefinitely 
small, F is large but finite, while, when r equals ro, the range of 
molecular action, F is zero. The cylinder PR is maintained in 
equilibrium under the action of the pressure at R and the attraction 


Po 
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along PR of the rest of the liquid. If we suppose the liquid to extend 
up to CPD, the attraction thus calculated will differ from the true 
value by the amount contributed by the liquid between APB and 
CPD, both reckoned in the direction PR. But since the latter 
evidently acts along RP, it must be added to the former. Let the 
attraction of the completed liquid be Ka, where K is a constant. 
At a point M erect a small element of length MN, width in the 
plane of the diagram dz, and breadth at right angles to the figure 
w.d0, where 0 represents the angle between the tangent PC and that 
nt P in one principal plane, PM =a, the principal radius of curvature 
being F4. If the radius of curvature in the plane of the figure is R, 


2 
then MN=5, and if PE=z and EM —r, then by (6:25) the attrac- 
tion on an elementary mass dm at E is 

a? 
F=ding peda .pd0. f (r), 
where p is the liquid density, and the component of this force along 
QP is 
; a z 
Z-—pdm;pdr. d). f(r). 
But since 
A cos*0 , sin? 0 
ER RH, B, 
where R, is the other principal radius of curvature, we have, on 
integrating this expression from 0—0 to 0—27, 


n EAA 
yim ne da .f (r), 
and since r$—2?--2*? and ada=rdr, the last expression becomes 


Spin (ety, n mr .  . (920) 


Let 

f(r)ir- — d$). 
Since f(r) diminishes as r increases, (7) is positive. On integrating 
(6-26) from r—z to r—r, or co, we obtain 


Petej emma so. em 
But 
$(co)-0. and J Pater - +2 p. 
Hence 


l^ rage) ord 2 | ntn. 
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and thus (6:27) becomes 
oiim [rb A : . (0:28) 
1 2, z 

Again, define a function y(r) such that r¢(r)dr=—dy(r), y(r) being 

positive and y(o0)—0. Then (6-28) becomes 

1 el 

5 ts j è . (6:29 
von gren (6:29) 


But dm=padz, where dz is the thickness of the element at E, measured 
along PQ, Thus we have for the meniscus attraction, 


e gren 


and this, integrated from z—0 to z=r or oo, gives the action of the 
meniscus liquid on the cylinder PR. Putting 


[rn 


(6-29) becomes 
1 


xor ener 

7to*«H. [z^ ral . 

If p is the molecular pressure at any point in PR below Q, we have 
To 
poa Ka--7tp*«H late 
or, 

p- Kis eg] RIO LEES I s0) 

Rı R, 


Thus the distance function y(z) is connected with the surface tension 
S by the relation 


pH =p? ptas, sco OBS 
0 


and from (6-30) we have the following results: 
(i) Inside a liquid with a flat surface the molecular pressure is K, 


which was called by Rayleigh the intrinsic pressure and is the -= 


y? 

term of Van der Waals’ equation (see Article 8:15). 

(ii) The pressure within a liquid, bounded by a convex surface, 
is greater than K by an amount zp*H (ae d 

1 2 

(iii) Both of these molecular pressures are built up in a surface 
layer of thickness equal to the range of molecular action. 
$ To find the relation between K, To and y, consider Fig. 6-16 (a) 
in which PR is a similar thin cylinder of the liquid whose bounding 
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surface is MP, and its cross-sectional area is again x. Then Ka has 
been defined as the attraction of the remainder of the liquid on the 
cylinder. Construct a coaxial thin cylindrical shell of radius PM =g, 
and thickness dz, extending indefinitely into the liquid. Let MA=y, 
and consider an element at 4 of length dy and depth, perpendicular 
to the figure, db. Its mass will be p.dadydb, and its attraction on a 


mass dm at B is 
p. dm .dadydb .f(r), 
where r=AB. The vertical component will be 


p. dm.dadydb.f(r pe, see eh ee un:32) 
where z—PB. But since r?*—2?--(z —y)?, then, keeping both æ and z 


(a) (5) 


Fic. 0-16.—LaPLACE'S THEORY Or CaPrLLARITY. INTRINSIC PRESSURE 
AND LATENT HEAT OF EVAPORATION. 


constant, rdr=(y—z)dy, and (6:82) becomes, on integrating from 


r=BM=a to r—oo, 
p-dm.dadb.d(a) . i d . (6:88) 
Maintaining æ constant, the integral of db around the cylindrical shell 
is 2z:2, and so we obtain from (6-33) 
p. dm .2:da . (a), 
and this must be integrated from a=0 to z— oo. Since vdz—ada, 
the limits for a are a—z and a— oo, and thus 
e 
2apán | ad(aMa-—?2mpdm.w(z)  . . (6:84) 
z 


If the element of mass dm is due to a thickness dz of the cylinder 
PR, we have dm=padz, and integrating (6:84) from z=0 to z= oo 


© 
Kang | y(z)dz, 
[] 
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or, 
K=2ap*| “yds à ‘ + (6°35) 
From (6:35) and (6-31) we ds 
2| y(z)dz 


LJ 
Since the denominator must be less than nf p(z)dz, 
o 


ES or 7 Een 
C Lon 
For water, S may be taken as 78 dynes per cm., and Van der Waals 
gives K=10,500 atmospheres or 10-5 10° C.G.S. units. Thus, for 
water, 
146 x 10-? 
r>- Jos 
Equation (6:34) shows that the attraction on a particle of mass dm, 
at a distance z below a flat surface, is 
27pdmy(z). 
In moving this particle an extra distance, —dz, towards the surface, 
the work done is —27:pdmy(z)dz, and thus to bring the particle to 


the surface, from well inside the liquid, requires a total expenditure 
of work W equal to 


214X10-5 em. 


S K 
2apdm f" PU UI 


When at a distance z above the surface the attraction of the liquid 
will be 2xpdmy(z), for (Fig. 6-16) (b), if through C, such that BC— BP, 
a surface is constructed parallel to the true surface, the attraction due 
to the liquid between B and P is equal and opposed to that of the 
liquid between B and C. "Therefore, in taking an element dm from 
the surface to a distance outside the range of attraction, an equal 
expenditure of work is required. Thus the total work in evaporating 
the element dm is, ignoring work done against external pressure, 
2W=2Kdm/p, 
but since dm /p—dv, the volume of the element, the internal work done 
in evaporating unit volume of the liquidis 2K. Thus 2K —pL; where 
Lis the internal latent heat. For water at atmospheric temperature 
(15° C.) the internal latent heat is about 556 calories, or 556 x 4-2 x 107 
ergs, and this gives 
K=278 x 42 x10? 
=11-7X10° C.G.S. units, 
which is of the same order of magnitude as Van der Waals’ results. 
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Laplace's theory is usually criticised because he assumed uniform 
density, and, also, the integration methods are not above suspicion. 
It must be remembered that the upper limit of integration ry is 
comparable with molecular dimensions, and, on this scale, a liquid 
has not the homogeneity, tacitly assumed in an application of the 
integral calculus. Tt is particularly difficult to realise what the lower 
limit z—0 means. Even if molecules may be regarded as rigid 
spheres, and tbat true collisions occur, the closest distance of approach 
of their centres would be the molecular diameter. It is this distance 
which forms the lower integration limit. Additionally, the separation 
distance between the molecules of a liquid is comparable with the 
size of the molecules, and thus it is only over very much larger 
distances than rg that the liquid may be regarded as homogeneous 
in structure. To some extent this objection is countered by the 
undefined character of the distance function y(z) but we should 
expect the two effects to produce real divergences between the pre- 
dictions of the theory and the results of experiment. For example, 
the theory does not give correctly the dependence of surface tension 
on temperature in the neighbourhood of the critical point. 

Modern theory suggests that the interface is a special phase, and 
its thickness may be assumed equal to the radius of molecular action, 
All layers of molecules lying at the boundary, which have properties 
different from those of the molecules in bulk, may be regarded as 
belonging to the surface layer, and all layers which still have above 
them, in the direction of the vapour, sufficient molecules to exert the 
regular internal pressure attraction are under similar conditions of 
internal pressure. This necessary thickness is also equal to the range 
of molecular action, and thus the total transition layer will be of 
thickness equal to twice the radius of molecular activity. Many 
considerations lead to the conclusion that the latter is not sensibly 
greater than the diameter of the molecule, so that the transition layer 
at the boundary of two phases would consist of two unimolecular 
layers, one in each phase. Einstein ! has shown that the radius of 
molecular action is equal to the diameter of the molecule, i.e. that 
only adjacent molecules are under the influence of mutual forces, 
and he considers the surface layer to be a particular phase of 
unimolecular thickness. 

It has been shown by Langmuir ? that films do occur which are 
only one molecule in thickness, such, for example, as the very thin 
films of oil and other substances on water. If C, is the surface con- 
centration in gramme molecules per square centimetre of a uni- 
m lecular layer, then the surface area occupied by each molecule is 


where N,, is the number of molecules in a gramme molecule. 


a 1 
EE CN. m : : 
He measured a by dropping a known quantity of oil on water, and 
stretching this oil film until its measured surface tension changed. 
1 Einstein, Ann. d. Phys., 34, 165 (1911). 
? Langmuir, Amer. Chem. Soc. Journ., 38, 2221 (1916). 
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This occurred when the film occupied its maximum area, i.e. when it 
was only one molecule thick. His values, calculated for different 
substances, are in agreement with those found experimentally for 
insoluble films by X-ray methods. » 

Langmuir's theory ! of capillary phenomena supposes that solids 
and liquids consist of atoms held together entirely by chemical forces. 
The ordinary conception of the molecule is thus almost completely 
eliminated, except in the case of gases, and a solid, or liquid, is looked 
upon as consisting of a single large molecule. Solid polar compounds 
are, in general, built up of atoms bound together by secondary or 
residual valencies, Solid non-polar compounds consist, in general, 
of group molecules in which the atoms are usually held together by 
primary valencies, Since energy must be expended in separating the 
atoms of a solid, the surfaces of solids must contain more potential 
energy than that corresponding to atoms in the interior, and thus the 
interatomie forces are more intense in the surface than in the interior. 

Tn view of the work of Laue and Bragg ? on crystalline structure, 
it is believed that solid bodies are not built up of molecules but of 
atoms arranged in definite ways, and that the atoms are arranged in 
groups which are called group molecules. These group molecules 
are held together by chemical forces to form single large molecules, 
and Langmuir proposes a similar theory for the structure of liquids. 
Each atom of a liquid is regarded as being combined with all the 
adjacent atoms, this union being effected by primary and secondary 
valencies. The atoms held together by primary valency usually 
constitute group molecules, while the secondary valency serves to 
hold the group molecules together. The structure of the surface 
layer of atoms is regarded as the principal factor in determining the 
surface tension, or rather the surface energy of liquids. This theory 
is supported by numerous data on the surface tension of organic 
liquids. The group molecules of these liquids arrange themselves in 
the surface layer, so that the active portions are drawn inwards ; 
by active pram is meant a part which is characterised by a strong 
stray field or residual valency. Since chemical action may be 
assumed to be due to the presence of electromagnetic fields surround- 
ing the atoms, surface tension, or surface energy, is a measure of the 
potential energy of the electromagnetic stray field which extends 
out from the surface layer of atoms. The molecules in the surface 
layer arrange themselves so that the stray field is a minimum. The 
surface energy of a liquid depends, therefore, upon the least active 
portion of the molecule. The fact that the surface energies of the 
hydrocarbons of the paraffin series and the corresponding alcohols 
are practically identical, is explained by the fact that the surface 
layer in these cases is always CH}. Further experimental verifica- 
tion of this orientation of the molecules at the surface will be 
encountered when we consider the spreading of films. 

1 Langmuir, ibid., 39, 1857 (1917). 
* Bragg, X-Rays and Crystal Structure. 
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There is now almost conclusive evidence that the surface phase 
of films is only one molecule thick, and that the molecules of an 
insoluble material adsorbed on the liquid are oriented in a vertical 
direction, being attracted to the liquid surface in the case of a complex 
molecule by some particular group or groups. Even more conclusive 
evidence, in favour of the hypothesis of at least partial orientation, is 
that derived from a consideration of the latent heats of evaporation 
and the divergences noted in the Eötvös constant for unsymmetrical 
and undissociated molecules. 

6:23. Surface Tension and Evaporation.—When a drop is 
evaporating under constant temperature conditions, energy must be 
supplied to provide the latent heat of the vapour, and part of this is 
obtained from the surface energy which 
is lost through decreasing the surface 
area. Thus a drop will continue to 
evaporate into a space which would be 
in vapour equilibrium with a flat surface, 
and there can be no equilibrium between 
a drop and a surrounding atmosphere 
of saturated vapour, for, as the drop 
becomes smaller, a stage is reached when 
the surface energy loss, due to contrac- 
tion, is sufficient to supply all the latent 
heat of vaporisation. The converse is 
also true, and a drop requires a nucleus 
for its initial stage of formation, and, 
for condensation, a degree of super- 
saturation is required to an extent 
dependent on the size of available nuclei, 
Wilson? showed experimentally that 
these nuclei may be dust particles—for fyg. 6.17, VApovn Pressure 
which only a small degree of super- OVER A CURVED SURFACE. 
saturation is necessary—or electrically 
charged molecules. Electrification of a drop virtually opposes the 
surface tension effect owing to the mutual repulsion of similar 
charges. PE 

To determine how the equilibrium between a vapour and a liquid 
surface depends on the curvature, suppose a closed vessel A (Fig. 6:17) 
contains the liquid and its vapour only, and that a narrow capillary 
tube, of material which is not wetted by the liquid, is placed in 
the liquid. The meniscus, which may be regarded as a hemisphere, 
is depressed to a depth h below the outside horizontal surface. Let 
p be the saturation pressure above the flat surface, and p,, the 
equilibrium pressure above a curved surface of radius r. The 
pressure difference p,—p equals the weight of a column of vapour 


1 Wilson, Phil. Trans., 189A, 265 (1897); 192A, 403 (1899); 193A, 289 
(1899). 
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of height h, and thus 
Pı— P= aoa, ^ . (6:86) 


Where a is the vapour density. The pressure at B is p, while that at 
C, at the same horizontal level as the meniscus, is p-+gph, and, since 


there is an excess pressure inside the curved surface of e we have 


28 
D-Féph —— —py 
2, 
Ds p.—p—gph 5, : : - (687) 


where p is the density of the liquid and r is the radius of the capillary 
tube. Equating (6-36) and (6:37), we have 


feodh—gph—=, 
on, 5. jae-o. 


But ø is connected with the pressure by the relation c— em and 
dp=godh, Hence 
2 [e ap ["tuy, 
L P g 
since g is small compared to p. ‘Thus 


Torr f" 2oRT log 24 
r r p 
098 


or, o p RT. 

This equation gives the ratio of the vapour pressures, p, and p, 
for equilibrium with the curved surface of radius r and a flat surface, 
respectively. For a given degree of supersaturation-—i.e. a given 
value of p,—drops of radius less than r will continue to evaporate, 
while those of greater size will continue to grow. To obtain an idea 
of the magnitude of this effect, it may be noticed that for water at 
0° C., the ratio of p, to p is as follows :— 


| Diameter of Water Drop 


Paaa | 
in mm. x 10-*, Ruido. 


| 
| 


100 1-02 
1-26 
5 1:59 

2 22 

1 10:2 


| 
| 
B 
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These considerations apply also to the phenomenon of boiling. A 
pure liquid may be raised to a temperature, much in excess of its 
normal boiling-point, if no dissolved gas affords possible nuclei for 
the bubbles of vapour to form, When this formation occurs, how- 
ever, the growth of the bubble is very rapid, since the surface tension 
is increasingly insufficient to counteract the excess pressure inside. 
Then boiling with bumping occurs. In the normal process of boiling, 
the bubble contains some gas, as well as vapour, and is in equilibrium 
when the pressure p, due to the gas, equals the necessary excess 
pressure inside over that outside the bubble. If p is the external 
pressure and p, the vapour pressure inside the bubble, 


28 
Pı a a Jaa 


For constant temperature pr? is constant=k, and 


At the equilibrium position 
gmi-p)-0 or k=%Sr*, 
so that 


-58, 
Pip. 


Hence ebullition begins with a bubble of radius r, when the vapour 
pressure in it exceeds the outside pressure by = 


6:24. Latent Heat and Surface Energy.—tThe internal latent 
heat of a liquid is, presumably, a measure of the work done against 
the internal pressure ; and that done by the molecules in reaching the 
surface—i.e, half-way from the interior to the outside—is measured 
by the potential energy acquired as surface energy. From this it is 
argued, according to the Laplace theory, that one-half of the latent 
heat must be equal to the molar surface energy, which is proportional 


to x or SV# where V is the volume of a gramme molecule. 
3 


P 
Bakker has suggested that 
Y, 
KdV=L, . d ^ . (6:38) 


Y 
E wh A a 
where K is the intrinsic pressure which is identical with the 75 term 


of Van der Waals’ equation, V, is the volume of 1 gm. of the liquid, 
V, that of the vapour, and L, is the internal latent heat. Bakker 
used the values of a at the critical temperature and deduced the value 
of L, at the boiling-point for many liquids. 

G.P.M.—P 
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Harkins and Roberts ! found that the relationship between sur- 
face energy and latent heat, as expressed by 


Molar total surface energy 
Molar internal latent heat 


is not true, Instead, the value of this expression increases with tem- 
perature, and is less for strongly unsymmetrical molecules, such 
as C,H,.OH, than for symmetrical molecules, such as those of 
nitrogen. $ 

The process of evaporation, as already indicated, takes place in 
two stages. During the first stage, molecules are brought from the 
interior up to the surface, overcoming the surface tension effect, 
and during the second, they vaporise from the surface film. An 
equality of work in these two actions—such as is indicated by the 
Laplace theory—can be obtained only for perfectly symmetrical 
molecules. With more complicated asymmetrical molecules the 
second stage becomes more important, and the energy associated 
with the rupture from the surface is a large fraction of the total 
energy of vaporisation. An examination of the surface energy and 
latent heat of vaporisation, for a large series of compounds, confirms 
this theory. These results, obtained by Harkins and Roberts, are 
given in Table 6-2. 


constant, 


TABLE 6:2.—MoLECULAR ENERGY VALUES FOR THE VAPORISATION OF LIQUIDS 
AT A CORRESPONDING TEMPERATURE EQUAL TO 0-7 OF THE CRITICAL 


"TEMPERATURE. 
Energy changed 
"Total Int 1 
Surfaco | Latent Heat SAN 
kane | p^ o Kinetic when 
m Vaporisation | Molecule moves x 
Liquid. mule | VePozition | om Surtace | £, 
x10 molecule A) a ae 
eret. x ar x10" ergs, 
s =A-e. 
Nitrogen . . . 9:84 87 48 0:441 
Oxygen . . . 4:50 10:8 61 0-417 
Ethyl ether . . 156 865 20-9 0:427 
Carbon tetrachloride . 18:2 40-2 22-0 0:453. 
Benzene . . . 18:4 41-7 23:3 0:441 
Chloralbenzene . . 20:3 48:8 28:5 0-416 
Methyl alcohol . E 85 516 43-1 0:165 
Ethyl alcohol . . 11:2 59:8 48-1 0:189 


The effect of lack of symmetry in the molecule is to lower the 
molecular free surface energy, latent heat of surface formation, and 
total surface energy, and to increase the energy of thermal emission. 
e 


An increasing value of i indicates an increasing symmetry of the 


molecule. 
1 Harkins and Roberts, Amer. Chem. Soc. Journ., 44, 658 (1922). 
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6:25. Spreading of Films on Liquids.—When a drop of some 
fluids is placed upon a clean water surface, a film of small thickness— 
about 1 micron—rapidly spreads from it in all directions. Hardy,! 
who has investigated the phenomenon, calls this primary spreading. 
In addition, sometimes the drop itself extends into a film, of thick- 
ness from 50 to 500 microns, which is in tensile equilibrium with the 
invisible film. The whole may then settle down into an irregular 
pattern, the apparent spaces of which are occupied by the invisible 
film. "There are thus two distinct processes, the spreading into the 
very thin film, and the extension of the drop into a layer. The 
latter effect is called secondary spreading. Drops of certain fluids 
of low chemical activity and negligible vapour pressure, such as 
paraffin, can be placed on a clean water surface without the formation 
of the film. 

Hardy placed drops of acetic acid on a glass plate, water vapour 
being rigorously excluded. Although, apparently, all the drop 
remained in position, there had, in fact, spread from it an invisible 
film, and existence of the latter was proved by a measurement of 
the static friction of the glass surface before and after the drop had 
been placed upon it. 

Secondary spreading occurs when a drop of acetic acid contain- 
ing water is placed on a glass plate, and if several drops of acetic 
acid are present on the plate, the existence of the invisible film is 
manifested in a curious way. Drops which are not more than one 
or two centimetres apart attract one another. They become oval 
in outline, the long axes being directed towards one another, and 
move slowly across the plate until they meet and coalesce. The 
invisible film is nowhere greater than 1 micron in thickness, and 
yet it is capable of pulling larger drops of fluid along. 

If a layer of sensible thickness of a pure liquid, such as benzene, 
is formed on water and allowed to thin or evaporate, a sudden rup- 
ture occurs when a critical layer thickness is reached, and the benzene 
collects into a number of flat discs, or lenses. If evaporation is 
stopped, these lenses will coalesce into a single large lens surrounded 
by an area of water, covered with a very thin layer of benzene. The 
liquid underneath is saturated with benzene, so that the vapour 
pressure above the lens must be identical with that above the thin 
layer. The formation of such primary layers on water takes place 
from the drop itself, only when the sum of the tensions of the upper 
and lower surfaces of the lenticular drop is considerably less than 
that of water, or 

Sa >Si +S 
For example, with oleic acid, 
74>15-+81. 


When S,+5;. is only slightly less than S,, the drop does not 
flash over the water surface, but remains apparently unaltered. It 


1 Hardy, Proc. Roy. Soc., 88A, 816 (1913). 
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is, however, the vapour phase which condenses to form the primary 
composite surface. Thus, with octane, 
747 20-64-53. 

Whether primary, or secondary, spreading does, or does not, 
occur on a fluid face depends mainly upon the relative values of the 
surface tensions, but on a clean solid face it must depend wholly 
upon the vapour tension. If vapour is given off, it will condense 
to form a primary composite surface, and this, being contractile, 
may pull the drop itself into a secondary surface. The fact that 
paraffin and castor oil do not spread at all on clean glass is due to 
their low vapour tensions, and is no evidence as to the tension of 
the glass-oil interface. 

It has been noted previously that, in the case of the spreading of 
insoluble oils on water, the thin layer in equilibrium with a lens of 
an oil, such as oleic acid, is unimolecular in character, Langmuir 
pointed out that, if the molecules in the film are regularly oriented 
on the surface of the water owing to the attraction between the latter 
and the active groups of the organic liquid, such groups as COOH 
and CH;0H are dissolved in the water. Long hydrocarbon chains 
are attached to these groups, and these molecules have no tendency 
to dissolve, but stand vertically in the surface. "There is no par- 
ticular reason, therefore, for another layer of oil molecules to spread 
out over the first to form a second layer. Langmuir measured the 
cross-section and length of the molecules in the surface layer, and 
showed that in many cases, such as oleic acid, palmitic acid, etc., 
the length is greater than the cross-section, i.e. the molecules are 
asymmetric. As the chain length increases, the lateral adhesion 
increases, and the area occupied by two adjacent molecules is reduced. 
This has been noted experimentally. 

As regards the mechanism of the spreading of liquids, Langmuir 1 
suggested that the molecules of water cause an expanding movement 
of the oil drop. The water molecules are in constant motion parallel 
to the surface, diffusing long distances. "The oil molecules adhere to 
them and are carried outwards along the surface by reason of these 
surface-diffusing motions, If the liquid is one which spreads stably, 
then the spread film has a lower potential energy than the drop, 
so that the molecules which have left the drop to form a film, adhere 
to the surface—the surface-diffusing motions go on continually being 
pushed out farther by the surface pressure of those just leaving the 
drop. If the liquid is a non-spreading one, a few molecules may 
diffuse out along the surface a little way, but being less stable on 
the surface than in the drop, they will soon return to the drop, and 
will not adhere to the surface, 

Since the films of fatty acids and other substances appear to be 
only one molecule in thickness, and to have all the molecules arranged 
in similar orientation—often simply perpendicular to the surface— 


1 Langmuir, Trans. Faraday Soc., 17, 673 (1922). 
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measurement of the mechanical properties of films, consisting of a 
known number of molecules of a pure substance, affords unusually 
direct information concerning the force fields round individual 
molecules. 

It is very useful to look upon the lowering of the surface tension 
of water, produced by the presence of an oil film, as being the result 
of a spreading force F, produced by the action of the adsorbed 
molecules on one another. This force may be defined as 

F=S,—S, 
where S is the surface tension of pure water, and S is the surface 
tension of the water after the introduction of the film. 

The spreading force F, which characterises any given adsorbed 
film, is entirely analogous to the pressure p which a gas or liquid 
exerts on the walls of a container. The pressure of a gas, or liquid, 
depends upon the concentration and on the temperature, the rela- 
tion between these quantities being referred to as an equation of 
state. F may be measured by a surface tension balance. In this 
apparatus the surface of water in a long rectangular tray is divided 
by a floating barrier, which is attached to the pointer of a balance, 
so arranged that a horizontal force exerted on the barrier can be 
measured. When there is pure water on both sides of the barrier 
the balance reads zero. A definite amount of an oil is placed on the 
water on one side of the barrier, and this is confined in area by a 
second barrier parallel to the first. By moving the second barrier 
the film can be compressed, or extended, so that it exerts a force 
on the balance and at the same time the area, a, covered by the 
film can be measured. By progressively changing the area, by 
moving the second barrier, the force F may be measured in terms 
of a and the absolute temperature T. 

A typical surface tension balance—due to Adam *—is illustrated 
in Fig. 618. The trough A is completely filled with water and the 
barrier C is a glass strip. The lower torsion wire GG carries a 
mirror F in a light holder which has a lug projecting downwards to 
within about 2 mm. from the water surface. The float B is of thin 
metal foil having a small upward projecting lug J. The upper 
torsion wire MM has a light rigid framework PRS soldered to its 
mid-point—the lower end, a stirrup H, coming to about 2 mm. from 
the surface of the water. This stirrup and the two lugs are joined 
by fine wire so that all three move together when twist is applied 
to the wire—the tension being secured by means of the torsion head 
on the lower wire. The upper wire has a large divided torsion head. 

The instrument is calibrated by suspending weights on the 
hook § which forms the end of the framework PRS, Knowing the 
distance from the end of R to the junction with the wire, and 
the distance from this place to the bottom of the stirrup, the force 
in dynes on the centre of the float is determined for a known weight 


1 Adam, Proc. Roy. Soc., 110A, 423 (1926). 
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on the hook. From this the force in dynes per cm. on the float 
ean be calculated. 

In practice, the surface is first cleared by sweeping the barrier 
across the water surface. The main torsion head is set to zero, and 
the spot of light brought to the zero position on the scale, The 
film-forming substance—preferably dissolved in a solvent immis- 
cible with water—is then put on the water surface, and the spot 
of light brought back to the zero position by turning the torsion 
head. The area of the film may be varied by altering the position 
of the barrier—the area being bounded by the latter and the float. 
Forces from 0-01 dyne upwards may be measured with the apparatus. 


Fic. 6:18.—SunRrACE TENSION TROUGH. 


Any equation which expresses F as a function of a and T is thus 
an equation of state for the two-dimensional adsorbed film. If the 
adsorbed molecules do not exert any force on one another, but exert 
forces only on the barriers which prevent the thermal agitation of 
the molecules from causing indefinite spreading, then they should 
behave as an ideal two-dimensional gas. The equation of state 
should be 

Fa=kT, 


or, if a is the area per molecule, 
F=okT, 


where k is Boltzmann's constant, and o is the number of molecules 
per unit area in the adsorbed film. Thus these two-dimensional 
gases should be analogous to a typical three-dimensional one, and 
experiments by Adam have shown that there are some substances 
which form films on water that behave in this manner. 

Some films produced on water by fatty acids and other sub- 
stances have, however, properties which indicate that they are two- 
dimensional liquids, or solids, rather than gases, for they do not 
spread indefinitely, but the value of F becomes zero when the surface 
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concentration o falls to a definite value. The mechanical properties 
of these films indicate clearly that they can exist in either the liquid 
or the solid state. For example, films of fatty acids on water which 
is slightly alkaline are definitely solid, as is seen from the fact that 
without external pressure they can withstand considerable shearing 
stresses. On the other hand, a monomolecular film of cetyl alcohol 
on water behaves like a two-dimensional liquid, for even under high 
surface compression it can be made to circulate freely by gently 
blowing upon it. 

When films are below a critical temperature, the value of which 
depends upon the constitution of the molecules, there is a region of 
constant surface pressure, apparently analogous to vapour pressure. 
In this region of constant pressure, the isothermals indicate that 
there must be two surface phases in equilibrium, liquid and gaseous. 
The liquid film, to which the gas film condenses, may be either what 
is termed a condensed film, or a liquid-expanded film. In the former 
the molecules are closely packed and oriented nearly perpendicular 
to the surface. The liquid-expanded films are more compressible, 
and have a greater area than the condensed films. 

The latter are the most closely packed form but a considerable 
variety of different packings is possible. When the polar group 
adjacent to the water is small enough, the molecules pack to 20-4 
square Angstrom units per molecule under the forces of cohesion 
alone, without external compression. In the close-packed-heads 
type of film the area generally depends upon the nature of the head, 
and is a measure of the maximum cross-section of the end group, 
as packed in the films. 

Many substances, e.g., amides, acids, bromo-acids and nitriles, 
condense from the gaseous state of the films into liquid-expanded 
films. The area is about 48 square Angstrom units per molecule at 
no compression; the films are compressible to two-thirds, or less, 
of this area by forces of the order of 20 dynes per em. The area of 
the liquid-expanded film of 48 square Angstrom units does not 
appear to depend, either upon the length of the chain, or upon the 
nature of the head ; it must therefore be determined by the chain, 
oriented in such a way that the length does not affect the area. The 
area of the chain, packed as nearly vertical as possible, is 20-4 square 
Angstrom units. 

In conclusion it may be stated that the experimental facts of 
surface tension may be interpreted in a qualitative way, by assuming 
2 similar orientation of the surface film of a homogeneous liquid. 
We may say that the surface phase of pure liquids consists of a 
layer of oriented molecules with the active portions drawn inwards, 
and that the total surface energy is determined by the nature of 
the external groups of the molecules. 

6-26. Contact Angle and Wetting.—The properties of a solid 
surface may be modified, when it is exposed to the vapour of a 
liquid, on account of the formation upon it of an adsorbed layer 
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of the liquid. Moreover, the properties of the adsorbed layer differ 
from those of the liquid in bulk, especially if the liquid is strongly 
polar, so that there is a high degree of orientation of its molecules. 
For example, the contact angle between an organie liquid and a 
hydrophilic solid, i.e. a water-attracting one, such as quartz or Pyrex 
glass, is increased by previous exposure of the solid to water vapour, 
and the higher the vapour pressure, the greater is the contact angle. 
In addition, the contact angle in the organic liquid becomes prac- 
tically independent of the nature of the solid, if the latter is covered 
with an adsorbed film formed from saturated water vapour, even 
though, in the absence of the water layer, the angles for the various 
solids may be very different. If organophilie solid surfaces—organic 
vapour-attracting ones—are exposed to organic vapours, and 
measurements made of the contact angle in a water drop on the 
surface, it sometimes happens that when the liquid is being removed 
from the drop, that the contact angle becomes zero. "This indicates 
that the advancing water drop has swept the organic film off the 
Solid surface. Taking the case of an organie liquid—of surface 
tension S;—on a surface completely covered with a water film—of 
surface tension S'y—and assuming that interfacial tension Siw 
between the water and the drop is the same as that between the 
two liquids in bulk, we have 
S'w=Siw+Sz cos 0, 

where 0 is the static contact angle. Calculations carried out for 
adsorbed organic films indicate that the surface tension of such films 
is greater than the bulk value in the case of polar liquids, but that 
there is little difference with non-polar liquids. 

A thick film of liquid on a solid surface is not stable. Water 
poured on a freshly-formed glass surface breaks up into drops, which 
are separated by a monomolecular layer of water adhering strongly 
to the glass surface. On the other hand, if water is poured on to 
a wax surface, the area not occupied by drops is not covered with 
a monomolecular layer, although the drops themselves are held fixed 
to the surface by adhesion. This suggests that good and bad “ wet- 
ting " are characterised, respectively, by the formation, or absence, 
of the monomolecular film—conditions which in turn are indicated 
by the time taken for the formation of drops after wetting. Thus 
rapidly formed drops represent poor “ wetting.” The hydrophobic, 
or hydrophilic nature, of the surface of a particular substance depends 
very much upon the mode of preparation of the surface. Its nature 
is not likely to be uniform over large areas; in some places the 
water-attracting ends of the molecules may be exposed, and in others 
they may be hidden. This explains the adhesion of water drops to 
a window pane—the drops attaching themselves to regions where 
the surface is hydrophilic. Some substances when dissolved in 
water increase its tendency to wet a given solid surface. One such 
agent, aerosol O.T. Dry, will overcome the proverbial non-wetability 
of the duck. 
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EXAMPLES 


6-1. If the surface tension of mercury is 520 dynes per cm., its angle of 
contact with glass 140°, its density 13-6 gm. per c.c., find the maximum 
length of a mercury thread which can be supported by surface tension 
in a vertical capillary tube of radius 0-010 cm. [1:81 em.] 


6:2. If the rate of change of the surface energy E of a liquid with 
temperature is proportional to the absolute temperature T, show that 
dE /dT --dS /dT is constant, and that the surface tension S is a quadratic 
function of the temperature. 


6:3. A cylindrical film with closed ends is formed between two wire 
rings of radius 2 cm., and distance apart 5 em. Find the volume of air 
enclosed by the film. [69-7 c.c.] 


6:4. A small hollow vessel which has a small hole in it is immersed in 
water to a depth of 40 cm. before any water penetrates into the vessel. 
If the surface tension of water is 73 dynes per cm., find the radius of 
the hole. [0:0037 cm.] 


6:5. The surface tension of water is calculated by measuring the thick- 
ness of the meniscus of a water surface in contact with a vertical plane 
glass surface. The measurement is made with a travelling microscope 
reading to 0-005 cm. and is found to be 3:85 mm. Determine the 
limits within which the surface tension must lie. g—981; density of 
water 1 gm. per c.c. [71-8 and 73:7 dynes per em.] 


6:6. A large air bubble is collected between the lower side of a concave 
glass surface of radius 50 cm. and the upper surface of some ether. The 
following observations are made : radius of circle of contact of air bubble 
and glass plate 5 cm., depth of ether surface below centre of glass surface 
0:565 cm., height of widest horizontal section of bubble above bottom 
point 0-225 em. If the density of ether is 0-714 gm. per c.c. and g —981, 
find the surface tension of an air-ether surface and the angle of contact 
between ether and glass. [17-7 dynes per em.; 10j*.] 

6-7. A convex lens of which the lower face has a radius of curvature 
of 40 em. stands on a flat glass plate, and a little water, surface tension 
73 dynes per em., is run between them. If the angle of contact between 
water and glass is very small and the wetted surface has a radius of 
2 cm., calculate the force due to surface tension with which lens and 
plate are drawn together. [86-9 gm. wt.; 3:62 x10* dynes.] 


6-8. Calculate the vertical force necessary to detach a horizontal flat 
circular plate of radius 4 em. from the surface of a liquid of surface 
tension 80 dynes per em., density 1 gm. per c.c., and zero angle of contact. 

[17-1 gm. wt.] 

6-9. The molecular weight of ether is 74 and its density at O° C, is 
0-737 gm. per c.c. If the surface tension at O° C is 19-2 dynes per cm. 
and the Eötvös constant k is —2-16, calculate approximately the critical 
temperature of ether. If, also, the coefficient of thermal expansion of 
ether at O° C. is 0-00163, find the rate of change of surface tension with 
temperature. [192° C. ; 0-121 dyne per em. per deg. C.] 

6-10. In a drop-weight determination of the surface tension between 
water and chloroform a glass tube of 4 mm. external diameter was used 
and 50 drops of chloroform, density 1-50 gm. per c.c., were allowed to 
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fall in the water. The weight of these drops was 9:43 gm. Find the 
interfacial surface tension. [29-5 dynes per cm.] 

6-11. If the latent heat of water is 600 calories per gm., its density 
1 gm. per c.c., and its surface tension 73 dynes per cm., calculate the 
minimum radius a drop can have if it is free to evaporate but prevented 
from receiving heat. [6 x10-? cm.] 

6-12. At 100° C. the saturation vapour pressure of water increases by 
27 mm. of mereury per 1? C. If water under an external pressure of 
76 em. of mercury has to be superheated to 100-6? C. before boiling 
occurs, caleulate the radius of the largest air bubble available as a 
vaporisation locus. The surface tension of water at 100? C. is 58-4 
dynes per em. [9:6 x 107? cm.] 

6:18. A narrow-bore tube of internal radius r is in the form of an 
inverted U and at its top point air can be forced in through a tube 

connected by a T joint. If the vertical limbs stand at depths h, and h, 
in two liquids of densities d,, d, and surface tensions S,, S,, find the 
condition that bubbles shall be formed in the liquid of density d,, and 
show that as the depth h, is increased the bubbling will suddenly change 
over to the other liquid. [hgd, —h,d,)gr >2(S, —S;).] 
6-14. A capillary tube of internal radius 0-25 cm. stands vertically 
in water of surface tension 78 dynes perem. It is then slowly depressed 
vertically until a length of only 3 cm. is above the outside level. Des- 
cribe what happens. Would any difference occur (a) if the lowering of 
the tube were rapid and (b) if the tube were inclined continuously side- 
ways, instead of being lowered vertically, until the top is 3 cm. above 
the outside level ? 
[Angle of contact 60°; (a) small oscillations ; 
(b) radius of meniscus still 0-0496 em.] 

6-15. A large drop of aniline of radius 3 cm. and sp. gr. 0-975 is sus- 
pended in water at 75° C., and floats in equilibrium. When slightly 
deformed the drop oscillates about its mean spherical form with a 
periodic time of 5-25 sec. Calculate the interfacial surface tension. 

[471 dynes per em.] 

6-16. A soap bubble of surface tension 30 dynes per em. is slowly en- 
larged from a radius of 2 em. to a radius of 20 cm. Calculate the amount 
of work necessary for this enlargement and explain why this is less than 
if the increase were made at a faster rate. [2-99 x 105 erg.] 

6:17. Two soap bubbles of radii a and b coalesce to forma single bubble 
of radius c. If the external pressure is B, show that the surface tension 
S is given by B(c? —a?—b3)/4(a* +b? —c?). 

6-18. A soap film of surface tension S has energy e per unit area. If 
o Bass subsequent time the mass per unit area of the film is m, show 

a 
S=e—m.de/dm. 

6-19. One gram of mercury is placed between two plane sheets of glass 
which are pressed together until the mercury forms a circular disc of 
uniform thickness and 5 em. radius. Caleulate the force exerted upon 
the upper plate by the mercury if its surface tension is 440 dynes per 
em., its angle of contact 140°, its density 13-6 gm. per c.c. 

[5-51 x 10" dynes.] 


CHAPTER 7 
VISCOSITY 


7:1. Introduction.—It is customary to define a fluid as a sub- 
stance which is incapable of sustaining shearing stress. In the case 
of actual fluids, however, this property applies only when the fluid 
is at rest. If relative motion occurs, a measurable resistance is ex- 
perienced, and the fluid is said to exhibit viscosity, or internal friction. 
It was assumed by Newton that, for a fluid moving in parallel layers, 
the shearing stress at any point—where the velocity gradient per- 


pendicular to the direction of motion is = is directly proportional 


to the value of the gradient, so that the frictional force, f, per unit 
area is given by 
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where 7, a characteristic constant for the fluid, is called the coefficient 
of viscosity. 

This assumption is found, by experiment, to be true when the 
fluid is in stream-line motion, but does not hold for turbulence, or 
disorderly flow. 

7-2. Critical Velocity.—In practically all experiments designed 
to measure coefficients of viscosity, stream-line flow is assumed to be 
present, and it is of importance to consider the conditions favourable 
to its production. With steady flow the work done by the agent 
causing motion is dissipated, chiefly in overcoming the viscous drag 
exerted between different layers of the liquid, and thus the viscosity 
coefficient will affect the critical velocity which marks the transition 
from stream-line motion into turbulence. The dimensions of the 
channel through which the liquid flows will also have effect, and, in 
general, steady motion will continue at higher velocities for viscous 
than for mobile liquids, and will be aided by restricting the width 
of the channel. On the other hand, when turbulence occurs, the 
energy required to produce the motion is used mainly in causing eddy 
currents, and thus the density of the liquid is involved. Osborne 
Reynolds showed, by-experiment, that the critical velocity v is 
related to the density p of the liquid, its viscosity , and the lateral 
dimension r of the channel by the equation 
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and also that, for narrow tubes, k which is called Reynold's number, 
is approximately 1000. This formula may be deduced by the method 
of dimensions as shown in Chapter 14. 

For velocities well below the critical value, the rate of flow is 
independent of the density of the liquid, while for high velocities, 
i.e. under large pressures, the rate of flow depends to a far greater 
extent on the density than on the viscosity. "This explains the 
comparatively rapid flow of the very viscous lava during volcanic 
eruptions, 

7:3. Fugitive Elasticity.—Maxwell 1 regarded viscosity as a 
limiting case of an elastic solid when the material breaks down under 
shear. This conception is a useful one when applied to those sub- 
stances, such as pitch and sealing-wax, whose behaviour is some- 
times that of a solid, but which have also properties characteristic 
of fluids. In an elastic solid the shearing stress on any plane is 
proportional to the displacement gradient, perpendicular to the 
direction of shear, while the viscous drag in a fluid is proportional 
to the velocity gradient, perpendicular to the direction of motion. 
It is thus possible to regard a liquid as capable of exerting and sus- 
taining a certain amount of shearing stress for a short time, after 
which it breaks down, and the shear recommences. Suppose the 
rate at which the shear breaks down is proportional to the magni- 
tude of the shear 0 and is given by 40. Then, if æ is the displace- 


ment, the shear is given by 0=@, and the rate of formation of 


shear is 


where u is the velocity in the same plane. Thus apo and, since 


the shearing stress fis given by f—n0, where n is the fugitive rigidity, 
we have 


The quantity i is called the time of relaxation, and the time for 
the shear to fall to half value is given by At=log 2. 


7:4. Flow of a Liquid through a Narrow Tube.—When a 
liquid flows through a narrow tube under a pressure difference P 
between its ends, and in stream-line motion, a relation may be 
established between P, the radius a of the tube, its length J, the 
viscosity coefficient n, and the volume V of liquid flowing through 
the tube per second. The stream lines will be parallel to the axis 


1 Maxwell, Phil. Trans., 156 (1866) ; Scientific Papers, 2, 1. 
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of the tube, and, from Bernoulli's theorem,! since there is no radial 
flow, the pressure will be constant over any given cross-section. It 
was further assumed by Poiseuille,?? who applied this method to a 
series of accurate viscosity determinations, that the liquid in con- 
tact with the walls of the tube was at rest. This assumption has 
been proved by experiment to be correct. 

Suppose that, when steady conditions are reached, the velocity 
at a distance r from the axis of the tube is u. Then the velocity 


gradient is a and the viscous drag per unit area is ng. This 


acts over the surface of the inner cylinder of liquid in a direction 
opposed to the pressure gradient. The force, due to the pressure 
difference, tending to accelerate this liquid cylinder is Par? and, for 
steady conditions, 


du, 
AS 
Par*z ny eats 
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At the wall of the tube r=a and u=0, so, integrating from r=a 
tor=r, we have 


at ei Pa, 


or, 
ugar . 5 » (T4) 


This gives the velocity at any distance from the axis of the tube, 
The volume dV of liquid which flows through the tube in unit 
time between the radii 7 and r+dr is given by 


= Pn 2. ,.9 
videsis cam mi r*yrdr, 


and the total volume V flowing through the tube in unit time is 


[eU Prat 
=| =—(a?—1)rdr=—_-. $ x 75 
Jan ) 8l vn 


7:5. Corrections to Poiseuille's Formula.—Although equa- 
tion (7-5) represents approximately the flow through a long narrow 
tube, under a pressure difference sufficiently small for the liquid to 
drop from the outlet end, in accurate work it is necessary to insert 
corrections for two factors which have been neglected in the treat- 
ment above. In the first place, the pressure difference P is utilised 
partly in communicating kinetie energy to the liquid, and, secondly, 
it has been assumed that there are no accelerations along the axis 

1 See Article 12-6. ? Poiseuille, Comptes Rendus, 15, 1167 (1842). 
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of the tube. This second condition is not fulfilled near the inlet end 
of the tube, as the accelerations do not decrease to zero value until 
an appreciable length of the flow tube has been traversed, after which 
the velocity distribution becomes uniform. To correct for this error, 
the value of J is increased by a factor k,a, where kı is a constant 
which may be taken to be 1-64 in all cases, 

To evaluate the other correction factor, suppose that P, is the 
effective pressure difference which overcomes viscosity. In unit 
time the work done against viscosity is P,V, while the kinetic 
energy given to the liquid is 


[ie -2urdr. uuta) [mater 


ue P,V a8. /P,na'\8 p 
CP) 87V 8g ) zai 
The total loss of energy is 


ys, 
P V+ xw 


from (7-4) 


and thus must equal PV. Hence 
Vp 

PsP agi 
This correction has been investigated experimentally, notably by 
Hagenbach, Couette, and Wilberforce, and has been found to 
render results more consistent and accurate. It is, however, only 
approximately true, and the correction should be written 
ka V?p 
ami 
where k, is a constant whose value depends upon the form of appar- 
atus, and, although always nearly unity, its value must, for the most 
accurate work, be obtained by calibration, 


When these two corrections are applied to Poiseuille’s formula, 
(7-5), it becomes 


Pps 


2, 
[ er pe 


or, 
at nere Val. 

N= SV[I+1-64a] 8n[l+-1-64a] 

If two tubes of nearly the same radius but of different lengths 


rx D then, assuming (,a,—k,'a;) is negligible compared with 
ar"*e 


(7:6) 


= 2 (Pim Praat) pV (ky—ky’) (7-7) 
8V (h—15) 8a(l —1,) : à 
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in which P; P, are the pressure differences needed to cause equal 
rates of flow. For either tube 


PUE kV 

Doxa ha e 
so that a plot of P/V and V will disclose k, from the slope. In this 
way Swindells and others ! obtained values of k, between 1-12 and 
1:17 and when the appropriate value is substituted in (7-7) above 
7] becomes calculable. Their value for water at 20°C. was 
0:010019 + 0-000003 poise and this becomes available as a reference 

standard for the calibration of viscometers. 
The coefficient 7 is sometimes called the dynamic viscosity and 


its C.G.S. unit is named the poise, but the ratio ” is called the 


p 
kinematic viscosity and the name stokes has been suggested for its 
C.G.S. unit. 

7:6. Measurement of the Viscosity of Water.—The direct 
application of this equation to the measurement of the viscosity 
coefficient for water may be made with fair accuracy by means of 


Fic. 7-1.—MEASUREMENT OF Viscosiry —— Fic. 7.2.— ViscosrrY or LIQUIDS 
COEFFICIENTS FOR LIQUIDS. AND TEMPERATURE. 


the apparatus shown in Fig. 7-1. A is a moderately large vessel in 
which water is maintained at a constant level by the inflow and 
outlet tubes B and C. The capillary tube DE, of length I and 
radius a, is fixed horizontally at a depth h below the free surface 


1 Swindells, Coe, Godfrey, Nat. Bur. Stds. J. Res., 48, 1 (1952). 
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in 4, The volume, V, of water flowing per second is obtained by 
collection, during a measured time, in a weighed vessel. The total 
pressure difference P is given by P—gph, and thus all the quantities 
in equation (7-6), except y, are known. : 

A modification of the experiment may be used to determine the 
variation of ņ with temperature. In Fig. 7-2, A is a wide vessel con- 
taining water, or other liquid, at a measured temperature, while the 
outflow tube BDC has a fairly wide bore from B to D, and DC is 
the capillary tube. An index point M is fastened to the tube on the 
same level as D, and as the level of liquid in A falls slowly, the tube 
BDC is lowered to keep M just touching the surface. The excess 
pressure P is given by P=gph, where h is the vertical distance 
between B and D. 

7:7. Effect of Temperature on the Viscosity of Liquids.— 
The viscosity of liquids is dependent on temperature to a very marked 
extent, but although the relationship has been the subject of many 
investigations, no satisfactory simple formula has been suggested 
to express the connection with any great degree of accuracy, The 
empirical formula of Slotte, 


orem Drs: 
M= atti 
is not very accordant with experiment, while a modification, 
A 
= BO 
where A, B, and c are constants, though applicable to pure liquids 
is inconveniently eumbersome, and does not apply to the important 
practical case of oils, which are mixtures of chemical compounds not 
easily separable. 
In Andrade's theory? of liquid viscosities it is suggested, on 
certain assumptions of the mechanism of liquid viscosity, that a 
LÀ 


temperature relation of the form =Ae? applies as a first approxi- 
mation, 4 and c being constants. This formula gives very fair 
agreement with experimental results, and satisfies the empirical 
criterion pointed out by Porter? that if T and T, are two tem- 
peratures at which two liquids have the same viscosity, then the 


graph of 2 against T is a straight line. A more detailed application 


0 
of Andrade’s theory gives the more complex viscosity-temperature 
relation :— 


e 
mi=AeT, 
in which v is the specifie volume. This formula agrees closely with 
the results for many liquids. 
In Table 7-1 the viscosity coefficient for water is given at various 
temperatures. 
1 Article 7:17. * Porter, Phil. Mag., 23, 458 (1912). 
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TABLE 7-1l.— VARIATION OF THE VISCOSITY OF WATER WITH TEMPERATURE! 
| 7 ] ] 
Temp. °C. | Viscosity, C.G.S. units, | Temp.*C. | Viscosity, C.G.S. units. | 


0 001785 40 000653 

5 001514 | 50 0:00547 
Jen 0-01304 | 6 000467 
15 0-01137 | 70 0-00404 

20 0:01002 80 0:00354 

25 0-00890 | eo 000314 

80 0:00797 | 100 0:00282 


7:8.—'The Rheochor.—For non-associated liquids it was noted 
by Friend ? that the ratio S//7, where S is the surface tension and 
5? the viscosity at the same temperature, was almost constant the 
value of the constant changing from one liquid to another. Analo- 
gously to the parachor? of Sugden, he defined a rheochor, R, by 
replacing the St of the parachor by yè so that 


When this value—multiplied by 1000 for arithmetical convenience— 
is tested it is found to increase slightly as the normal boiling point is 
reached and passed, but that greater uniformity follows the changing 
of the denominator to (p—2p,) where p; is the corresponding vapour 
density. Thus, if the rheochor is redefined as 


1000Myt 
OIN 
3 (p—2p1) 
typical values are *;— 
Liquid. B.P. | 60°C. | 80*C. | 100* C. | 140°C. | 180* C. 
Benzene . 5 80°C. | 110-4 | 110-4 | 109:8 | 109-8 | 109:2 


Carbon Tetrachloride . | 70/75? C.| 126-0 | 125:3 | 125-1 | 125-2 | 1242 


If, further, for a number of different liquids, the rheochor value 
at the normal boiling point is divided by the critical volume V, 
then the quotient remains substantially the same :— 


Liquid. B.P. Rheochor R. | Critical Volume Ve R/V, 
Ethyl Acetate 7 . 118:5 286 
Chloroform . . . 99:5 231-4 
Heptane * : : 175-8 415:5 


1 Coe and Godfrey, J. App. Phys., 15, 625 (1944). 
2 Friend, Nature, 150, 432 (1942). 3 See Art. 6:19. 
4 Friend and Hargreaves, Phil. Mag., 34, 643, 810 (1943), 35, 619 (1944). 
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The same additivity law applies to rheochors as to parachors 
and thus molecular rheochors may be caleulated from constituent 
atomie values. 

7:9. Torque on a Cylinder placed in a Rotating Fluid.— 
If a cylinder is suspended inside a coaxial cylinder, which is made 
to rotate about the common axis with constant angular velocity, 
and the space between the two cylinders is filled with a viscous 
fluid, a measurement of the viscosity may be obtained from the 
couple which acts on the stationary cylinder. Suppose the inner 
and outer cylinders have radii a and b, respectively, and the fluid 
covers a length Z of the inner one. The inmost layer of fluid will 
be at rest, while the outer layer has a speed bw,, where c», is the 
angular velocity of the external cylinder. Consider the forces act- 
ing over the side of the fluid cylinder whose radius is r, where r is 
intermediate in value between a and b. The velocity gradient at 
the distance r from the centre will be 


dro) tre, 


but of these terms only the second one is operative in producing vis- 
cosity effects, since the velocity gradient w is necessary to prevent 
any relative slipping in a uniformly rotating fluid. "Thus the viscous 
torque, Tı, acting over the side of the cylinder of radius r, will be 


narra rt 
and, since the fluid between this boundary and the inner cylinder is in 


a steady state, t, must also be the torque on the inner cylinder. Thus 


dw 
— i eee 
=2aylr z 


n= 27nldw, 


and, if this is integrated between the limits a and b, we have, 
assuming no slipping, 
qw 

Eu XOU EET T (78) 
Tı, however, gives merely the torque over the side of the cylinder. 
There is also a couple t}, due to viscosity, acting over the bottom 
surface. The magnitude of this will depend on the values of a and 
b and the distance between the bases of the two cylinders, If this 
distance remains fixed while the length of the inner cylinder acted 
upon by the fluid varies, v, retains the same value and may be 
expressed by t,=f(a, b) Thus, for two different lengths of the 
inner cylinder, 
4am .w, .a*b? 
tty ht Sla b), 
"en 4t). 04. a?b? 
Paty tty tf (a, D) 
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whence 


5 .0,. a*b? 
rt = h] 


D ma 

This expression, derived from first principles, applies equally to 
liquids and gases, and may be used over a considerable range. In 
the case of liquids, the change from I, to l, is made by increasing 
the liquid used in the first determination, while, for gases, two 
cylinders are used of the same cross-section but of different lengths. 
The torques v and z' are generally measured by the twist produced 
in a suspension of known torsional rigidity as in the Couette 
viscometer, 

G. F. C. Searle? has described a simple viscometer for the 
measurement of the viscosity co- 
efficient for very viscous liquids, 
which is a modification of the 
rotating cylinder method. In 
Fig. 7-8 a solid cylinder C, of 
radius a, is fixed to an axle AB 
which is pivoted freely at its 
ends. Attached to the same 
spindle are a dise F and a drum 
K. The former is used, in con- 
junction with an index G, to 
measure the rotation period of 
C under the combined action of 
the two weights mg and the 
viscous friction of the liquid L. 
The weights are supported by 
flexible strings which pass Aoi 
ball-bearing pulleys PP. n j 7 
outer iade. Dino radiusi Got Tes ASR AF EENENT. TO 
contains the liquid, and a length Į Viscous LIQUIDS. 
of the cylinder C is acted upon 
by the viscosity drag. In the experiment the period tọ of rotation 
of C is measured. 

If the steady angular velocity of C is œ, then—neglecting the 
end effect —we have, from equation (7:8), 


SD api. 
o= ni| a2 b)’ 

where c is the couple due to gravity and 7 is the viscosity coefficient 
of the liquid. If d is the diameter of K, since «5 —27, 

AE mi ; 

— SmuN*i1 E pde) 
Thus, if the end correction is negligibly small, the graph of mt, and | 

1Searle, Proc. Camb. Phil. Soc., 16, 600 (1912). 
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should be a straight line passing through the origin. Actually, this 
curve, which is linear, intersects the | axis on the negative side of 
the origin, showing that the term / should be corrected to (L4- k), 
where k is obtained from the curve. Equation (7-9) then becomes 
gib*—a?) mi, 
"= 820% (TFK) 
and all the quantities, except n, are known. Searle used liquids 
of large viscosity—syrup and treacle—and thus comparatively large 
values—about 30 sec.—were obtained for tọ when the other con- 
stants were a=1-9 cm., b—2-5 cm., m=100 gm., 1=6:4 cm., and 
d=1-91 em. 

In this case, as for the flow in a tube, there will be a limiting 
value of w, for a given apparatus, beyond which the simple law 
breaks down. This occurs when the assumed stream-line motion 
ceases and turbulence begins. 

The conditions which govern the transition point from orderly 
to turbulent motion have been investigated, mathematically, by 
Taylor,! who showed that, beyond a certain fixed value of the 
velocity, the motion changed into a form containing helical vortices, 
which were located within compartments, in the space between the 
cylinders, produced by consecutive planes perpendicular to the 
common axis, and separated by a distance approximately equal to 
the radii difference, This result was confirmed by an experiment 
in which, following the method of Reynolds, the motion was ren- 
dered visible by the introduction of a little coloured liquid. The 
onset of turbulence was thus determined, 

An alternative method was described by Andrade and Lewis ? and 
appears to have many advantages, since it may be applied to other 
cases of liquid flow. ` Using a coaxial cylinder apparatus, Andrade 
and Lewis introduced suspended colloidal particles into the liquid. 
This enabled them to illuminate any portion, and to study its be- 
haviour either visually or photographically. The advantages of this 
method are: (1) the motion may be studied for any length of time, 
since the transitory effect of interdiffusion, which limits the other 
method, is avoided; and (2) the velocity distribution may be found 
by giving a known exposure, in which case each particle shows a 
distance of travel proportional to its velocity. 

70. Falling Cylinder Viscometer.—A different form of 
coaxial cylinder instrument, the falling cylinder viscometer, was first 
suggested by Segel? as suitable for high viscosities of the order 
104 to 101° poise. In this arrangement, (Fig. 7-4), a central cylinder 
A, which may be loaded at W to vary the range of measurement, 
is separated from an outside fixed hollow cylinder BB by a thick 
cylindrical slab of the substance, SS, under test. When released, 


1 Taylor, Phil. Trans., 223A, 289 (1923). 
? Andrade and Lewis, J. Sci. Inst., 1, 878 (1924). 
? Segel, Phys. Zeil., 4, 493 (1903). 
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after the removal of the supporting base CC, the central cylinder 
slides downwards and quickly reaches 
a terminal velocity V, each constituent 
cylindrical shell of the viscous liquid 
being sheared vertically relative to 
neighbouring shells. 

Let a, b be the inner and outer 
radii of the material and u the vertical 
velocity at radial distance r where the 
velocity gradient is thus —du/dr and 
the viscous stress —7du/dr. ‘Therefore 
the retarding force is —2zryldu/dr 
where l is the vertical thickness of the 
substance under test. The accelera- 
ting force downwards is 


[M --z(r?—a*)p]g, 


where p is the liquid density and M 
the mass of the loaded central fyo, 74. aru CvuxpER 


cylinder, Then ViscowETER, 
— 2am gM 4 ap(rt—at)) 

and 2af du= -me | — agp [60 
0 Dui rt 

Thus 


eae 5), gp(b*—a*) 
n= sp | (Me ngpa’) lo | + 4V * 


Except for materials of rather small viscosity the accelerating 
force due to the liquid is small and 


M, b 
"^V log; - T . (710) 


In a typical experiment ! the terminal velocity is about 1 cm, /min, 

The method is not suitable for materials with pronounced plastic 
or elastic properties because of the limited amount of shear possible. 

7-11. Viscosity of Very Viscous Liquids.—A simple method 
of determining the viscosity of very viscous liquids is one which 
depends on Stokes’ Law.* According to this law, the resistance P, 
due to viscosity, acting on a small sphere falling through the liquid, 
is given by P—Gzrro, where v is the velocity, 7, the viscosity, and 
7, the radius of the sphere. In such a case of resisted fall, the 
body attains a terminal velocity which then remains constant, the 
retarding viscous drag being equal to the gravitational force, i.e. 


6myro—$nr'w(p—o) >  .  . (TA) 


? Pugh, J. Sci. Instr., 21, 177 (1944). 
? Stokes, Collected Papers, 3, 1. 
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where p and o are the densities of the sphere and liquid, respectively. 
Thus, by measuring the terminal velocity v, a value is obtained for 7. 
Stokes’ formula is true only if or is small compared with 7, and this 
rule affords a test of its application in any special case. The viscous 
drag, 6zrv, is deduced for a sphere falling in an infinite ocean of 
the liquid, and in a practical case there will be two corrective fac- 
tors, due to boundary conditions at the walls and bottom of the 
cylinder containing the liquid. If the length of liquid is divided 
into three equal parts, and the centre one of these is used for the 
velocity measurement, then, as was shown by Ladenburg,! to correct 
for the wall effect, the true velocity v. is given by 


Us =o(1 +247), 


where v is the observed velocity, R is the radius of the vessel, and 
Ve is the velocity in a medium of infinite width. 
To correct for the end effect, 


ra=o(1+837), 


where h is the total height of the liquid. Thus the corrected formula 
is 


apo molt 
142-42) (143.87 
4 R h 


A more accurate form of the wall correction, due to Faxen, has 
been verified by Bacon ? in the form :— 


[n OREO 


A good method of producing very small spheres is to blow melted 
Wood's metal through the fine aperture of a glass tube into cold 
water. The radii of these spheres may be measured by means of 
a microscope. 

7:12. Effect of Pressure on the Viscosity of Liquids.—With 
fairly mobile liquids the effect of pressure on viscosity is small. For 
example, at 20? C. the viscosity of ether is raised by about 60 per cent. 
for an increase of 500 atmospheres, while with water at atmospheric 
temperature, the viscosity decreases for the first few hundred atmo- 
spheres. With some liquids, however, the effect is much greater— 
e.g. for liquids of large viscosity, such as mineral oils, the ratio of 
the coefficients under 1 and 1000 atmospheres is of the order 1 to 10, 
and with all liquids, except water, the effect of pressure increases 
at higher pressures. For pressures up to about 2000 atmospheres, 


1 Ladenburg, Ann. der Physik., 23, 9, 447 (1907). 
? Bacon, Jour. Franklin. Inst., 221, 251 (1936). 
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Andrade's theory gives reasonably good agreement with the experi- 
mental results obtained by Bridgman,! the formula connecting 7 
with pressure being :— 


i E28 1 
m (a N 
7h Up K, 


where v is the specific volume and K is the adiabatie bulk modulus. 
At high pressures it would be unreasonable to anticipate any good 
agreement since, in these cireumstances, the molecules undergo 
deformation, 

7:13. Torque on a Disc in the Surface of a Rotating Liquid. 
—A method of measuring viscosity coefficients, which is very similar 
to that of the rotating cylinder, is based on the couple which acts on 
a suspended dise when it is in contact with a rotating fluid. Two 
discs are mounted coaxially, and the lower one is made to rotate 
with angular velocity œ. A layer of fluid between them will suffer 
no slipping at either dise, and thus the vertical velocity gradient 


S ge rw 
at a distance r from the common axis will be, on an average, —? 


where æ is the separation distance between the discs. Thus the 
elementary torque dz, acting on an annulus, radius r and width dr, 
of the upper disc, is 


dr=2ardr r, 
and, for the total torque t, 


4 
r= [ona RS, SEES Tore, 
0 c 22 


where a is the radius of the upper disc. 
This relation is only approximate, because the average velocity 


gradient - is not necessarily that at the surface of the disc, and 


also because, at the edge of the dise, the distribution of stream lines 
is complex. To reduce error arising from this second effect, it is 
usual to mount a guard ring around the suspended dise, of sufficient 
width to reduce the edge effect to a negligible amount. 

This method, also, is applicable to both liquids and gases, and, 
of course, has similar restrictions on the maximum value of w as 
in the case of the rotating cylinder experiment. 

7:14. Damping due to Viscosity.—If a body is oscillating in 
a viscous fluid, its motion will be damped by the internal friction of 
the medium, and the corresponding logarithmic decrement affords 
a measure of the viscosity, The calculation of the effect is not a 
simple one, and readers may be referred to Maxwell’s treatment of 


1 Bridgman, Proc. Nat. Acad. Sci. Wash., 11, 608 (1925); Proc, Amer. Acad. 
Arts Sci., 61, 57 (1926). 
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the problem.! The method, which is again applicable to both liquids 
and gases, has been used by Maxwell, Coulomb, and Meyer.? the 
formula given by the latter for use with liquids being 


16M? — Aa Ay —Ay\ 272 
Pl nz nu s: 


M —moment of inertia of the suspended system, 
R and 6=radius and thickness of the disc, 
iy—periodie time in air, MCA. 
ĝo and 4,—logarithmie decrements in air and in the liquid 
respectively, 
p=density of the liquid. 

Meyer's theoretical deduction of this formula is not above criticism, 
but it may be regarded as an empirical formula which aecords well 
with measurements made by other methods. 


where 


TABLE 72.—Viscosrrv COEFFICIENTS (Liquips) 


T : 
Viscosity. | | Viscosity. | m 
Liquid. cas. | TOUR | Liquid. CCS. | Temp. 
units, E units, É, 
| 
= ix B E | EE D 
0:0170 0.| 0-00759 | 10 
Mereury i: 0:0157 | 20 || Benzene . 0:00649 20 
0-0122 | 100 | 000562 | 30 
42:3 8 | | 000258 | 10 
Glycerine, 8-30 20 || Ether . è 0-00234 20 
| 404 26-5 | 000212 | 30 
| Olive oil — , 0989 | 15 | 1 | 00178 10 
3:85 10 | pieni | 0-0149 20 
Rapeoill  . 1:03 cu ARA 0-0127 30 
| 0-96 30 : 0-00089 0 
| 00440 | 2 | Sarbon P ) 000085 | 10 
| Aniline 4| 00810 | go || oxide (liq. 000071 | 20 
| 00241 | 40 | Black treacle . 400 12:3 
0.00026 | 10 |Glacierice . | 12x10 | — 
| Chloroform . 0-000564 | 20 | Pitch . + | 18x10 | 15 | 
| 0-00511 | 30 | 11x101 | 575 | 
Sulphuricacid | 0-00973 | 25 | Soda glass 1 4x10 | v10 | 
(dens. 1-08) | | I | | 


Other applications of the damping, produced by viscosity as a 
means for measuring y, are Stokes’ 5 decrement measurements for 
a pendulum vibrating in a fluid, and Helmholtz’s and Piotrowski's 
determinations of the damped vibrations of a hollow sphere filled 
with the liquid and oscillating about a diameter. This last method 
has been examined anew by Andrade and Chiong* and a more 


1 Maxwell, Collected Papers, 2, 1. 

* Mayer, Pogg. Ann., 113, 55 (1861). 

? Stokes, Trans. Camb. Phil. Soc., 9, 8 (1850). 

* Andrade and Chiong, Proc. Phys. Soc., 48, 247, 261 (1936). 
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satisfactory formula obtained for the torque on a revolving sphere, 
due to the viscosity of an internal liquid. "This was utilised as a 
means of measuring the viscosity by observing the resultant logarith- 
mie decrement, or the necessary electrical energy which will maintain 
the torsional oscillations at constant angular amplitude. 

7:15. Commercial Viscometers.—The absolute determination 
of viscosity, necessitating an exact measurement of the dimensions 
of the viscometer, is laborious, and in industrial practice some 
simpler instrument is used and calibrated by means of liquids of 
known viscosity. Such instruments, known as commercial vis- 
cometers, make use of either the capillary flow or rotational torque 
principle. Of the former the best known, and most widely used, 
is that due to Ostwald. It comprises a U-tube, of which one side 
is occupied by the capillary tube, and its use involves the time of 
fall of the meniscus from one fixed mark to another, the instrument 
containing a standard volume of the liquid. In these circumstances 
the operative formula is 


DEO EE 
p t 
k being the kinematic viscosity, t the time of flow, 4, B instrumental 
constants, For liquids of high viscosity the second term, which is 
the kinetic energy correction, is very small and, if it is neglected, 
the ratio of kinematic viscosities is simply fh which was the 
a ts 
formula used by Ostwald, It is, however, much more satisfactory 
to calibrate with more than one liquid and to obtain the graph of 
k against t. 

In England the Redwood ! viscometer is widely used. It com- 
prises a cylindrical vessel in the bottom of which is a small capillary 
outlet, drilled through an agate plug, 1 em. long and 1-5 mm. 
diameter. All the dimensions are standardised, and the time is 
taken for the level of liquid to fall between two fixed marks. In 
testing the instrument at the National Physical Laboratory it was 


found that, as suggested by theory, a graph of p against E was 


a straight line, the intercept giving A and the slope B. The values 
obtained were 4—0:00260 and B=1-715 in C.G.S. units. During 
the test the apparatus is surrounded by a constant-temperature 
bath. The Engler? viscometer, widely used on the Continent, 
Operates in a similar manner, as also does the Saybolt instrument 
designed by the Standard Oil Company and used in the United 
States? If only a small quantity of the liquid is available, the 
Michell, cup and ball, instrument is available. A few drops of 


! Redwood, Chem. Ind. Soc. J., 5, 121 (1886). 
? Engler, Zeits. Chem., 9, 189 (1885). 
* Bureau of Standards, Tech. Paper No. 100 (1917), No. 112 (1918). 
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liquid are placed in a hemispherical cup, which is then inverted 
over a steel ball, internal contact being prevented by three small 
projections. The whole is then lifted, and the time is measured 
for whieh the sphere is held in position. A graph connects the 
viscosity with this time. 

7-16. Viscosity of Colloidal Solutions.—The theoretical treat- 
ment of the viscosity of colloidal solutions is one of considerable 
difficulty. If the usual definition of 7, equation (7-1), is employed, 
Le. if it is assumed that the frictional force between contiguous 
layers is proportional to the velocity gradient, then the experiments 
show that 7 is not a constant independent, for example, of the 
pressure difference between the ends of a flow tube. This may be 
expressed by saying that the apparent viscosity decreases with in- 
creasing pressure in the capillary tube experiment, or increasing 
angular velocity in the concentrie cylinder experiment. In other 
words the viscosity coefficient must be assumed to vary according 
to some function of the velocity gradient. Many attempts have 
been made to formulate such a relationship: but it is likely that 
little progress will be made until some method, analogous to that 
of Andrade and Lewis, is available for a point to point study of the 
moving liquid. 

If the colloidal particles are taken to be approximately spherical 
and non-ionised then Einstein ? showed that, for dilute concentrations 
only, the viscosity y’ of the mixture is related to that of the liquid » 
and the volume concentration c by 

9 /n—1--2:5c. 
With further addition of colloidal matter the viscosity increases in a 
more complex manner until the mixture ceases to act as a liquid. 

717. Andrade's Theory of Liquid Viscosity.—It was sug- 
gested by Andrade? that, since the viscosity of liquids decreases 
with rising temperature, the mechanism of its occurrence must differ 
from that in gases, and a simple momentum interchange process 
is inadequate, The molecular spacing, and therefore the density 
and molecular force intensity, cannot be greatly different in liquids 
and solids, particularly at low temperatures, and thus many of 
the characteristics of solid molecular qualities must survive in the 
liquid. Among these Andrade assumes to be the normal frequency of 
vibration about the equilibrium position which however is liable, as 
a result of fluidity, to movement. There is, in no real sense, a liquid 
mean free path, but the amplitude of vibrational movement is taken 

to be larger than in the solid, and sufficient for molecules in adjacent 
lamine with relative velocity to come into contact and by this 
method of interaction to share momenta. Thus the manner by 
which interlayer force is produced has similarities with the kinetic 
1 See Hatschek, The Viscosity of Liquids, p. 211 (1928). 
? Einstein, Ann. der Phys., 19, 289 (1906). 
? Andrade, Phil. Mag., 17, 497, 698 (1934). 
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theory explanation of gaseous viscosity, but the frequency of such 
interchange, and the factors determining its efficiency, are derived 
from the theory of solids, When the temperature changes it will 
affect several of the relevant factors, but chiefly the probability that 
the contacts of adjacent molecules will be effective in the momentum 
sharing. The time of mutual association will depend on mutual 
molecular orientation on encounter, and this will be less regular at 
higher temperatures. If this is alone considered as the temperature 
effect on viscosity, the simpler exponential expression of Article 7-7 
results. In addition, however, two smaller effects are taken into 
account; the change in molecular spacing which affects the specific 
volume and the change in vibrational frequency. The first is aloes 
for in the second formula of the same article, but an incorporation 
of a frequency change produces results less in accord with experi- 
mental data. It is interesting that this is the case also for solids. 

To account for the effect of pressure, Andrade uses the previously 
obtained relationship of the viscosity with vibrational frequenc 
which, in the theory of solids, is connected with the adiabatic bul 
modulus. The constant A of the previous formule includes the 
vibrational frequency, and taking account of its variation with 
density, Andrade defines another constant A’ by 

A's — AV K, 
K being the adiabatic bulk modulus, The substitution of this 
modification into the previous formula gives the final expression 
stated in Article 7-12. 

In such theoretical discussions of viscosity it has been the ten- 
dency to regard its variation with temperature at constant pressure 
and with pressure at constant temperature as separate effects instead 
of as parts of the general problem of associating the viscosity simul- 
taneously with the three variables pressure, volume and temperature 
which determine the state of the liquid. Of these the most important 
are volume and temperature as these determine the particle con- 
centration and molecular kinetic energy. Thus it seems more 
important to measure the change of viscosity with temperature at 
constant volume as was done by Jobling and Lawrence! using a 
falling cylinder viscometer at pressures of the order 100-500 atmo- 
spheres. It was found the graph of log y and 1/T gave a straight 
line at constant volume and thus showed that the simpler Andrade 
formula applies at constant volume and not, as is often assumed, 
at constant pressure, 

7:18. Materials Intermediate Between Liquids and Solids. 
—According to the Maxwell principle of fugitive elasticity the 
viscosity of liquids is a residuum of the rigidity of the solid. There 
are materials intermediate in character between liquids and solids 
and it is natural to expect their reaction to shearing stress to be 
intermediate between the proportionally constant shear of elastic 

1 Jobling and Lawrence, Proc. Roy. Soc., 206A, 257 (1951). 
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solids and the uniform yielding of Newtonian liquids. In general 
the response to a constant shearing stress, except for the extreme 
cases, is for the strain to increase at a rate which itself decreases as 
time goes on and part of the shear, at least, remains when the stress 
is removed. There are some exceptions such as materials which 
become stiffer by straining but receive a permanent set and others 
which become less resistant to stress, It will therefore be seen that 
the range of behaviour is large and to some extent overlap of property 
occurs so that it is not to be expected that for such materials a simple 
Stress-strain formula will fit any large body of experimental facts. 

The variety of stress-strain results to which the term viscosity 
may be applied is in considerable degree a matter of definition. 
"There is no great objection to keeping its formulation—the ratio of 
applied stress to velocity gradient—as the only result will be its 
constancy for Newtonian fluids and its variability for others. In the 
latter case any measurement of it will need statement with reference 
to the stress value at which it was measured. 

7:19. Non-Newtonian Liquids.—Those materials which under- 
go continuous deformations when subjected to shearing stress how- 
ever small are defined as liquids; if, in addition, the rate of shear, 
measured by the velocity gradient, is not proportional to the shearing 
stress then the term non-Newtonian is applied. In many recent 
works on Rheology—which is the general study of flow deformations 
—the term complex liquid is used as an alternative, 

Since the qualification for liquid complexity is non-conformity 
with a general rule and there are various forms of divergence it is 
not to be expected that a unifying formula will be available for all 
such liquids. However, certain of the deviations call for particular 
mention. With some liquids there is a degree of recovery from the 


Shear Strain o 


Time t 
(a) Newtonian Liquid or Bingham Plastic Solid 
(b) Visco-elastic Liquid or Plasto-elastic Solid 
(c) Visco- inelastic Liquid or Plasto-inelastic Solid 


Fig, T-5.—SHEAR STRAIN AND TIME AT CONSTANT STRESS. 
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strain when the stress is removed and such liquids are described as 
visco-elastic ; with others the whole of the strain remains—as in the 
true Newtonian case—when the stress is removed and so are called 
visco-inelastic. These results are shown in Fig. 7-5 in which strain 
g is plotted against time ¢ at constant stress, The dotted portion 
indicates the consequence of removing the stress and, in particular, 
shows in (b) partial recovery from the strain. 

For plastie deformations there are behaviours which closely 
resemble those of Newtonian, visco-elastie and visco-inelastic liquids 
when graphs are drawn of strain and time as in Fig. 7-5, but that 
the flow is plastic is shown by graphs giving the rate or shear Oa /l 
against stress S at some arbitrary time. These are indicated typic- 
ally in Fig. 7-6, 


(b (8) 


Instantaneous Stress S 
(a) Newtonian Liquid (b) Visco-elastic or Visco-inelastic Liquid 
(A) Bingham Solid (B) Plasto-elastic or Plasto-inelastic Solid 


Fic. 7:6.—SHEAR-RATE AND STRESS AT CONSTANT TIME, 


7:20. Bingham Plastic Flow.—The curve OB in Fig. 7-7 
represents a common type of flow rate/pressure difference connection 
When a non-Newtonian material is forced through a capillary tube 
under a. pressure difference between its ends, conditions under which 
a truly Newtonian liquid would give the straight line OD. It approxi- 
mates to the behaviour shown in Fig. 7-6 line A., except that the 
yielding to stress does not begin abruptly as in true Bingham! 
plastic flow. The value of tan ¢ measures the mobility of the material 
and corresponds to the fluidity (e.g. the reciprocal of the viscosity) 
of a Newtonian liquid. The Bingham type of plastic flow may be 
explained by assuming that there is no yield for stresses below a 
yield-point value S, (Fig. 7-6) which is represented by the point A, 
but that, for the excess applied stress (S—5S,) above So the flow is 
Newtonian. 

1 Bingham and Green, Proc. Amer. Soc. Test. Mater., 19, 640 (1919). 
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Thus if the pressure difference is P then the critical stress Sy 
occurs at a distance rọ from the centre such that 
Paro’ =2ar So or PrQ-—218, 
where } is the capillary tube length. At a radial distance r>r, the 


D 


0 Pressure Difference 
Fic. 7-7.—B1NGHAM Prastic FLOW. 


shear stress S is Pr/2l and the resultant stress which does work 
against viscosity is $S—S,. If u is the velocity at distance r we have 


from which integration gives 


Ben. run 
i-a: tear) 
where a is the radius of the tube. At r=r, 


= sae at—n 2 
r7 ar Tra Hro ] 


P 
= yt rel. 


For all values of r less than 7, the velocity is constant at u, so that 
the axial cylinder advances as a solid core. If V, is the volume 
flowing per unit time through the remainder of the bore 


2__ 2 
dV=2anudr T 2 i neben p 


and 
Pa 4 5 
V, =al” E ALa : 
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The volume V, per unit time flowing through the central area zy? 


is given by T - 
oT go 
Enia 2—4ar + 2r] 
8yl 0 0 0 


Thus the total volume in unit time is 
V=V,+V, 
Px 4 1 
mes e ins ^4 
saile Fa To glo i 


This result, the Buckingham-Reiner! equation, has a fairly wide 


applicability. 
If we write 
ape Pro 
SE zu 
then 
a; 
n= 
and 


Prat 4p lpt 
"SV jes Pts Pil: 

For substances with a low yield stress the last term is inappreciable. 

7:21. Non-Newtonian Flow Curves.—Experiments on the 
viscous properties of non-Newtonian liquids may be carried out by 
any of the previously described types of viscometer but the deriva- 
tion of the counterpart of the ordinary viscosity is a matter of some 
difficulty as this has significance at a particular rate of shear only 
and in any of the ordinary viscometers the rate of shear varies 
between limits. For example, in the rotational viscometer the shear 
rate at radius r is given by 

do Soit 
dr r*«(b*—a?*) 
while, for the capillary viscometer it is 
du__4Vr 
dr zat 

Thus the flow rate is due to the viscous reaction at a variety of 
rates of shear and the apparent viscosity coefficient directly deduced 
represents some kind of average for these various rates. To deduce 
the exact shear-rate/shear-stress curve is a matter of considerable 
difficulty. For capillary flow it has been done rigorously by Weis- 
senburg and Rabinowitsch ? but in the case of the rotational visco- 

1 Buckingham, Proc. Amer. Soc. Test. Mater., 21, 1154 (1921); Reiner, 


Kollzeitschr., 39, 80 (1926). 
2 Rabinowitsch, Z. physik. Chem., A145, 1, (1929). 
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meter a practical approximation such as that given by Cram and 
Whitwell 1 is most useful. In this method the value of r, the inter- 
mediate radius at which the rate of shear calculated from the apparent 
Newtonian viscosity is the same as the true rate of shear, is found 
either by calculation or graphically and this value of r is a much 
better approximation than the value Vab which has also been 
Suggested, 

7-22. Thixotropy.—Many substances, e.g. butter, honey, paints, 
creams and some clays become more fluid as a result of agitation 
and revert to their former consistency after standing for some time. 
If such substances are examined in a rotation viscometer then the 
deflection for a constant rate of rotation decreases with time from 
its initially high value. This effect, which is called thiwotropy, is 
clearly due to a disorientation of the molecules from the orderly 
arrangement of the original gel and a subsequent re-orientation 
during the undisturbed period. 

To give quantitative meaning to the term it is possible to define 
a coefficient of thixotropy in dynes per sq. em. as the limiting slope 
of the curve which shows the apparent viscosity against di/dg where 
t and g are time and shear respectively. This slope occurs at high 
rates of shear, It is, however, doubtful to what extent such a 
definition is of value and Pryce-Jones ? measures the thixotropic 
effect by means of a rotation viscometer in which the rate of shear is 
kept constant. 

7:23. Flow of a Compressible Fluid throu$h a Narrow 
Tube.—In deducing Poiseuille's formula it was assumed that the 
volume crossing any section of the tube was constant, This is the 
same as Supposing that the density is independent of the pressure, 
and although true for liquids, it is not the case for compressible 
fluids, i.e. gases. For these, it is the mass which crosses any section 
in a given time which is constant, i.e. 


poo — constant, 


where p is the density at a point in the section, area «, of a tube of. 
flow and v is the velocity. The product «v is the volume flowing 
through the area per second. Considering an element of the tube 
of length dz, if the difference in pressure between its ends is dP, 
then from (7:5) the volume V leaving the element per second is 
given by 


y2——.——. i 5 . (744) 


the negative sign being used, since P decreases as v increases. If 
P, is the pressure at the inlet end, and V, is the volume entering 


! Cram and Whitwell, J. App. Phys., 26, 613 (1955). 
* Pryce-Jones, J. Oil and Col. Chem. Assocn., 17, 805 (1934) ; 19, 295 (1930). 
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the tube per second, then, since the cross-sectional area is constant, 
P,V,=PV, and 


so that 


8n 
where P, is the pressure at the outlet end of the tube. Hence 


P,*—P,*)na* 

pv, - (Pe Ta (7-15) 
7:24. Viscosity of Gases.—Grindley and Gibson ! determined 
the viscosity of a gas by noting the pressure difference between the 
ends of a flow tube, through which the gas streamed from one con- 
tainer to another. The flow was produced by forcing water into 
one container, and thus the volume passing through per second was 
known. The coefficient of viscosity was then calculated from (7-15), 
The flow tube and containers could be raised to any desired tem- 
perature between 0°C, and 100°C., and it was found that the 
variation in 7 agreed closely with Sutherland's theoretical formula,* 

kv T 

n= 


Cc 


T 


and was independent of the pressure. Both of these results are in 
accordance with the predictions of the kinetic theory of gases. 
The value of 7 for air may be determined by means of the follow- 
ing simple experiment. One side of a U-tube consists of tubing— 
radius about 1:5 mm.—while the other side is a capillary tube of 
length / and radius a. The excess preuze at the lower end of the 
latter is produced by means of a pellet of mercury, weight mg. The 
time t, taken by the pellet to fall between two marks on the wider 
tube, is noted. If Q is the volume between these marks, then the 
volume of air, V,, passing into the capillary tube per second is 


£ The pressure P, at the entrance end is P,=B4b—ô, where B 


t srp, 
frv PaP, 
0 P, 


is the atmospheric pressure, b the pressure due to the pellet, i.e, Ls 


and 6 the sticking coefficient, or virtual reduction of the excess pres- 
sure due to friction between the pellet and the walls of the fall tube, 
If these values of P, and V, are inserted in (7-15), we have 
Q (B--b—0)—B* , 
(B+b—6) PEE ar nat, 


1 Grindley and Gibson, Proc. Roy. Soc., 80A, 114 (1908). 
2 See Articles 7:26, 8:6. 
G.P.M.—R 
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4 b—6\-1 

ag Q 16; 9-5» a(n z) ] 
EN p: 

16; | P5 B+b—ò »] 


ignoring terms in is Thus 


or, b2 "y 8NR dd 
[o-i- eons * 4 » (716) 


If experiments are carried out with two pellets of different sizes and 
the times of fall are £ and £4, we have 


PO p bt 
[r-25-]- [a-za 


and thus ô is determined and may be inserted in (7-16) to give Ne 
PIN E: 


Another method, suggested 
by Searle,! may be carried out 
with the apparatus shown in 
Fig. 7-8. A large vessel M, of 
volume V, is filled with air 
through a cycle valve E, until 
the initial difference in level, hy, 
between A and B of the mercury 
manometer, is somewhat less 
than that for which turbulent 
flow occurs. When the gauge 
readings have become steady the 
tap is opened, for a measured 
time, and is then closed. The 
new difference in level, h, is 
then recorded. Suppose P, and 
P, are the pressures in M at 
the beginning and end of the 
experiment, and let P be the 

Fic. 7-8.—SEAnLE'S METHOD OF pressure at a time ¢ after 
DETERMINING THE VISCOSITY the gas has commenced to flow. 
or Arn. Then 

P,=(H+h,)dg, 

P,=(H-+h,)dg, 

P=(H+h)dg, 
H being the height of the barometer, and h the difference in the 
mercury levels after a time t sec. Let V, be the volume of air enter- 

*G. F. C. Searle, Camb. Phil. Soc. Proc., 17, 188 (1912). 
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ing the capillary tube CD per second at time £. In the interval di 
the pressure changes to P--dP, and for a slow rate of flow 


(P+dP)(V+V,dt)=PV, 


P 
or, ae Vs 
But, from (7-15), 
a 
pv, == as 
where B=Hdg. Hence 
dP nat 
PB Mises 
A being written for the constant AP Thus 
Ps dP Fe. dP 


2BAi— Pa „PFB 
ae (P,—B)(P,+B) 
(P,—B)(P,+B) 
or, Hdgna*t _ h, 2H+h, 
SyV E (bara) 


Finally, we may notice an experiment due to Rankine ! which is 
applicable to various gases and enables the 
effect of pressure to be studied. In this 
experiment a closed-tube system (Fig. 7-9) is 
used. The tube ABCDEF, of about 8 mm. 
diameter, is joined to F4 the capillary tube. 
Two fixed marks M and N are made, such 
that the volume V, of 4BM equals that of 
FEN. A mercury pellet P again produces 
the excess pressure, and in this case the 
time ¢ is the interval between the top sur- 
face of the pellet passing M and the bottom 
surface reaching N. Let V, be the total 
volume ABMNEF. If the apparatus be 
placed horizontally, the pressure throughout 
has a uniform value, p say, and let the 
density of the gas at this pressure be pp, 
where p is the density at unit pressure. 
The mass of gas enclosed is ppVj; and re- 
mains constant. At the beginning of the 
interval ż, the pressure in ABM is p,, while 


i : ; as wW Fig. 7-9.—RANKINE'S 
that in MDF is P, given by Ponts Aberin cece td 


where w is the weight of the pellet and « is oer cU MEA 


1Rankine, Proc. Roy. Soc., 83A, 265 (1910). CIENTS FOR GASES. 
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the cross-sectional area of the fall-tube. Then, as the mass of gas 
is constant, 


ppVa—pipVi--p(Va— vn). 


yee : 
m-P— YA (rar) 
and Zz 
pb rg s 
Ppt ae d r . (718) 
At the end of the time ¢ these become 
Coca t Va Va 
py—p ERA y, 
c WM : 
ecl pe ss winme ay (119) 
and 
eel j 
Pptee [A eus cce eM USD) 


Hence the mass of gas which has passed through the capillary is 
Pyp( Vy— V4) —Pap V; 
V,—V, 
V, 


AV Yo) ; Joni, -2v9. 


Thus the average rate of flow in grams per second is 


PRy,-2V) . LOU Beaten) 
But, from (7-15) 


where V, is the initial volume per second entering the capillary 
tube. Thus the initial mass per second entering is 


2. 5,2 


nap w : 
ez Y) from equations (718) and 7-17), 


and the average rate of flow in grams per second is 


Equating this value to that obtained in expression (7-21), we have 


RES DT Bek (7322) 


VISCOSITY OF GASES 245 


where (V,—2V,) is the volume between the two marks M and N, 
less the volume of the pellet. 

In this experiment correction must be made for the sticking of 
the pellet in the fall tube in the manner already described. 

Rankine, by means of this apparatus, measured the viscosities 
of many gases and showed that they were, as predicted by the 
kinetie theory, independent of the pressure, 

lf it is required to measure a gas viscosity with the highest 
degree of accuracy as, for example, in the determination of the 
electronic charge by Millikan’s oil-drop method, the uncertainties 
of the capillary tube experiment render it unsuitable, and a rotat- 
ing cylinder apparatus is employed. In Bearden's form ! the inner 
cylinder, which was hollow, closed at both ends and revolved be- 
tween accurately machined centres, was magnetically driven. The 
outer cylinder was much shorter and end effects were rendered 
negligible by the provision of coaxial guard cylinders, the effective 
length of the driven cylinder being its actual length plus half the 
sum of the small clearance distances. The space between the 
cylinders could be evacuated and subsequently filled with any gas 
at controllable pressure. The formula, of course, is exactly the 


TABLE 7:8.—Viscosrrv COEFFICIENTS (GASES) 


Viscosity | Sutherland's 
C.G.S units, | Const. C. 


| —2014 1-64 
ams 4 15 Ka | 120 
| 99-6 2:21 
| Hydrogen «1 x Os } wa 
woos {st aie |} 227 
Nitrogen . , { "i Ix i} iio 
| Helium zi 2 ne } i 
se IE Bee 
| Chlorine . ; 1 Es um 
Carbon dioxide A d P ) 2 
Water (vapour) i 1 100 e y "à 
| Nitrous oxide . P 1 T5 nn y 313 
Carbon monoxide . { AM EH ] 102 


1 Bearden, Phys. Hev., 56, 1032 (1939). 
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same as that applicable to liquids. Bearden's value for air at 
23° C. was 


(1:82462 +0:00006) x 10-4 poises. 


In Table 7-3 are given the values of 7 for a number of the more 
important gases. 

7:25. Effect of Pressure on the Viscosity of Gases.—Maxwell 
showed from the kinetic theory of gases that viscosity is independent 
of pressure, and this result has been found to be true over a wide 
range of pressures. At low pressures—such that the mean free 
path of the molecules becomes of the same order of magnitude as 
the dimensions of the containing vessel—the viscosity continually 
decreases as the pressure falls; the value of the pressure, at which 
this effect begins, depends upon the size of the containing vessel and 
upon the nature of the gas. The diminution in gas friction at low 
pressures is shown by the long-continued vibrations of a broken 
filament in a vacuum tube, and this effect is utilised in a number 
of decrement type pressure gauges. 

When the pressure is low, there is relative motion between the 
wall of the vessel and an adjacent layer of gas. In fact, appreciable 
“ slipping ” occurs, and this fact reduces the value of the coefficient 
of viscosity. For liquids no such effect has been detected, but 
with gases it has been observed—notably in the experiments of 
Kundt and Warburg for pressures up to several millimetres of 
mercury. Maxwell suggested that this slipping effect could be 
corrected for, by assuming an imaginary displacement of the walls 
away from one another by an amount which depends on the mean 
free path, and which, from the experiments of Kundt and Warburg, 
would amount to four times the mean free path. If this were done, 
the gas may be taken as at rest on the new boundaries. "Thus, 
when the dimensions of the vessel approach in magnitude the mean 
free path, this slipping effect becomes very noticeable, 

7:26. Effect of Temperature on the Viscosity of Gases.— The 
viscosity of a gas increases with temperature, and Sutherland * 
deduced the relation 


qe 2184 C ER H 
nm T+C : 


278 
where 7, and 7, are the viscosities at T^ absolute and 0° C., respec- 
tively, and C is usually termed Sutherland's constant. The value 
of C for various gases is given in Table 7:3. 
Sutherland's formula agrees well with experimental data, 
A measurement of gas viscosities at low temperatures was made 
by Johnston and Me. Closkey 3 by observing the damping of an 


1 Kundt and Warburg, Pogg. Ann., 155, 357 (1875). 
2 See Article 8-6. 
* Johnston and Mc. Closkey, J. Phys. Chem., 44, 1088 (1940). 
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oscillating dise and employing Maxwell's equation ! 


4-2 
depre 


` in which ż is the periodic time, 4 and z are the logarithmic decrements 


in the gas and in vacuo respectively and c is an instrument constant 
obtainable by calibration in air at ordinary temperatures. 


7:27. Solid Friction and Lubrication.—When one solid surface 
slides over another, the force necessary to maintain motion measures 
the amount of kinetic friction between the surfaces, The ratio of 
this force to the normal reaction between the surfaces is nearly con- 
stant, and is called the coefficient of kinetic friction. It is indepen- 
dent of the velocity and of the apparent area of contact,? but the 
work of Bowden and Tabor ? shows that the latter is not a useful 
measurement, since actual contact occurs over a limited area, and 
this is a self-adjusting quantity in that greater mutual force between 
two surfaces produces a plastic deformation at the small areas of 
contact, thus increasing the area. This increase adjusts the area 
of contact so as to reduce the pressure to that at which the solid 
material no longer flows plastically, The real area of contact is 
thus necessarily proportional to the load, Therefore the area of 
contact of a body with a supporting surface is independent of the 
way it is oriented. The friction which is normally measured is that 
between surfaces covered with adsorbed gases, or even thin films of 
oxide, and the coefficient for these is usually less than unity; if 
two metal surfaces are thoroughly degassed by heating in a vacuum, 
the coefficient rises very considerably, e.g. to values of 10 or more.* 
Although it is usually stated that kinetic friction is less than static 
friction, the difference at low speeds is very small, and in all cases 
is probably due more to the effect of heating than to any difference 
in mechanism. When sliding is occurring, however, oscillographic 
study shows that the relative motion is very complex and includes 
momentary pauses between positions of rapid slip; this discon- 
tinuous motion is accompanied by equivalent temperature changes, 
Since the electrical conductance across the contact falls momen- 
tarily at the slip times, this is evidence of temporary welding over 
the real contact area, the frictional force being that necessary to 
break these bonds. It is not yet certain that this theory of sheared 
welds is, by itself, adequate to explain all the effects of friction, In 
particular it makes no allowance for the roughness of the surface 
by reason of which there is some degree of mutual fitting together 


1 Maxwell, Phil. Mag., 19, 81 (1866). 

2 Beare and Bowden, Phil. Trans., 234A, 829 (1935). 

3 Bowden and Tabor, Proc. Roy. Soc., 169A, 391 (1939); The Friction and 
Lubrication of Solids, Clarendon Press, Oxford (1950). 

4 Bowden and Hughes, Proc. Roy. Soc., 172A, 263 (1939); Bowden and 
Young, Proc. Roy. Soc., 208A, 811, 444 (1951); A Discussion on Friction, Proc. 
Roy. Soc., 212A, 440 (1952). 
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between the surfaces, so that in their relative movement, surface 
irregularities must be surmounted or shorn off. It was to this 
expenditure of energy that Coulomb attributed the whole of the 
frictional resistance and, according to his theory, there would be 
no friction between mathematically smooth surfaces whereas, as 
we have seen, degassed smooth metal surfaces exhibit large forces 
of friction. 

Lubricants separate the solid surfaces, either so completely that 
projections do not touch, or sufficiently to reduce greatly the con- 
sequent degree of seizure. From this point of view, therefore, the 
normal adsorbed films on the surfaces may be regarded as lubricants, 
but the name is more usually applied to substances added to the 
surfaces, in order to reduce the residual friction between the nor- 
mally adulterated solids. When the amount of lubricant present is 
sufficient to form a film at least several molecules thick, then the 
ultimate force to be overcome is due to the viscosity of the lubri- 
cant. The theory of this film lubrication was first given by Osborne 
Reynolds. In all the cases to which it applies, the common feature 
is that the surfaces in relative motion are slightly inclined to one 
another, and into the wedge-shaped clearance between them the 
lubricant is forced, until the pressure so developed equals the pres- 
sure between the moving surfaces, which are thus maintained a 
sufficient distance apart for the liquid between to have the normal 
bulk properties, and thus to resist shear merely by its viscosity. 
Hence this type of lubrication substitutes inter-liquid shear for the 
shearing of bridging welds. In order that the wedging action shall 
be effective, two conditions are necessary; the liquid must have 
enough viscosity for one layer to drag another with it, and it must 
adhere adequately to the solid surface. From the first condition 
it is seen that there will be, in any given cireumstances, a minimum 
viscosity which will enable the film to be maintained. "When allow- 
ance has been made for the normal rise of working temperature and 
the adulteration, which is progressive with use, it is economic to use 
the minimum viscosity, but even more important as a practical 
consideration is the chemical stability of the lubricant. In this 
matter the mineral oils have a superiority over the vegetable oils, 
which tend more easily to oxidation and à consequent formation of 
tarry residues, The second condition was formerly disguised by 
the term oiliness, but is now recognised as the power of forming 
strongly adherent coatings on the solid surface. That this is of 
importance is shown by the fact that the most efficient lubricants 
have a high heat of wetting with metals, but this may not be the 
only essential property as there is evidence that, to produce good 
lubrication by such an adsorbed layer, some other property— possibly 
flexibility in the molecules—is needed. 

Such an adsorbed layer, even if only monomolecular on each 
surface, diminishes the friction very greatly and this form of lubri- 

1 Reynolds, Phil. Trans., 177A, 157 (1886). 
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cation, ealled boundary lubrication, has been very fully studied by 
Hardy ! and his colleagues who measured the tangential force neces- 
sary to move a spherical slider which stands in a pool of the lubri- 
cant. In a short time the sphere penetrates the lubricant until 
only a boundary layer remains. It is not quite certain, though 
probable, that this layer is one molecule thick on each surface. 
According to Hardy's results, ring compounds are less effective than 
long chain compounds, and in a homologous series it was possible 
to evaluate the contribution of each portion of the molecular chain 
to the resultant frictional reduction. The ability of substances to 
form these monomolecular films is governed by the same considera- 
tions as those which cause oriented unimolecular surface layers on 
liquids, and the better boundary lubrication of long chain molecules 
may be due to the consequent reduction in attractive force to that 
of the weak methyl groups at the outer ends of the hydrocarbon 
chains. This is supported by the fact that vegetable oils, which 
contain free fatty acids, are able to produce more strongly adherent 
boundary films than mineral oils. In order to obtain the value of 
both methods of lubrieation, engineers now frequently use mineral 
oils with an admixture of vegetable oil, such as castor oil. The 
latter produces and maintains the boundary layer, while the former 
fulfils the róle of film lubricant. As an additional precaution col- 
loidal graphite also is sometimes added, with the resultant deposition 
of a thin film of graphite on the metal surfaces, so that even if solid 
contact should occur, the seizure would be between graphite layers 
in which the resistance to tangential slip is small. 


EXAMPLES 


7-1. A soap bubble of radius 4 cm. and surface tension 30 dynes per 
em. is blown at the end of a tube of length 10 cm. and internal diameter 
0:200 cm. If the viscosity of air is 1-85 x 10-* C.G.S. units, find the 
time taken by the bubble to be reduced to a radius of 2 em. 

[4 min. 56 sec.] 

7.2. Water flows through a horizontal tube of length 20 cm. and 
internal radius 0:081 em. under a constant head of the liquid 20 em. 
high. In 12 minutes 864 c.c. of liquid issues from the tube. Calculate 
the viscosity coefficient for water and verify that the conditions for 
stream-line flow exist. The density of water is 1 gm. per c.c. and g —981. 

[0-0114 C.G.S. units; crit. vel. 140 cm. per sec. ; 
max. vel. 116 cm. per sec.] 

7-8. Two vessels of equal cross-section, «, are joined near their bases 
by a horizontal narrow tube of length / and internal radius r. Initially 
the liquid surfaces are at heights 3h and h, respectively, above the 
capillary tube. Calculate the time taken for the difference in level to 
become h if the coefficient of viscosity is ņn and the density d. The 
flow is assumed to be slow. [47l« log 2/zr*dg.] 


1 Hardy, Collected Papers, Cambridge, (1936). 
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7-4. If the vessel with the lower level of liquid in the previous question 
is removed, find the new time for the liquid in the first vessel to fall in 
level from 3h to 2-5h. [8yla log 1:2/zr*dg.] 

7-5. A cylinder of radius 5 cm. and mass 1 kg. is suspended with axis 
vertical by a long fine thread of torsional rigidity t and is immersed to 
a depth of 10 em. in a liquid of viscosity 1-50 C.G.S. units contained in 
a coaxial cylinder, of radius 5-10 em. Neglecting forces on the base of 
the suspended cylinder, find the condition that, on being twisted through 
a small angle, the cylinder returns to its equilibrium position without 
oscillation. [t «2-95 x 105 C.G.S. units.] 

7:6. If the viscosity of water at 0? C., 20? C., 40? C., 60° C., and 80? C. 
is 0-01795, 0-01000, 0-00650, 0-00462 and 000339 C.G.S., find the rate 
of variation of viscosity y with temperature ¢ at these temperatures if 
n(1+kt)i=A; A and k being constants. 

[0.000242 ; 0:000120; 0-000069 and 0-000043.] 

7-7. An air bubble, radius 1 cm., is allowed to rise through a long 
cylindrical column of syrup of radius 5 cm., and travels at a steady rate 
of 0-21 em. per sec. If the density of the syrup is 1:47 gm. per c.c. find 
its viscosity at the temperature of the experiment. 

[1:03 x10? C.G.S. units.] 

7-8. A U-tube consists of a length of 40 cm., of capillary radius 
0:0135 cm., and 80 cm., of wider tubing, radius 0-150 cm., and is placed 
vertically. Two marks are made on the wider tube 30 cm. apart, and 
a mercury pellet of weight 1-890 gm. is found to take 53-2 sec. to fall 
from one mark to the other. A second pellet of mass 1-360 gm. takes 
78:6 sec. If the atmospheric pressure is 1-00 x 10° dynes per sq. em. 
caleulate the viscosity of air at the temperature of the experiment. 

[1-82 x10-* C.G.S. units.] 

7-9. A glass bulb of volume 500 c.c. has a capillary tube of length 
40 cm. and radius 0-020 cm. leading from it. The bulb is filled with 
hydrogen at an initial pressure of 86 cm. of mercury, density 13:6 gm. 
per c.c., and it is found that if the volume of the gas remaining in the 
vessel is kept constant the pressure falls to 80 em. of mercury in 25-4 sec. 
If the height of the barometer is 76 cm. and £ —981, find the viscosity 
of hydrogen. [9-21 x10-5 C.G.S. units.] 

7-10. Two bulbs, each of 500 c.c. internal volume, are connected bya 
tube of length 20 cm. and internal radius 0:0150 em. The whole system 
is filled with oxygen, the initial pressures being 10 and 15 em. of mercury 
respectively. Calculate the time taken for the pressures to become 12 
and 13 em. of mercury respectively. ‘The viscosity of oxygen may be 
taken as 0-000199 C.G.S. [483 sec.] 

7-11. A cylindrical vessel is maintained full of a liquid to a depth of 
20 cm., and has protruding from it three similar horizontal capillary 
tubes, each 45 cm. long, fixed at heights 0, 5, and 10 em., respectively, 
from the base. Show that the rate of supply to the cylinder is the same 
as would be necessary for a single outflow tube of length 20 cm. and 
similar radius protruding horizontally at the bottom of the cylinder. 

7-12. Two circular horizontal discs of radius 5 cm. and distance apart 
1 mm. are separated by a layer of oil of viscosity 1-01 C.G.S. The upper 
disc is fixed while the lower one is revolved in vertical frictionless bear- 
ings by the tangential pull of a flexible string, the tension in which is 
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6000 dynes, which unwraps from a cylinder, radius 2 cm., coaxial with 
the disc and fastened rigidly to it. Find approximately the time taken 
by the rotating system to make one complete revolution. [5-2 sec.] 
7-18. A thin wire of radius b is placed coaxially in a narrow tube of 
length Z and radius a. Find the volume of liquid which flows per second 
through the annular space between the wire and tube when a pressure 
difference P is maintained between the ends of the tube if y is the viscosity 
of the liquid and steady-flow conditions exist. 
[V = {Px/8nl} (a* —b* —(a* —b?)*/(log a—log 5)).] 
7-14. Emery powder particles are stirred up in a beaker of water 
10 em. deep. Assuming the particles to be spherical find the radius 
of the largest particle remaining in suspension after 24 hours. Take 
the density of emery as 4 gm. per c.c. and the viscosity of water as 
0-010 poise. [4:21 x 10-5 em.] 


CHAPTER 8 
THE KINETIC THEORY OF MATTER 


8-1. The Kinetic Theory of Matter.—The kinetic theory of 
matter, and more especially that of gases, rests essentially upon two 
fundamental assumptions. The first of these postulates is that 
matter is composed of extremely small particles, atoms, and mole- 
cules, and that the molecules of the same chemical substance are 
exactly alike as regards size, Shape, mass, ete. The second postulate 
is that the molecules of a gas are in constant motion, and this motion 
is intimately related to the temperature. In fact, the temperature 
of a gas is a manifestation of the amount of molecular motion. The 
energy associated with atoms may exist as rotational and transla- 
lional kinetic energy together with potential energy, but polyatomic 
molecules possess, in addition to these forms, intramolecular energy, 
the constituent atoms of a molecule being in relative motion and 
contributing energy according to these motions. 

Solids, which are not subjected to external forces, maintain their 
shape indefinitely, and from this fact it is assumed that, on the whole, 
their constituent molecules and atoms move about some mean posi- 
tion. Their movements are, to a large extent, limited. Bragg has 
Shown that the atoms, which constitute the molecules, are arranged 
in definite space lattices, and in this case the effect of temperature 
increase consists in augmenting the kinetic energy of vibration of 
the atoms about their mean equilibrium positions, 

The molecules of liquids not only move about mean positions but, 
by means of diffusion, they are slowly translated. The molecules 
and atoms in solids and liquids are sufficiently close together to react 
considerably on one another, and there is, accordingly, an internal 
or intrinsic pressure. This fact is confirmed by the great cohesion 
and resistance to compression which they exhibit. In gases the 
average distance between molecules, although it varies with tem- 
perature, is many times greater than that existing in solids and 
liquids; and the rapidity with which gas molecules diffuse indi- 
cates that they are in a state of rapid motion. A relatively simple 
calculation, based on these assumptions, enables us to calculate the 
velocities of the molecules at any temperature. Their movements 
are assumed to be rectilinear and, on an average, uniform provided 
that they do not approach too closely to other molecules. They 
continually collide with one another, and as there are many mole- 
cules present, even in the smallest volume, the time occupied in an 
actual collision must be extremely small, compared with the time- 
interval between successive collisions. At each impact the direc- 
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tion and magnitude of the velocity is suddenly changed, but the 
total translational energy before and after collision must be the same. 
This statement is true, only if the gas temperature remains constant, 
so that, although the kinetic energy of a particular group of mole- 
cules may change, the mean value of the kinetic energy of the whole 
remains constant. Each molecule as it rebounds from the wall of 
a containing vessel suffers a change in velocity, similar to that origin- 
ating from intermolecular collisions, and so it imparts momentum 
to the wall, equal and opposite to that which it receives. This 
change of momentum gives rise to a pressure on the boundary sur- 
face. When we consider that at normal pressure and temperature 
there are approximately 10! molecules per c.c., we see that, on 
any appreciable area of the boundary surface, there must be an 
enormous number of impacts per second, the average number of 
which over the whole area remains constant. Hence the average 
pressure exerted by the gas molecules will be the same everywhere. 

8:2. Laws of a Perfect Gas.—A perfect, or ideal, gas is one 
in which the molecules are assumed infinitely small, and exert only 
negligible forces on one another, except in the case of their collisions. 
Suppose there are N molecules per unit volume of gas, and let these 
be divided into classes, so that all the molecules in any one class 
have approximately the same velocity, both as regards magnitude 
and direction. Let N,, Na, ... be the numbers of molecules in 
these classes, so that N, +N,+ ... =N. 

Let u;, v, W, denote the components, along the a, y, z axes, of 
the velocity of the molecules of the first class, so that these mole- 
cules may be regarded as forming a group of molecules of density 
N, per unit volume, in which every molecule moves with the same 
velocity. The value of XN,u,? is the sum of the values of such 
terms for all the molecules in unit volume, and this is equal to Nà?, 
If m is the mass of each molecule, the mean kinetie energy of 
translation of a single molecule is given by 

m? 4-0? 4-3?] — 3mC?, 
where C?=i?+52-+? and C is called the root mean square velocity, 
the square of which is equal to the average of the squares of all 
the velocities. 

If we consider n molecules of a gas moving in all possible direc- 
tions, the probability that the velocity of a molecule shall lie along 
any one direction is the same for all directions. Let us take some 
fixed point O (Fig. 8-1) as origin, and draw from this point a system 
of lines of length C to represent, in magnitude and direction, the 
velocities of the different molecules of the gas. These lines will end 
on a sphere of radius C. With O as centre and any direction OA 
as axis, construct cones of which the generatrices make with OA 
angles equal to 0 and 0--d0. The difference between the solid angles 


2nC sin 0.Cd0 


of these two cones is the solid angle ^ @ , and the number 
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of lines e. the number of molecules moving between the directions 
9 and 6+-d0 is no where 


me 27 sin 0d 
QUT ACER 
or, 
i MN BE. (81) 


On XY, of area, a, construct a cylinder of which the generatrix 
makes with ST an angle 0, and of which the length is C,, ST being 
parallel to 4B. The number of molecules with speed C, within it 


XS un 


Fic. 8-1.—SPACE DISTRIBUTION OF Morecutar PATES. 


is N,a,C, cos 0, where N, is the number of molecules per unit 
volume with speed C,. "The number No, of these molecules whose 


No=N,a,C, cos on do 3 5 . (82) 


and all these molecules impinge against the area 4, in unit time. 
The change of momentum, normal to the area, at each impact is 
2mC, cos 0, so that the total force, i.e. therate of change of momentum, 
acting on the area a, is 

red fis T 

2 E] 2 
i Nyo2mC, cos 0— J mNa,C,? cos? 0 sin pap s Cs : 

8-0 0 

and the force per unit area, or the pressure, exerted by the gas is 


given by 
N.C.? 2 2 
p" qr mNC =£ ^ . (83) 
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Where p is the density. If V, represents the molecular volume of 
the gas and M its molecular weight, p= and 
0 


MC? 
3 
From this equation are derived the laws of perfect gases, the well- 

known formula for perfect gases being written 

PAS 4 : ae E) 
where T is the absolute temperature and Rm the gas constant re- 
ferred to one gram-molecule (8-318 x 10" ergs per degree absolute). 
Comparing equations (8-4) and (8:5), the total kinetie energy of all 
the molecules in a gram-molecule is equal to 


asus 
jmC:—3RT. 


pVy— + (84) 


and so (8:6) 
o NM S . A 
Denoting m ues the number of molecules contained in 1 gram- 


molecule, by Nm, we have, for the kinetic energy of translation of 
a molecule or free atom, at a temperature T° absolute, 


imC?— ster _or, P -A 
m 
where 
Rm 
«= Ne 


The formule obtained for the pressure contain within them all 
the well-known gas laws. Thus, from equation (8:3), the value of 


N is equal to I, a quantity which depends only on the physical 


state of the gas and not on the structure of its molecules, so that 
two different gases, at the same temperature and pressure, contain 
equal numbers of molecules in equal volumes. This result is known 
as Avogadro’s Law. The actual number of molecules in a cubic 
centimetre of gas at standard pressure and temperature is 2-687 x 1019, 
This number is frequently referred to as Loschmidt's number, the term 
Avogadro’s number being reserved for the number of atoms in a gram- 
atom, or the number of molecules in a gram-molecule. Avogadro's 
important hypothesis on the identity of the numbers of molecules in 
equal volumes of different gases at the same pressure and tempera- 
ture was formulated in 1811, but Avogadro made no quantitative 
estimate of either of the above constants. The first actual estimate 
of the number of molecules in 1 c.c. of a gas under standard con- 
ditions was made in 1865 by Loschmidt, and from this the num- 
ber of molecules (atoms) in a gram-molecule (gram-atom) was later 
evaluated. 
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from (8:6), jmC* RT, and substituting this result in 
ate (83) p=NRT. If there is a mixture of gases, then 


the pressures exerted separately by the several components of the 
mixture, This is Dalton's fpi from equations 18:3) and (8-6) 
we see that the pressure of a gas is proportional to its density, 


by experiment, are true only within the limits imposed by the 
the deductions, The most important of these 

me of a molecule is so small, compared 
with the intermolecular distances, that it may be treated as a point. 
‘This is true only for ideal gases, and so the laws will hold for real 
gases within vi of closeness, which depend on the 
extent to which the gas approaches the state of a lect gas. These 
laws AQ ar - by which the 
expression pem was found no way required that 
= Cy ey A rad to be true for the 

tions, conception of pressure 

by free electrons moving 


The value of C may be calculated from the relation 
re 


For instance, the mass of a litre of hydrogen is 0-08987 » at the 
standard pressure of 70 cm. of mercury and at 0°C., so that 


p 76 x 19-59 x 08151-01322 x 10* dynes per sq. em. 
and p=0-00008987 gm, per c.c.; thus for hydrogen at 0* C., 
C» 1-889 x 10* cm, per second, 
Also from the relation 


! 
i 
3 
Ẹ 
1 


SRT 


late its value for any other substance. The mass of the hydrogen 
atom is 1-676 1075 gm.? Hence R=1-881 x 10-16 erg per degree, 
and since the number of molecules in a gram-molecule «6:023 x 10", 
the value of Ry is 8:318 x 10" ergs per degree, 


The quantity 9% has been denoted by a, so that 


am §R= 2-072 x 10715 erg per degree, 
‘See Article 10:3. 
* Birge, Reports on Progress in Physics, Vol. VITI, 190 (1941). 
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and the kinetic energy of a molecule at 0* C, is 
OT 207 X 1079 x 273 55-05 x 1079. erg, 
83. Maxwell's Law of Distribution of Velocities.—It is 


evident that even if all the molecules in a given volume actually 
the same dy Are instant, the collisions occur- 
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SS (e 0) Men) Muthertemt. n oa (89) 
* Maxwell, Colleted Works, 1, 390. 


i 
ftv) fis dried Ma Re EL velocity, 
Fiq) du do dw, or 
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Keeping q constant and differentiating, 
fü, foo f(mym , ^ ^ ^q 
fü) * fy fw) ^ ne 


where f'(u), etc., represent the first differentials. Differentiating 
(8:8), keeping q constant, 


udu-+-vdo-+wdw=0, d á . (811) 

and if we multiply (8:11) by 4 and add the results to (8-10) we obtain 
Fu) f'o) fo) A Ji =0, 8-12 

or täu faus [70 Ho Je en w |dw (8:12) 


Every one of these terms is independent of the others, and so 


[i uino : , . (818) 


fu) 


together with similar equations in v and w. 
Solving these equations, 


fu) - Ke 5 — Ke-e, f r . (814) 
where had Similar expressions hold for f(v) and f (v). 
From the definition of probability it follows that 
MU f Na 
S e 


together with similar expressions in v and w. But 
E = 
-wqu- |7, 
NEC Ni h 
r- f 
z 
and thus 


Flu) f(v) f(w) du dv dw= ji T eitten du do dw, 


so that from (8:15) 


or, transferring to spherical co-ordinates, the probability of the 
velocity being between q and q-+dq is 


8 
NET sin 040 df, 


in which g makes an angle 0 with the axis of z and the plane con- 
taining g, and the axis of z makes an angle of B with the axis of a. 
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Thus of the N molecules per c.c, the number, dN,, having a 
resultant velocity between q and q--dq is 
=n rf m2n ru 


3 
olje quc M a sin 0d0 dp 


aan, [Eep . AE EG 


Hence the mean, or average, velocity of all the molecules will be 
the average value of g, and may be denoted by c. It is given by 


TN dN ff Bene Pom 84 
=p), N=) t me pm o (90m 

It is convenient to introduce a velocity C defined as being such 
that the mean value of c? is equal to C?; for example, C was used 
in deducing an expression for the gas pressure, The mean kinetic 
energy of a molecule is then 4mC* and 


c-x[ 24N, SNE atq s. (8-18) 
N 0 4 M 0 = q ~ 2h 4 x 
In terms of C, the average velocity c is given by 


em jap C-09mO . . . (819) 


The most probable velocity c, may be found by differentiating 
opam (8:16) with respect to q and equating the result to zero, 


"T 


The result is 
1 
o= (8:20) 
and 
a-vi ee (BL) 


From equation (8:14) the number of molecules, Ne which cross 
1 sq. em. of a surface, perpendicular to the axis of a, in 1 second is 


LA A AAT) P eM qus E ; 
=f ran, [n iea "uo e 


Maxwell's deduction of the law for the distribution of velocities 
is not very satisfactory, because it assumes that the three velocity 
components are independent. Later he put forward another proof,! 
but it is doubtful whether this second proof is superior to the original 
one. The values of the molecular velocities are given in Table 8-1. 


1 Maxwell, Collected Works, 2, 43. 
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TABLE 8:1.—MOLECULAR VELOCITIES * 


C. e. 
i Average Velocit: 
Se PENES oe | MNTP 

Hydrogen . 1 . | 18:38 X 10! em. per sec. | 16-93 x 10* em. per sec. 
Helium . . * . | 18:11 » » 12-08 ” ” 
Water vapour . 615 » » 5-65 » » 
Neon . * . | 584 ” » 5:38 » » 
Carbon monoxide . 4:93 » 5 454 » » 
Nitrogen 4 > . 493 " 5» 454 » » 
Ethylene ` ‘ . | 498 » » 454 » ” 
Nitre oxide . «| io » » oes ” ” 

xygen 2 : . a » » "25 » » 
TUER D fur «heal ae dg s 3:80 Pru; 
Carbon dioxide — . .| 898 » 5 3:62 » » 
Nitrous oxide . .| 898 m 55 3-62 » » 
Krypton . " 5 2-86 35 pa 2:63 a "a 
qunm . B . A Ti » 2 ae » ” 

lercury vapour. . I » » ? » » 
Air * . . B 485 » » AAT » » 
Ammonia y a $ 6-33 m D 5:82 B» TW 


Table 8:2 gives the relative distribution of molecular velocities as 
calculated by Dushman.? Under Az is given the range of velocities 
in terms of the most probable velocity, whose value is taken as unity, 
and under Ay the fraction of the total number of molecules which 
have velocities cor esponding to this range. Thus 16-1 per cent. of 
all the molecules have velocities which range between 0:9 and 
1-1 times the most probable velocity at any temperature. Similarly, 
it follows that 68-4 per cent. of the molecules have velocities ranging 
between 0:5 and 1-5 times the most probable velocity, while only 
8:1 per cent. have velocities that exceed 2:5 times the most probable 


velocity. 
TABLE 8:2.—RELATIVE DISTRIBUTION OF MOLECULAR VELOCITIES 
(Maxwell's Law) 
4a. Ay. | 4a. | Ay. 
0-0-1 0-001 | 13-15 0-112 
0-1-0-3 0021 || 1-5-17 0-078 
0:3-0-5 0008 | 17-19 0-058 
0:5-0-7 0-112 | 1:9-2-1 0-034 
0:7-0-9 0-149 2:1-2:5 0-030 
0-9-1-1 0-161 2-5-3-0 0-008 
11-13 0-150 
05-15 | 0484 0-25 | 0-960 
Lu | 


1See Dushman, General Electric Review, 15, 952, 1042, 1159 (1915); also 


Jeans’ Dynamical Theory of Gases. 
? Dushman, General Electric Review, 23, 498 (1920). 
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8-4. The Equipartition of Energy.—The total number of 
independent quantities, which must be known before the configura- 
tion and position of any system can be determined, is called the 
number of degrees of freedom of the system. This number depends 
on the possibilities of motion of the parts of the system. For 
example, in the case of an atom, which we may regard as a rigid 
body, its position can be fixed when a, y, z, the co-ordinates of the 
centre of gravity of the body, and three angles 0, B, y, determining 
the orientation of the body, are given. If we regard the atoms as 
points, each atom will have three degrees of freedom, corresponding 
to the a, y, z co-ordinates; and since the number of degress of free- 
dom of a complex system is equal to the sum of the numbers of 
degrees of freedom of the constituent systems, a diatomic molecule 
must necessarily have six degrees of freedom. If the two atoms are, 
under any conditions, so closely bound together that their distance 
apart is fixed, the number of degrees of freedom is reduced to five. 
Each molecule will possess an axis of symmetry, namely, the line 
joining the centres of the two atoms. Let us take any two other 
axes in the molecule in the plane perpendicular to the axis of 
symmetry. The kinetic energy, E, is given by 

2E —m(u?--v?--w?) + mkg*(o,? +a") J- mk,os?, 
where ko, ko, k, are the radii of gyration about these two axes and the 
axis of symmetry, @,, Wa, € being the components of the angular 
velocities about these three axes. 

Intermolecular collisions cannot affect the values of w. This may 
be ignored in considering energy changes, and the energy which the 
gas molecules possess is uniformly distributed among the various 
possible degrees of freedom. This is known as the Equipartition of 
Energy theorem. Thus: 


me=mv=mw=mk,2o,?=mky*o,?, 
where the bar indicates that the average value of the term through- 
out the gas is to be considered. It may be shown ! that the value 
of each of these terms is RT, so that the mean kinetic energy of 
translation of a molecule is given by 
dm(u?--0?--0?) = 3mC* —$RT, 

as stated in (8:6). 

Now if E is the mean energy possessed by each of the molecules 
in 1 c.c. of gas, the first law of thermodynamics may be stated thus : 


dQ=NdE-4-pdV, 
where dV is the change in volume when heat, dQ, is supplied to 


the gas, i.e. 


dQ—NAE--RNTÓY, Jo SB 


1 Jeans, Dynamical Theory of Gases, p. 87. 
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If C, is the specific heat of the gas at constant volume, 


1 2 1dE j 
Cee abaa e sc (824) 
" vat > mat 
In a similar manner, if C, is the specific heat of the gas at constant 
Er end dQ\ 14E,R 
1 1 
XEM race] V Se ene : . (825 
s malar), maT w f) 


since at constant pressure (8-23) becomes 

dQ—NdE--RNdT. 
For many gases C, and C, are approximately independent of the 
temperature over a large range of pressures and temperatures, so 


that LÀ is constant, and therefore the mean energy of a molecule 


of the gas bears a constant ratio to the translational energy, the latter 
being proportional to the absolute temperature. Let us denote this 
ratio by (1--x). Then 
E—(1-4-2))mC?—(1--x)$RT, F . (826) 
dE 
and ap RN a) 
So that from equations (8-24) and (8:25) 


8R 
Co F(t +a), 


and c,- Ina ET 
Thus y, the ratio of the specific heats, is given by 
C 2 


=, =1+-——.. 8:27 
Tat un 3) (8:27) 
Although we do not possess sufficient knowledge of the molecule's 
internal structure to evaluate the quantities a and a, we may deter- 
mine their values to some extent by measuring y experimentally and 
using equation (8-27). For example, in the case of air, experiment 
shows that y is almost independent of the temperature and approxi- 
mately equal to 4, so that from equation (8-27) œ is equal to $. 

The energy of a molecule having n degrees of freedom, in addition 
to its translational movements, may be written 


E-4m(u?--o3--w?)--Ymlto,?4- . . , 


where the value of each term on the right-hand side is E Hence 


E-P T +n), 


; 
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and comparing this result with that given in equation (8:26) n—3a. 
From this we see that corresponding to n=0, 1, 2, etc., «=0, 4, $, etc., 
and from equation (8:27) 


2 
fae a 90 3 500 96 E828) 
For monatomic gases y=1 and n=0. There is no molecular energy 
except that of translation, so that the molecules of these gases are 
spherical bodies and cannot acquire rotational energy by collision. 

There is no gas, apparently, for which y=1}, i.e. n—1, but for 
n=2, y —1$, and hydrogen, nitrogen, oxygen, etc., have, very approxi- 
mately, these values for n and y. We conclude, therefore, that there 
are five degrees of freedom in the diatomic molecule, and the struc- 
ture which our theory indicates is fully confirmed by experiment. 
In addition to the two terms representing the rotational energy, the 
atoms are capable of changing their relative distance apart, and this 
gives rise to another kinetie energy and another potential energy of 
vibration, the two atoms moving along their line of centres. 

For many gases and vapours the value of y approaches unity, 
and the molecules of these substances cannot be regarded simply 
as rigid bodies, since the energy of internal motion is comparable 
with the energies of translation and rotation. 

8:5. The Mean Free Path.—The average distance traversed by 
a molecule between successive collisions is termed the mean free path L. 
Suppose that the centres of the molecules approach to within an 
average distance, c, from each other, where c is the effective diameter 
of a molecule. Let all the molecules except one be at rest, so that 
the centre of any other molecule cannot approach within the surface 
of a sphere, of radius ø, which surrounds the moving molecule. The 
volume swept out per second by the moving molecule is zzo*C where 
C is its velocity, and this volume includes the centres of no? NC 
molecules, this number representing the collisions made by the 
molecule in unit time, Then 

re Op rial 
— zo*CN noN’ 
but mN —p, so that 
m 


La Wee sn (Sing) 
and is inversely proportional to the gas pressure. Its magnitude 
under normal pressure and temperature is, approximately, 10-5 cm., 
whereas at a pressure of 10-* mm. of mercury, which is about the 
degree of vacuum in electric glow lamps, the mean free path for 
most gases is 5-10 cm. Y 

This equation has been deduced on the assumption that all the 
molecules, except the one projected, are at rest. Let C be the 
velocity of the projected molecule 4, and C, that of all the other 
molecules, C, remaining constant in magnitude but not in direction, 
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although its distribution is uniform in all directions. Then the 
velocity of A, relative to the molecules which move in directions 
inclined at angle 0 to the direction of C, is (C*4-C,?—2CC, cos 0), 
and since, if N, is the number of molecules per c.c. possessing poo 
Cı, the number which move between 0 and 0--d0 is — mu ap 


2 


the mean relative velocity C, of all the molecules is 


Of x ep Gey 2CC, cos 0)id0, 
1J0 


eas C24+C,2—2CC. 0)* t 
seca rer GCs ar | s 
and if C=C, C,—$C. 
"Thus the relative velocity of the projected molecule is greater 
than that assumed in deducing equation (8:29), and as the number 


0 


of collisions is increased in the ratio T i.e. $, the mean free path 


is decreased in the ratio 3, so that 
8 
D= ty can) 
If we take Maxwell’s Law for the distribution of velocities into 
account, it can be shown ! that the mean free path becomes 


1 
L=———_ 8-31 
V2ng*N oy) 
Jeans has pointed out that this equation cannot be accurate since it 
does not take into account the persistence of velocities after collision, 
and he shows that in the case of two similar molecules, colliding 
with relative velocities that may vary from 0 to oo, the average 
value of the persistence is equal, approximately, to two-fifths of 
the value when the molecules collide with equal velocities, i.e. on 
an average, the molecules travelling in a given direction will, after 
collision, have lost three-fifths of their velocity component in that 
direction. He states that the formula should be 
p= r8 
V2zg*N 
These results are true only for rigid elastic spheres with no inter- 
molecular forces. Assuming the existence of such forces, the effect 
is to shorten the free path,? and under these conditions 


1:402 
) -— JT LU NES = 
V2n02N| ( + 7) 
where K is a constant for each gas and T is the absolute temperature. 


! Jeans, Dynamical Theory of Gases, p. 37. 
? Sutherland, Phil. Mag., 36, 507 (1893). 


(8:82) 


(8:88) 


—ÁÀ 
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It must be realised that the idea of molecules and atoms being 
rigid elastic spheres is simply one of convenience and bears no rela- 
tion to the modern theory of molecular structure. The principle of 
indefiniteness and the nuclear structure of molecules preclude any 
definite size, and experiments on the scattering of electrons show 
that the effective cross-section of atoms and molecules for such 
seattering varies with the speed of the impinging electrons. 

Molecular velocities are distributed according to Maxwell’s Law, 
and the free paths of the molecules also differ from the mean free 
path, L. The law of distribution may be deduced as follows : 

The probability, P,, that a molecule moving with a velocity c 
shall describe a free path at least equal to æ is f(z), and the prob- 
ability that it will pass over the path z--dz is, therefore, 


Pr+dc=f(v+du)=f(x)+f"(w)da, 
Rage 
After the molecule has described a distance x, the chance of collision 
within a further distance dx is E and the probability that it will 


L 
move over the distance dz is 
dx 
1-7 Pas 


Now according to the rules of probability Priac=Py. Pax or the 
probability that the molecule will pass over the distance a--dw 
without a collision is equal to the product of the probabilities that 
it will pass over z and dz without a collision. Hence 


dP, 
PP ac=Pot iy 


dx dP, 
P(t — i) —Pebd5 


or, 


28 
P,=Ke 4, 


where K is an arbitrary constant. The probability that the mole- 
cule passes over the distance z=0 without a collision is unity, so 
z 


K=1 and P,—e 4. Hence the probability that a molecule has a 
free path lying between the lengths æ and a+dz is 


z 
P,— Pas pe He, So NT. . (8:84) 


which is obtained by differentiating the expression for Py. 3 
It is clear from the form of this expression that free paths which 
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are many times greater than the mean free path will be extremely 
rare. For example, only one in 148 describes a path as great as 5L. 

8:6. The Coefficient of Viscosity.—A molecule describing a 
free path of length L is in effect transporting a certain amount of 
momentum, energy, and mass through this distance L. If the gas 
were in a uniform state, each such transport would be exactly 
balanced by an equal and opposite movement in the reverse direction, 
and the net transport would be nil. Imagine, however, that this 
steady state has not been attained, and consider that the gas is 
moving, in the mass, along the a direction with a velocity V, this 
velocity being everywhere the same in a plane ay, but varying along 
the direction of the z axis, increasing as 2 increases. The molecules 


P 


Ss 


PLA —3-U, 


z 
Fig. 8:2.—COEFFICIENT or Viscosity. THERMAL CONDUCTIVITY. 


will cross the planes z=constant in both directions, but those which 
cross the plane z—2, (Fig. 8:2) in a downward direction will possess 
less momentum than that appropriate to the plane %=2%, because 
they come from a region where the velocity is less than it is at the 
plane z—z, In a similar manner those molecules which cross the 
plane 2—2,, moving upwards, will, on an average, have momentum 
greater than that possessed by the molecules in the plane z=% 
Since there is, on the whole, no mass motion along the z axis, the 
number of molecules which cross this plane per second moving 
downwards is equal to the number moving upwards which cross 
the plane in the same time, so that, on the whole, there is a net 
upward transport of momentum. 

Consider a molecule meeting the plane 2—z, in Q, having pre- 
viously come from a collision at P, so that the z co-ordinate of P 
is 2,—L cos 0, where 0 is the angle that PQ makes with the z axis. 
If the velocity gradient of the gas motion is uniform, we may state 


that 
U—Az, and U,— Az, 
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where 4 is a constant, and the velocity parallel to the æ axis, which 
the molecule possessed when at P, is 
u-(z5—L cos 0)A, 

where w is the velocity along the z axis due to the thermal agitation, 
and may be neglected since the transfer of momentum due to thermal 
agitation is, on the whole, zero. Thus the useful momentum, Hel 
to pee æ axis, which is transferred across the plane z—z, by the 
molecule, is 


n(s- L cos rz 


since 


If we suppose that the molecules popen an average velocity of 
agitation equal to c, then we have shown in equation (8-2) that the 
number of molecules, whose directions make angles with the z axis 
comprised between the limits 0 and 0--dÓ, which cross per sec. 
each sq. em, of a plane ay is 
4Ne cos 0 sin 0d0, 
so that the useful momentum transported per sec. per sq. em. of 
plane 2—2, by molecules coming from the plane z—2,—L cos 0 is 
am dU NmcL dU. 
[40H cos O)Ne cos 0 sin tato = — ee 


But if we have a viscous fluid, of coefficient of viscosity 7, moving 
with the velocity of the gas, the viscous drag per unit area of the 
plane z=z in the direction of the æ axis is 


dU 
Ti 
and since the rate of change of momentum is force, we have 
ya ne, eL . : . (8-85) 


The gas behaves exactly like a viscous fluid. — 

Chapman,? following Maxwell's method, arrives at the formula 
0-491me 
a, MEET (8-86) 
in a later paper ? he corrects the factor 0-491 to 0-499. 

At constant temperature the product pL is constant and thus we 
obtain Maawell’s Law that the coefficient of viscosity of a gas is 
independent of its density. This law is by no means completely 


1 Chapman, Phil. Trans., 211A, 488 (1911). 
3 Idem., Proc. Roy. Soc., 93A, 1 (1916). 
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confirmed by experiment. For certain gases, such as carbon dioxide, 
it fails completely at high pressures, and for all gases there is a 
departure from the law at very low pressures when the free path 
becomes comparable with, or even greater than, the dimensions of 
the vessel in which the experiment is being conducted. In this case 
the mean free path is limited by the size of the apparatus and cannot 
exceed some value, say Lọ. Then 7 cannot be greater than }ocL, 
and tends to zero with zero value of p. This has been confirmed 
experimentally. 

If we consider equation (8:35) and remember that c is proportional 
to the square root of the absolute temperature, it is evident that 7 
Should vary in a similar way, but in practice it varies to a greater 
extent than the square root of the absolute temperature. This is due 
to the size of the molecular spheres decreasing as the mean velocity, 
i.e. as the temperature, increases. Thus n depends on the tempera- 
ture both through c and o in equation (8:36). If we assume that the 
law of force between two molecules, whose centres are distant r 
apart, is of the form 5 then it can be shown that = is proportional 

2 

to T*-1, and from equation (8:36) n will vary as 7” where 


2 
"E eth 
For many gases we may say, therefore, that 


TW 
mss) , 


where n is given by 


Sutherland + assumed that 
K 
etes (1 1) Ma e gn 


K, O% being constants, oa being the value of ø when T= oo, and 
K is the temperature at which 9?—204?. Hence if L, and L, are 
the mean free paths at temperatures 7’ and 273° absolute, from 
equation (8-32), 


K 

L, Oes? "278, 
He ciem 
Jy 


1 Sutherland, Phil. Mag., 36, 507 (1893). 
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and 
K 
n_(cly)n_ (2 bag 
"e (cbe 278] " K 
t7 
or, 
» (TM K+273 
eis) YiT c ~- 0c (999 


which is Sutherland's formula for the viscosity of a gas at any 
temperature. 

Since the value of y can be determined experimentally, the value 
of o can be caleulated by means of equation (8:36). There is good 
agreement between the values for the molecular diameters caleulated 
in this manner and those obtained by other methods. 

8:7. The Quartz Fibre Decrement Gauge.—The diminution 
of viscosity at low pressures may be utilised as a means of determining 
the pressure by measuring the damping effect upon a body vibrating 
in the gas. The quartz fibre gauge comprises a quartz filament, 
about 5 em. long and from 0:1 to 0-4 mm. diameter, suspended 
from one end of a glass container which is connected to the apparatus 
in which the gas pressure exists. Oscillations may be started by 
a magnet acting on a small piece of iron wire wound around the 
bottom of the fibre. For those pressures at which the viscosity is 
proportional to the pressure, the logarithmic decrement is given by 


=a-+bp, 
where p is the gas pressure, a and b being constants for the given 
apparatus and gas. The time for the vibrational amplitude to 
decrease to half its original value is 


D 
P. 
t i log2 


where fy is the periodic time of the system. Therefore 
A 
p-1—B, 


A and B being gauge constants. The calibration graph for the 
instrument is obtained by measuring t for two known pressures, 
the higher one—usually about 107* mm. of mereury—being measured 
by means of a McLeod gauge while the lower one, about 107? mm., 
is taken as zero. The graph shows p and 1/t. In some models a 
bifilar arrangement is used to limit the vibrations to one plane ; 
this is difficult with a single fibre. 

8-8. Thermal Conductivity.—The flow of heat is directly con- 
nected with the molecular motions, and a theory of thermal conduc- 
tion may be deduced in the same way as that employed for viscosity. 
As the molecules move from places of higher to places of lower 
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temperature, they lose heat energy at the expense of their kinetic 
energy, which is converted into potential energy of attraction, brought 
about by passing into denser layers. Thus, in the case of a gas in 
which a temperature gradient exists, there is a continual passage 
of the faster moving molecules from the hot side across any plane 
to the colder side, 

Let E denote the mean energy of a molecule at P (Fig. 8-2), where, 
as before, the co-ordinate of P is 29—L cos 0. The mean energy of 
the molecules arriving at the plane z—2,, and originating from the 
gas layer corresponding to P, is 


E—L cos a 
Oz 


where X is the energy gradient along the z axis. As before, the 
number of molecules which cross unit area of the plane z=z in a 
direction making an angle between 0 and 0-I-d0 with the z axis, per 


second is 
4Ne cos 0 sin 040, 

and the total energy flow across this unit area per second is 

Und QENNc 5 NecL dE 
f (E-z cos ox Fg. cos 0 sin 000 — arias 
the negative sign denoting that the energy flow is in the direction 
in which z decreases, The rate of flow of heat across unit area is 
ae where & is the thermal conductivity and a the temperature 


gradient, so that 
OT NcL 0E NcL 0E oT 


M: ee "TA 
But from (8-24) 


oE 
ap "nC. 
Hence 
ke Meme. 
and from (8-35) 
b». : : . (8-89) 


If the molecules are treated as elastic sphere, it may be shown 
that the relation between i and y is 
k—enC,. 
Chapman ! found e to be 2-500, 
Comparing the calculated and experimental values of T there 
v 
! Chapman, Phil. Trans., 211A, 483 (1911). 
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does not appear to be uniformity in the results. The two values 
agree for monatomic gases, but show poor agreement for gases in 
which the molecules are of more complex structure, such as ethylene, 
carbon dioxide, etc. 

8-9. Thermal Transpiration.—If two vessels, containing gas 
at low pressure and at different temperatures, are joined by means 
of capillary tubing, there is a flow of gas from the colder to the 
hotter chamber, and this flow continues until a certain pressure 
difference, depending on the temperature difference, is established. 
This phenomenon is known as thermal transpiration and was dis- 
covered by Osborne Reynolds, who used apparatus similar to that 
shown in Fig. 8:3. Two chambers (1) and (2) were separated by 
means of a plate of porous material, and they could be maintained 
at different temperatures by passing through the jackets, C and D, 
water and steam, respectively. A mercury manometer indicated 


Mater. Steam 


E 


Fic, 8:3.— THERMAL TRANSPIRATION. 


the pressure difference in the two compartments (1) and (2), and 
by means of the tap T the pressures could be equalised. With T 
closed, the pressure in (1) gradually rises as the gas passes from (2) 
to (1) through the porous material. When the mean free path of 
the gas molecule is large compared with the size of the pores, the 
final pressures in the two chambers are directly proportional to 
the square root of the absolute temperatures, and this result is 
independent of the nature of the gas. A simple explanation of 
this is as follows : 

Let N, be the number of molecules per c.c., C, the square root 
of the mean squares of their velocities, T, the absolute tempera- 
ture, in compartment (1), and let similar symbols with the suffix 2 

1 Osborne Reynolds, Phil. Trans., 170A, 727 (1879). 
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refer to the other compartment. Then, if m is the mass of each 
molecule and S the area of an orifice, the mass of gas passing normally 


EM. S 
through the orifice per second from (1) to (2) is Sd and 
similarly from (2) to (1) n so that equilibrium is established 
when 

N,CımS N,C,mS. 
Daran d 
But if p, and p, are the final pressures when equilibrium is attained, 
p Nme C, /T, T" 
ONC ALTA. Lr. (040 


and the same formula holds when the two compartments are con- 
nected by means of a fine bore tube along which a temperature 
gradient is maintained. Experiment shows that when the diameter 
of this tube is large compared with the mean free path, i.e. at high 
pressures, two currents of gas pass along the tube. The outer layers 
move from the cold to the warm end, and the central layers move 
in the opposite direction. When the diameter is small in compari- 
son with the mean free path, what is termed molecular flow occurs, 
and there is no fluid flow of the gas layers. - 

The simple theory given above does not hold at higher pressures. 
Thus, consider an area of 1 Sq. cm. in a section perpendicluar to 
the length of the tube along which a temperature gradient 2 is 
maintained. If all the molecules at this section have the same 
average velocity c, and we consider another section distant L cos 0 
away, towards the hot end, the velocity of the molecules coming 
from this second section, and moving in a direction 0 to the axis 


of the tube is teh c080. Thus we may take the average velocity 
of all the molecules arriving at the unit area, and coming from the 
hot end of the tube, to be oth. or we may assume that, on an 
average, the molecules arriving at the area are those which come 
from a distance r away from the area, We have shown previously, 
equation (8-22), that the number of molecules which cross 1 sq. em. 
of surface perpendicular to the z axis is Me so that the number 
crossing the unit area under consideration per second is 

Nena Ne E approximately. 

4 x| 4 /2 


Ere West, Proc. Phys. Soc., 31, 278 (1919). The treatment follows that given 
by West. 
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Hence the total mass of gas flowing per second through this unit 
area from the hot to the cold side is 

m LN c , Lcd. 

7 "3 r2 oe |" 
Similarly, the total mass flowing from the cold to the hot side is 
Bes 9c LcON| 
4 2 or 2 Ox 
and the resultant flow, given by the difference, is 
TN ON 1 A 


4 |N æ cos] 
But 
_mNC? zmNc* 


and 


p| 1 ON | 2 8c], 
—CP|N x | cae 


17] —0:31mN Le, 
the mass of gas moving through the tube, of radius r, per second is 
ar? n [1p _ 1 dc), 
SE 0r c &| 
and since c? is proportional to 7, this mass becomes 


arp 0T 
ys mM adt) 


Taking 


1:24 

This flow will continue until a sufficient pressure is developed on the 

hot side to cause an equal flow of gas in the reverse direction. The 

mass of gas discharged from a tube by a small pressure gradient is, 
according to Poiseuille,! 

D fakr ME etos fo dj 


where p, is the density of the gas at T° and under a pressure of 
1 dyne per sq. cm. This formula takes no account of slip which 


occurs at the surface of the tube. 

Now in deducing equation (8-41) we assumed that all the mole- 
cules possessed the same velocity, but it is more accurate to use 
1 See Article 7-23. 

G.P.M,— T 


274 THE KINETIC THEORY OF MATTER 
Maxwell's distribution law, so that the mass of gas flowing across 
the section is 
Sx mnj Lop 1 oT 
8 1:24) pdx 2T dx | 
and equating this to expression (8-42), 
gar | 12b. 1 9T]| mppriop 
asse erat 78 s e 


the negative sign being used as the flows are in opposite directions. 
hence 


op n" 

Am—sozim— —— —, » ^ E ( 8:48) 
T mT 

[) A d 65p, pr? 


where pọ is the density of the gas at 0°C. under a pressure of 
1 dyne per sq. cm. 
If p is very small, this reduces to 
uf 
oT 2T' 


pevT, 


which agrees with equation (8-40), so that the thermal transpiration 
formula (8-41) is true for high and low gas pressures. It also appears 


i.e. 


to hold at intermediate pressures. At high pressures pa becomes 


inversely proportional to the pressure, and is dependent on the 
nature of the gas. The pressure difference rises less rapidly and 
eventually reaches a maximum. It then begins to fall off and 
finally diminishes inversely as the pressure. 

8:10. The Flow of Gases at Low Pressures.—If the tempera- 
ture is maintained constant, the rate of flow of gases through narrow 
tubes is governed by Poiseuille’s Law at high and moderate pres- 
sures, and the rate is limited by the collision frequency between 
molecules, At very low pressures, where the value of the mean 
free path is greater than the radius of the tube, the intermolecular 
collisions become less numerous than the collisions of the molecules 
with the containing walls, and the term molecular flow was suggested 
by Knudsen? to designate the condition of gases flowing through 
tubes at such low pressures, At this stage the coefficient of vis- 
cosity loses all significance, and the flow is governed by the collisions 
with the wall of the tube. 

Knudsen assumes that any plane surface, no matter how smooth 
it may appear, contains, in reality, projections which are due, prob- 
ably, to one or more atoms being piled above the surrounding atoms, 


1 Knudsen, Ann. d. Phys., 28, 75 (1908); 28, 999 (1909). 
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and these projections of molecular dimensions are irregularly dis- 
tributed over the surface. Consequently, a gas molecule on striking 
the surface is repelled in a direction which is totally independent of 
the direction of incidence, and the distribution of directions of an 
infinitely large number of molecules after reflection from a surface 
follows the cosine law which holds for the reflection of light from 
an illuminated surface. 

Kundt and Warburg 1 found, at these very low pressures, there 
was distinet evidence that the gas molecules nearest the boundary 
walls had a velocity parallel to each wall to such an extent that the 
walls may be considered to be displaced outwards by an amount 
20 and that the gas layer next to this new boundary is at rest. 
Thus y, the amount of momentum transferred per second by the 
molecules striking unit area of the displaced boundary, is given by 

anu; 
JET) 
where U is the velocity of the gas as a whole since intermolecular 
collisions may be ignored. Since at very low pressures ô is inversely 
proportional to the pressure, we may write 


ó—bL 
where b is a constant. Hence 
E 
POOL 
but from equations (8:5), (8:6), (8:29), and (8:85) 
sD SM 
L 8N nR,T 
where M is the molecular weight of the gas in grams, so that 
_2pU M 


U— Sb N 2n RT. 
Equation (8:35) is only approximately true and a better repre- 
sentation is 


=0-B5pcl.. 
If we use this value for y, 
2x0:35 M 
u= b Am . . . (8-44) 
The mass flowing through the tube per second is given by 
Q=ar»U, . : . (845) 


where r is its radius. If J is its length, p, and p, the pressures at 
its ends, then the condition for steady flow is that 


u-2nrl=[p;— panir, — €. Š . (8:46) 
1Kundt and Warburg, Pogg. Ann. , 155, 840 (1875). 
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and from equations (8:44), (8-45), and (8-46) 


30b R 4T 
QT etp, p] [Het 
but 
p EXT 
p M 
so 
3b 2xM 
Q—— rn] [7M ^ ^,  , (sar 
CLE NES (8:47) 


All experimenters are agreed that the exact value of b must depend 
upon the ratio of the number of molecules reflected according to the 
laws of reflection to the number striking the surface. Knudsen 
assumes that, in general, this ratio is practically zero, or the momen- 
tum of all the molecules striking a surface is almost completely trans- 
ferred to the surface. On this assumption he derives the relation 


bat and so 6=0:917L. 


The expression (8:47) for the rate of flow of a gas along a tube 
at very low pressures agrees well with experimental results, As the 
rate varies as r?, a great resistance to flow is exerted by narrow bore 
tubes, This is a point to be considered when modern high-speed 
pumps are exhausting at very low pressures. The rate of flow along 
the tube connecting the pump to the vessel being exhausted is 
governed by equation (8-47), and to use the pump most efficiently 
it should be joined to the apparatus by tubes which are as short 
and wide as possible. It is more important that the tube should 
be wide than short. 

8:11. Flow of Gas at Very Low Pressures through a Hole 
in a Thin Plate.—It is sometimes important to calculate the amount 
of gas flowing through a hole in a thin plate when the diameter of 
the hole is small compared with the mean free path of the molecules. 
If N, and N, are the numbers of molecules per c.c. on the two sides 
of the plate, Pı, p, and p; p, the corresponding pressures and 
densities, the resultant mass of gas which passes through 1 sq. cm. 
per sec. is equal to the difference between the masses which cross 
both ways, and is given from equation (8:22) by 


Nym Nym c 


4 de ae —P2)s 


and from equations (8-19), (8-6), (8-8) this is equal to 
= Nam . (8:48) 
[ni —24] R,T ( 
The vapour pressure of highly refractory metals may be deter- 
mined by means of this formula. Egerton! has measured the 
1 Egerton, Proc, Roy. Soc., 103A, 469 (1923). 
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vapour pressures of zinc, cadmium, and lead, the metals being con- 
tained in a small pot provided with a hole of known area. After 
weighing the pot, it was placed in a silica tube within which a high 
vacuum was maintained (p,—0), and the tube was inserted in a hole 
in a large block of copper maintained at a constant temperature. 
The pot was again weighed at the completion of the experiment, 
and the loss in weight gave the amount of. vapour that had escaped 
from the orifice, Thus, from equation (8-48), p, could be calculated, 
N44 being the molecular weight of the element used. A correction 
must be applied for the number of molecules that return from the 
far side, through the hole, to the space occupied by the vapour in 
equilibrium with the metal. 

This formula has also been used by Langmuir? to measure the 
rates at which highly refractory metals evaporate. If the vapour 
pressure of any substance does not exceed 1 mm. of mercury, the 
actual evaporation rate is independent of the pressure around it, or, 
in other words, the evaporation in a high vacuum takes place at the 
same rate as it does in the presence of the saturated vapour, so that 
equilibrium is a balance between the evaporation and condensation 
rates. Now the rate at which the vapour condenses on the metal 
cannot exceed the rate at which it comes into contact with the metal, 
and the latter rate is given by equation (8-48), remembering that Ds 
is zero. If it is assumed that every atom of vapour condenses on 
striking the metal, then this equation represents the relation between 
the vapour pressure and the rate of evaporation in a vacuum. If, 
however, a certain proportion, a, of the atoms of vapour is reflected 
from the surface, then the vapour pressure will be greater than that 
calculated in the ratio 1: 1—g. There are good reasons for believing 
that this reflection from the surface is negligible. 

At the equilibrium stage as many atoms evaporate per second 
per sq. em. of surface as condense, and, consequently, equation (8:48) 
gives a measure of the evaporation rate at a temperature T. By 
observing the loss in weight per second of a tungsten filament, it is 
possible to caleulate the vapour pressure of tungsten at this tempera- 
ture. The filaments are weighed before and after evaporation, and 
the temperature is determined by means of an optical pyrometer. 

8:12. Radiometer Phenomena.—At very low gas pressures 
forces known as radiometric forces are exerted between two surfaces 
which are situated close together, the surfaces being maintained at 
different temperatures, One of the first instruments used for detect- 
ing these forces was the radiometer devised by Sir William Crookes, 
It consists of a glass bulb in which a vane is mounted on a vertical 
axis, The vane has four arms of aluminium wire to which are 
attached four small thin mica plates, coated on one side with lamp- 
black. These plates are set so that their planes are parallel to the 
axis. If a source of heat is brought near the bulb, and the degree 


1 Langmuir, Phys. Zeits., 14, 273 (1918). 
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of rarefaction inside is correct, the vane rotates. At extremely low 
pressures the rotation practically ceases, There is a mechanical 
force exerted between two surfaces maintained at different tempera- 
tures, the molecules striking the hotter surface rebounding with a 
higher average kinetic energy than those which strike the surface at 
the lower temperature. In the radiometer the blackened surfaces 
absorb heat from the heat source, and the molecules rebounding 
from these surfaces are at a higher temperature, or more strictly, 
possess greater kinetic energy than those impinging against the 
other faces, or the walls of the containing vessel. Consequently, 
momentum is imparted to the vanes and they rotate. 

8:13. The Knudsen Gauge.—The principle of this instrument 
depends upon radiometric forces at low pressures; Knudsen ! cal- 
culated the repulsion produced by the 
molecular bombardment which is exerted 
between hot and cold plates mounted in an 
exhausted vessel. If two such plates are 
arranged parallel, and at a distance apart 
small in comparison with the mean free 
path, there is repulsion between these plates 
which, over a range of pressures, is propor- 
tional to the gas pressure down to 10-7 mm. 

To measure this effect, Knudsen set up 
an apparatus represented diagrammatically 
in Fig. 8-4 where A, A, are two fixed 
plates electrically heated, and B is the cold 
plate suspended by means of a quartz fibre 
C to which is attached a mirror D, The 
molecular repulsion deflects the plate B, the 
Fic. 8-4.—Tar Kwupsew deflection being measured by means of a 

GAUGE. beam of light reflected from the mirror D. 
A 1 The calculation of the force of repulsion 
is an interesting example of radiometer phenomena. 

Let T, T, be the temperatures of 4, and B, respectively, N, 
the number of molecules per c.c. moving with a root mean square 
velocity C, from 4, to B, and Ns, the number per c.c. moving with 
velocity C, from B to 4,. In the equilibrium state 

N,C,—N, aC». 

since the number of molecular collisions per sq. em. per second must 
be the same. If we consider 7, to be the temperature of the 
containing vessel, and N the number of molecules per c.c. in the 
space outside that between 4, and B, then 

NC,=N,C,+N,C,=2N,C,=2N,C, . . (8:49) 
since the number of molecules flowing out from the space between 
A, and B to the rest of the enclosure must be equal to the number 


! Knudsen, Ann. d. Phys., 31, 205 (1910). 


THE KNUDSEN GAUGE 279 


flowing into this space. Hence the total pressure between the plates, 
if m is the mass of each molecule, is 

mN,C,? mN aC? 

ins 
M: the pressure acting on that face of B removed from A, is 
M : Thus the excess pressure acting on B urging it away from 
A, is 
mN,C,? NaC MNC, 
8 3 8 


and from equation (8:49) this is 
scs n 


6 |G 


Assuming that the molecules when they strike 4; and B take up 
the temperature of these surfaces, 


Cas 
G NT, 
Hence . ae 

BEI ] 

—-|./z23i-1|, 
aa Ki T, 

mNC,* 7 xs A 
where P= and is the pressure within the enclosure, u being 


the repulsive force per sq. em. acting on one plate. This formula 
is valid only if the distance between the plates is small compared 
with the mean free path, and if the dimensions of the plates are 
such that the edge effects may be neglected, 

For temperature differences not exceeding 250°C. the formula 
may be written in the form 


aga. SO eoe EN] 


We see, therefore, that the force is independent of the nature of the 
gas, and if u can be measured, the pressure within the enclosure 


can be determined. 

Now if 7, and r, are the distances of the vertical sides of B from 
the axis of suspension, L the length of the vertical side, 0 the angle 
of deflection, and the constant of the fibre, 


Li 
w=2Í ‘pLrdr=pL(r,2—r,2)—=2apr, i . (851) 
n 


Where a is the area of one vertical strip and r is its average distance 
from the axis of suspension. Thus from equations (8:50) and (8:51) 
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If I is the moment of inertia of the suspended vanes, and /, the 
periodic time of oscillation, 


8216 Ta, 
h'ar  T,—T, 

In practice the elements are placed in a chamber communicating 
with vacuum to be measured. The formula is seen to be inde- 
pendent of the molecular weight of the gas, but the gauge will 
Obviously cease to function correctly when the gas pressure has 
become so high, and the mean free path so small, that convection 
currents are set up, causing erratic behaviour of the vane. 

8:14. The Virial Theorem.—A real gas will differ from the ideal 
or perfect, which was considered in Article 8:2 in at least two 
respects, The molecules which were treated as points must have 
size and shape, and the forces of cohesion are not negligible in the 
real gas, Thus the various equations deduced in that section, which 
give the pressure accurately in the case of an ideal gas, only hold 
approximately for a real gas. Clausius attempted to calculate the 
relation between pressure, volume, and temperature in an imperfect 
gas by means of the Virial Theorem. 

Let z, y, 1 be the co-ordinates of the position of a molecule, m its 
mass, r the distance it is away from the origin, and c its resultant 
velocity, Let X, Y, Z be the components of the external forces 
acting on the molecule. Since 


di d? 'da\ 2 
ape ete e) 


and 


2 
ne X, 


m d* mfdzN* 
iXa=z asa) . 


If we add to this equation the two analogous relations relative to 
the other axes of co-ordinates, then 


m d* 
{Xa+ Yy+Z:])=7 T 
Taking the mean value of the integral of 


m^" . 0. (955 


2 
4 ar) over a period of 


ifr 2)- 02) 


time t, 
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The co-ordinates and velocities of the molecules are finite, so that 

(25) and (a) are both finite, and if £ increases indefinitely, 
LI dt L] 


HET 
so that integrating equation (8:52) and dividing the result by t, 
MX Y y Za] 4" C" —o, (0 9 pei vy 
where the bars t the av values, and, summing up for 
iem represen erage p 
12[Xe4+Vy+Zs]+E=0, . . (854) 


E being the steady average value of the kinetic energy. 

The expression 4X[Xx4-Yy+-Zz] has been called by Clausius the 
Virial of the forces pe upon the gas, and equation (8:54) is known 
as the Virial Theorem. 

8:15. The Equation of State.—If a uniform pressure, p, acts 
on the boun surface rarae A volume, V, of gas, and we con- 
sider an area dS whose normal is inclined at an angle 0 with the 


æ axis, then 
X= —pdS .cos 0, 
and 
EX2=—LTpdS .æ cos 0 —pXdV- —pV, 


where dV is an elementary volume of length z along the z axis and 
of cross-section dS.cos 0, Hence from (8:53) rad 


8pVemNVC, . . .  . (858) 
or, 
r= 
where N is the number of molecules per c.c. This is the law for 


perfect gases, 

If the gas is not a perfect one, we must take into account the 
intermolecular forces. We suppose that the force between two 
molecules distant r apart is one of repulsion represented by fir) 
Let the centres of the two molecules be at æ, y, z, and a, Vo 9» 
and if X, Y, Z, and X, Y, Z, are the components of the forces 
acting on them, 


X=, Xefe, 
The contribution to ZXz made by these two forces is 
Xe Xe Die 
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Hence the contribution they make to E[Xa--Yy--Zz] is 
z (Eois al) }=2900, 


where the summation extends over all pairs of molecules. Thus 
equation (8:53) together with (8:55) gives us 

A -HEHf ir) AEn? 
In the summation the force between two particles is to be reckoned 
once only, and the forces accounted for in the second term are, of 
course, to be excluded in the third term. In the present application 
we will suppose all the mutual forces accounted for in the second 
term. For one particle in the interior, the total of the mutual forces 
acting upon it is 


i An “of (r)r*dr 
0 
and integrating by parts we have, writing —d[$(r)] for f(r)dr, 


E E E 
-zal [re] -sf doy] -«[ r*ó(r)dr, 
o 0 0 
Since the first term is zero at both limits. If now we write 


dr— —d| ! 
this becomes "d(ryir [v(r)] 


e 
—6n{ rd[y(r)], 
0 
and, integrating by parts, 


elfe- [ire] 


from equation (6:35), since again the first term is zero at both limits, 
, The summation extended over the whole volume gives 8K V, but 

ew must be halved, otherwise each force will be reckoned twice. 
ence 


or, 
[p--K]V—1ZmC* 


where K is the intrinsic pressure, The latter is proportional to p?, 
p being the density of the gas, and so, since p is proportional to P 


(2+ ya) Vance, RE (8d) 
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where a is a constant and we have supposed the particles to be 
infinitely small. 

Tt is now necessary to consider the effect on the virial of the 
finite, though small, size of the molecules, Wan der Waals ! showed 
that in this case the virial of the repulsive forces at impact gives 

p(V—b)—3 ZmC?, 2 a - (8-57) 
where for hard spherical masses the value of b is four times the total 
volumes of the spheres. If the cohesive force be of the character 
supposed, it exercises no influence upon any particle in the interior 
T? so that 
as equation (8:57) is correct when there is no cohesive force, the 
effect of such is properly represented by 


(rss vizio 


and is completely accounted for by the addition to p of 


ie. 
(p+ gs) naar, ZO ae 


n being the total number of molecules in the volume V. This is 
Van der Waals’ equation connecting p, V, and T. 

This equation may be deduced, without using the virial theorem, 
in the following manner: As the centres of the molecules cannot 
approach closer than the molecular diameter o, we may imagine each 
molecule to be surrounded by the sphere of influence of radius 2, 
such that the centre of no other molecule may penetrate it. Hence 
if V is the total volume of the gas, and we consider n to be the total 
number of molecules in this volume, (n—1)$z0? is excluded for the 
centres of the other molecules, i.e. the actual volume free from the 
spheres of influence is V—4zo%n, since n is large compared with 
unity. Thus the real molecular density is n,, where 

n 
fU 
When we consider a gas enclosed within a vessel, the centres of the 


(8-59) 


molecules may approach to within a distance Hd from the walls, but 


if a molecule is at a distance o from the wall, its sphere of influence 
extends to the wall, and the centre of no molecule can lie within the 
hemisphere 320%. Thus, if dV is a volume taken in the vicinity of 
the walls of the containing vessel, m. $no? is the fraction of this 
volume per c.c. which is not available for the centres of any other 
molecules, So that if dV, is the actual amount of dV existing as 


free space, 
dV—dV, n,.$no* 
HE 1d: 
! Van der Waals, Physical Memoirs (1890). 
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or, 
dV,=dV(1—320%n,). 
fro'n 
A 


The actual number of molecules contained in the volume dV is 
n,dV,, where 


"(i-a 


Hence from equation (8:59) dV,—dV(1— , approximately. 


nidV, d ney, approximately 
1— Eu ETE) , : 
V—3$ano?n v(- rS 
If the molecules were considered as points, this number would be 
ndy 
V^ 


so that the effect of the finite size of the molecules is to diminish 

the volume by $z6?n. Hence the gas equation becomes 
p(V—b)—anRT, 

where b—$26?n, and represents a volume four times as large as the 

total volume of the molecules present in the volume, V, of gas 

considered. 

When we consider the intermolecular forces between the mole- 
cules, the mean effect within the interior of the gas is obviously 
zero, but for those molecules near the boundary walls of the con- 
taining vessel, the resultant internal force is directed towards the 
interior, and this internal pressure supplements the ordinary pres- 
sure. The former is proportional to the number of molecules per c.c. 
near the boundary surface and to the number per c.c. within the 
gas, so that the force is proportional to n?, or it is n" where a is 
a constant. Van der Waals’ equation of state thus reduces to 


(p+ ya) Pv) —neer. ey sar... (8-60) 


It was proposed to represent by means of it the behaviour of 
carbon dioxide, but the experimental results for other gases do not 
agree with the equation. It does, however, represent the isotherms 
of liquids, and so is a confirmation of the kinetic theory of liquids. 

8:16. Size of the Molecules.—Although it is incorrect to assume 
that an atom is an impenetrable elastic volume of constant magni- 
tude, there is a certain volume associated with each molecule through 
which the centre of another molecule cannot pass. Two molecules 
approach each other until their translational kinetic energy is 
completely transformed into potential energy of repulsion, so that 
a nearer approach must take place with a rise in temperature, which 
corresponds to an increase in kinetic energy. Hence the molecular 
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volume decreases at higher temperatures. At the absolute zero of 
temperature there is no translational energy, and the molecule will 
take up positions where the forces of attraction and repulsion balance. 

The diameter, c, of a molecule may be determined from b, the 
constant in Van der Waals’ equation (8-60) :— 


(p+ ya) V—b)=nRT, 


from which we have, at constant volume, 


1/dp 1 a 
iar) =2( +503) Pico. oes 2 (8361) 


which is the pressure coefficient of the gas at constant volume, and 
may be determined by experiment. Thus if 7, p, and V are known, 
4 may be calculated. 

At constant pressure we have, neglecting small terms, 


1/dV 1 2a b 

w a) 71 tn P) «o. (802) 
and this is the coefficient of expansion at constant volume, and may 
be measured experimentally. Hence, if a is known from above, b 
may be determined, and ø found from the relation b—4nno?*, 

The value of g may also be calculated from the known mean free 
paths with the help of equation (8-82), taking N=2-705 x 1019, but, 
in general, the results for ø obtained by this method are larger than 
those given from Van der Waals’ constants. It should be noted that 
the latter method gives the true volume, whereas in the free path 
measurements we obtain the cross-section, so that the two sets of 
values found for g may be interpreted as indieating that the mole- 
cules are not really spherical in shape. For hydrogen and helium 
the results are concordant. 

Since the value of 7, the coefficient of viscosity, can be deter- 
mined experimentally, g may be found with the aid of equation (8-86), 
The size of the molecules decreases as the mean molecular velocity 
inereases and, therefore, as the temperature rises, but from Suther- 
land's formula (8:37) the value of. Go, the diameter of the hard kernel, 
may be determined. 

There appears now to be no doubt that, in the case of monatomic 
gases, the atoms, when in thermal agitation, behave approximately 
like hard spheres which exert mutual attraction on one another. 
When we come to consider the case of diatomic molecules—as, for 
example, in chlorine gas—we are met by the difficulty that we are 
no longer entitled to regard the molecule as a sphere. The viscosity 
formula, however, gives a means of calculating z;6?, which is the 
area presented as a target by the molecule to other molecules ap- 
proaching it from all directions. Thus Rankine! obtained the 
mean target areas for carbon dioxide and nitrous oxide, 0-870 x 10-15 


!Rankine, Proc. Roy. Soc., 98A, 878 (1920). 
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em. and 0:867x10-15 cm., respectively, so that within the limits 

of experimental error, the molecules of these two gases behave, in 
the gaseous state, as though they were of identical size and shape. 
This identity is attributed by Langmuir! to the arrangement of 
the external electrons being the same in the molecules of the two 
ases, 

The molecular radius may also be estimated for a gas from its 
density in the liquid state. Thus if 1 c.c. of gas is condensed to the 
liquid condition and the molecules, supposed to be hard spheres, are 
packed as closely as possible, they would oceupy a volume 

Not 

V2" 
since, with closest packing, the molecules are associated in trian gular 
pyramidal piles and, if the base of such a pyramid is an equilateral 
triangle having m molecules in each side, the total number in the 


pile is 
Zm+Z(m—1)+ ... +(2+1)+1, 


(Xm? Xm)/2=m(m+1)(m+2)/6=m3/6, 
when m is large. 
The volume of the pyramid is 


V=m?08/6 V2. 
But m?/6=N, the number of molecules in 1 c.c. of the gas, and hence 
V=No3/V2. 
If the density of the gas is 6, and that of the resulting liquid 4, 
the volume of the liquid is T and 


or, 


dee NOH 
4 va 


so that ø may be found, if N is known. The general agreement 
between the values of ø calculated in this way, and those obtained 
by the previous methods is fairly satisfactory. 

Values for the diameters of molecules together with the mean free 
path values are given in Table 8-3, These have been taken from 
Jeans' Dynamical Theory of Gases and Kaye and Laby's Tables. 
These experimenters take N —2-75 x10", whereas in Table 8-3 the 
results are calculated for N=2-705 x 1019, 

, Tf e be the charge of electricity carried by the hydrogen atom 
in electrolysis, and Nm the number of atoms in 1 gram-molecule 
of hydrogen, it is known from experiments on the electrolysis of 
solutions that 

Nme=9647 electro-magnetic units. 


1 Langmuir, Journ. Amer. Chem. Soc., 41, 868 (1919). 
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TABLE 8-3.—Size AND FREE PATHS OF MOLECULES 
The molecular diameters are calculated by means of the following formule :— 
1. Viscosity : 
me n pe 
Vana? ^" ava Ny 
2. Van der Waals’ constant : 


=0-499 


b=§nNo?. 
8. Density of liquids: 
8 Ne? 
4 va 
Molecular Diameter a deduced from 
Mean Free : = ee 
Cas. Path, L, ; 
"UNES te b. (Upper Limit). 
| | 

Hydrogen 11:6 x 107* em. | 2-70 x 10-* cm, | 2:53 x 10-* cm. | 9:94 x 107" em. 
Helium . 1731 »» 218 " 1-97 » 40 » 
Water vapour. | 4:0 »" 458 976 
Carbon mon- ” 

oxide .| BS ” 9:81 ” | 424 ” 
Ethylene 27 » 557 "m | 5:87 ” 
Nitrogen 5T ». 9:79 " 9:56 » 9-98 » 
Air B 59 » BAr (932 n 
Nitric oxide 59 » 975 » m 
Oxygen . 6:3 > 9:05 a 2:91 " 972 » 
Argon , . | 68 » | 3-67 » 287 ” 404 ” 
Carbon dioxide | 4-0 » | 458 a 8:42 r 4:06 » 
Nitrous oxide. | 3:9 » 464. S |465 » 
eR chloride | 2-6 » 5-67 ” 493 " 
Ethyl chloride | 2:2 » | 617 » 5:31 " 
Chlorine. .| 29 m 5-41 » | 403 ” 
Benzene. 15 » | T-50 » | D | 687 "m 
Krypton 49 e (413 » (936 » 4746 "m 
Xenon . ss T |488 p [845 p» 450  , 


"The valueofeis 4-802 x 10-1electrostaticunitso that N,,—6:028 x 1023, 
The absolute mass of a hydrogen atom is equal to Yo hence it is 


m 
1-673 x10-*4 gm. As the density of hydrogen is 8:987 x 10-5 gm. 
per c.c, N=2-687 X 10!? per c.c. 

Chapman ! obtained a general expression for the velocity distri- 
bution function of a gas in which the mean velocity and temperature 
vary from point to point, the molecules possessing spherical sym- 
metry, and the state being such that the molecular paths are sensibly 
rectilinear for the greater part of the time between successive col- 
lisions, In addition, the duration of a collision is assumed to be 
small, compared with the time between successive collisions, and the 
mean free path is small compared with the space variation of pres- 
Sure, density, and temperature. The formule obtained have been 


! Chapman, Phil. Trans., 216A, 379 TA See also Chapman and Cowling, 
Math. Theory of Non-Uniform Gases. (Camb. Univ. Press), (1939). 
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worked out in detail for three special types of molecules: (a) point 
centres of force varying as the inverse nth power of the distance, 
(b) rigid elastic spheres, (c) rigid elastic attracting spheres. The 
diameters of the molecules caleulated on the hypothesis that they 
attract one another (Table 8-4) are less than those caleulated on 
the hypothesis that no such forces exist (Table 8:8), the apparent 
size in the latter case including part of the extension of the field 
of force of the molecule. The results differ to a slight extent from 
those caleulated by Chapman himself, owing to the adoption in the 
present calculation of Millikan's value 2:705 x 10!? for the number 
of molecules per c.c. at S.T.P. The values of the diameters calcu- 
lated from the constant b of Van der Waals’ Law are also given 
for comparison. The agreement between the two sets of values is 
in most cases remarkable, and the table as a whole is a testimony 
to the close numerical accuracy now attained by the kinetic theory ; 
where there is disagreement in the table, there is, in most cases, 
uncertainty as to the data. 

While exact agreement may be expected only for monatomic 
gases, the values for diatomic gases show that the theory gives a 
mean diameter in the case of other gases which agrees with that 
found from values of b (see Table 8:4). 

Bragg ! has estimated the dimensions of certain atoms from X-ray 
measurements, He regards his values as measures of the diameters 
of the outer electron shells of the respective atoms, and comparing 
his results with the values obtained from the kinetic theory, it is 


TABLE 8:4.—MOLECULAR DIAMETERS FOR ATTRACTING SPHERES 


| o measured from 
Gas. QA ECTS 
n b. 
Argon . c * 2-87 X 10-9 em. 2-87 x 10-8 cm. 
Krypton * . 815 " 3-16 » 
Xenon t J 4 3:50 » 8:45 35. 
Helium . T B 1:91 a | re a 
Oxygen . -| 296 c 2:91 $5 
Hydrogen | 2-38 5 2-58 » 
Nirogn .  .| 818  , {io " 
f » 

Air . . «| 811 m 3-32 » 

PT 93-23 3-22 
Carbon dioxide . 3-30 J 3-42 i; 


seen that, from the latter theory, the moving atoms of a gas do 
not approach so closely during an encounter that even the outer 
electrons intermingle. "The atom, in so far as collision is concerned, 


is to be regarded as a hard elastic sphere of radius = which is quite 
1 Bragg, Phil. Mag., 40, 169 (1920); 2, 258 (1926). 
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definitely greater than the distance d between the centre of the atom 
and its outer electrons. The ratios in column 4, Table 8:5, show 
that the relation between these two radii is not one of strict pro- 
portionality, but depends on the particular type of atom. For 
further details the reader is advised to consult Bragg's papers. 


TABLE 8:5.—MorECULAR DIAMETERS (Brace) 


Molecular Diameter. 


Gas. From Crystal From Viscosit; 
DEUM irane Ratio", 
2d. o, 9 
Neon D + | 1:80xX10-* cm. | 2:35 x 10-* cm, 0-558 
Argon . . |205 „ 2 p» 0714 
Krypton . . | 235 rs B15 ” 0:746 
Xenon . .|270 » 9:50 » O771 
EXAMPLES 


8-1. Show that the average kinetic energy of translation of the gas 
molecules in a given volume is three-quarters that of the molecules which 
collide during some period of the time with the wall of the containing 
vessel. 

8-2. Assuming the Maxwellian distribution of velocities among the 
molecules of a gas, find the relation between the mean velocity, c, the 
mean square velocity, C, and the most probable velocity, cg. Ix. 

[c/C — V8/32; ¢/C= V278.] 

8-3. If the molecules of a gas are considered to be hard elastic spheres, 
of mass m and diameter c show that the total number of collisions per 
unit volume per unit time between the molecules which are moving with 
relative velocity between v and v+dv is 

p*e*[nm? /16R? T? ]le-mv!ARTo3qp, 
where T is the temperature, p the molecular density, and R is the universal 
gas constant. 

8-4. The ratio of the principal specific heats of helium is 1:66, the 
value for air is 1-40, that for sulphur dioxide is 1-29, and that for ethyl 
ether is 1-024. How do you account for these values ? 

8-5. Assuming the density of hydrogen to be 0-089 gm. per litre, find 
the mean square velocity of hydrogen molecules at standard temperature 
and pressure. [1:7 X105 em. per sec.] 

8-6. Assuming the ordinary values of such physical constants as you 
require, calculate the intrinsic energy of air at 15? C. and 75 cm. pressure. 

[2-02 x10? ergs per gm.] 

8-7. Determine the mean free path and collision frequency for air 
molecules at standard temperature and pressure, given that the viscosity 
is 1-7 x 10-* C.G.S. units and the density 1-29 gm. per litre. 

[8-2 x10-* em. ; 5:9x10?.] 
G.P.M.—U 
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8-8. Calculate the molecular diameter, the total number of molecules 
per e.c. and the mass of a molecule of oxygen. Density of oxygen gas 
is 1-43 gm. per litre; density of liquid oxygen 1-24 gm. per c.c. ; mean 
free path of the molecules 6-3 x10-* cm, 

[4:6 X10-5 em. ; 49 x101!*; 2.9 x10-?? gm.] 

8:9. Show that the constant b in Van der Waal's equation represents 
approximately four times the proper volume of the molecules of the 

uid. 

8:10. The fixed metallic strips in a Knudsen gauge are maintained at 
200° C. If the room temperature rises from 15? C. to 20° C., does the 
Spot of light remain constant in position ? If not, what is the change 
in deflection ? [Ratio change —185 : 180.] 

8-11. With a quartz fibre manometer it was found that the amplitude 
of vibration decreased to half its initial value in 45 sec. when the pres- 
sure, as measured by a McLeod gauge, was 8:6 x 10-3 mm., and in 
820 sec. for a pressure of 10-?mm. Calculate the time for half-amplitude 
decrement when the pressure is 10-? mm., and show that this is not 
materially affected by a 50 per cent. inaccuracy in estimating the lower 
pressure. [187 sec.] 


CHAPTER 9 
FOURIER'S THEOREM AND FOURIER SERIES 


9-1. Fourier's Theorem.— The composition of simple harmonie 
vibrations of commensurate periods may result in periodie motions 
of various characters, and they may be studied by means of an im- 
portant theorem, introduced by Fourier in his renowned Analytical 
Theory of Heat. Tt may be formally enunciated as follows :— 

Any finite periodic motion may be produced by a suitable combina- 
lion of commensurate simple harmonic motions of suitable amplitudes 
and phases. 

The theorem also shows how to determine the amplitudes and 
phases of the components required to produce any given resultant. 
In other words, it shows how to analyse any given periodic motion, 
however complicated, into the simple harmonie components of which 
it may be conceived to be compounded. 

Analytically, the theorem may be expressed thus: If y=f(x) is 
any continuous function of the independent variable, æ, between the 
limits 2—0 and a=2z, then, also between these limits, 

(2) Aq4- A, cos @+A,cos2a+ . . . +A,cosna+... 

+B, sin a--B,sin2z4- ... +By sinnet... (91) 
A rigid proof of this is beyond the scope of this book, but the possi- 
bility of the expansion—which at first acquaintance seems to be very 
limited—is illustrated by the following argument. à } 

Let (2,4), (255), (253) be any three pairs of conjugate values in 
the equation y—f(z), then, substituting these values in 

y=A,+A, cos w+B, sina, 
we have 
Vi— 451-4, cos +B; sin a, 
3a 4,-- 4, c08 d-- B, sin vy, 
Vs 1-4, cos +B, sin x, 
and these equations may be solved for Ay, 4, and B, We thus 


compel coincidence of these two equations in the three selected 
places, Similarly, the two equations 


y=f(x), 
and 


y=4,+A, cosat ... +A, cos na+B, sina+ ... +B, sin na, 
may be made to coincide in (2n--1) selected places. If » be made 
infinitely great, the two equations agree at an infinity of values and 
this suggests the possibility of a point-by-point agreement. : 
The series resulting from such an analysis of a given function all 
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come within the scope of the full expansion given in equation (9-1) 
and are called Fourier series. 

9-2. Evaluation of the Coefficients.—If each term of the 
gts hand side of equation (9-1) is multiplied by da and integrated, 
we have 


[aea [ana | cosa.dz+... +4, cosna.da+... 


3 sinaz.dz4- ... «5| sinnz.dz-- ... 
and every term, except the first, disappears for the limits 0 and 27, 
giving i 


2n 2n 
fs "fla)de=2nAd, or A7 |, fy  . (92) 


Now multiply each side of equation (9-1) by cosna.da and 
integrate, Thus 


[reno a n cos nz dA, cos x cos næ.dæ+ ... 
4s cosnz.dz-- ... 4| cos mæ cosna.da+... 
«5| sin æ cos nz.dz-- ... 5| sin nz cos na.da+ . .. 


+Bu| sin mæ cos nz.dzd- . . . 


On integrating from 0 to 2x, each of the integrals on the right-hand 
side is zero except 


2n 2a 
4f cos? nado iau (1+ cos 2naidz=7A,, 
0 
and thus f 
l 2z 
A f(x) cosna.da . ; . (9:8) 
0 


Similarly, by multiplying both sides of equation (9-1) by sin nz. dæ 
and integrating from 0 to 2z, we have 


1f? 
B W)snnrds .  . o. (94) 
0 
Thus the theorem may be written in the form :— 
] (= "Scos ng (2 
fe). |. fae ue f , f(O) cos na. de 
3 "Sisin nz [27 
O = f f(a) sinna.de . (9:5) 


n=1 
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Before developing the theorem to make it applicable outside the 
narrow limitations of the range 0 to 27, it will be useful to point out 
three special features of the coincidence which has been assumed 
between the arbitrary function f(z) and the corresponding Fourier 
expansion. 

(i) At a discontinuity in f(x) between 0 and 27, the series gives 
the mean value of f(z) on the two sides of the discontinuity. 

(ii) At 0 and 2z, the value of the series is again the mean of 
the values of f(x) at each of these points. 

(iii) It is not necessary that f(x) should have the same mathe- 
matical form throughout the range 0 and 2z. If it has different 
values, then, in the integration, each must be integrated between 
its own limits. Thus if y=f,(x) from 0 to J and y=f(x) from 1 to 
22, we have 


Ag, [Aletes [^ noe], 


and similarly for 4, and B,. 
9:3. Example of a Fourier Expansion.—Let j—2 from «=0 
to w=2n, te. f(~)=a# and 


1; AS he 
As; | a cos ne da | æ. d(sin na). 
Jo na) 9 


Integrating by parts, 


1 2n (im 
Ax sin ne) = sin nade), 
NN o Jo 


and both these terms disappear when the limits are applied. Thus 
there are no cosine terms in the expansion. Also 


12 i 22 2n 2 
B æ sin nade con na) zl cos nede |=, 
Jo na 0 R n 
and thus we have 
y—o—n— [sin e+} sin 22+} sin 3z+ . . .]. 

It is interesting and instructive to see how a few of the terms 
of this series combine graphically to approximate to the straight 
line y—z. Fig. 9-1 shows the result of graphing, 

(a) y=n—2 sin a, 
(b) y=n—2 sin z—sin 2a, 
(c) y=a—2 sin a —sin 2x— 3 sin 82, 


It will be seen that a gradual approach to the line y=a is obtained 
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as the number of terms increases. This example, however, is not 
very rapidly convergent, and in many cases terms beyond the first 
three, or four, produce only a small effect. 


[^] 
1 2 3 4 5 6x 
Fic. 9:1.—Fourrer EXPANSION OF y=a. 


9-4, Extension of the Range.—In practical cases the function 
to be analysed rarely recurs at intervals of 27, so it is necessary, 
in order to give the analysis a desirable flexibility, to develop the 
expansion to cover the more generalised range from 0 to, say, 2l. 


Let a quantity z be defined by y so that de=7dz, and at 


T 
$—0, z=0; at z—2z, z=2l. Also f(x)=¢(z). 
Substituting for f(x), æ and dx in the generalised expansion (9:5) 
we have 


l[9, m, "Wl naz, mo naz 
sazz, Adz 2 cos $52 HN cos Pas 


mno 
l . nuz(?,, a. NTZ 
DX =|: oonan g 


n=1 


1p% "S51 naz naz 
=a, $(z)dz4- Dar cos cae olz) cos T4 


n=1 
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If, now, z is identified with the independent variable æ, and 
4(z) with the arbitrary function f(x), then, over the range z—0 to 
i391, 


fele freier Yen e [" fa) en ae 


n=o 
1... nafa . NTE 
jo sin |. Sosin T as. (9-6) 
9-5. Displacement Curves.—Let z—i. Then y—f(t) is the 
displacement curve of any vibrating system, and the range is from 


0 to the periodic time 4. If we put To. the expansion (9-6) is 
0 


changed by the substitution of tọ for 21, and o= for a, or T and 
0 


becomes 


1[^ "A2 D 
f, [ face DS cos not fro cos not. dt 


neo ty 
+)? sin nat | S(t) sin not.dt . — (9:7) 
n=1 fo 9 
But we may write 
A, cos wt+B, sin ct — C, cos (wt—d,), 
where C,— V 45?--B,? and tan &- 5. and the analysis of the dis- 


placement curve may be written in the following form :— 
f (0) C,-4- C, cos (pt —8;)-- « « . +Cn cos (not —0,)4- . . » ete., (9:8) 
where 
EUIS C,-VA,HEBS; C= V An +B, 
an 


A, 
In equation (9:8) C;, ete., give the amplitudes of the harmonic over- 
tones present, and à, s, etc., the phases. 

9-6. Partial Fourier Series.—In analysing the function y=a 
it was noted that the expansion contains no cosine terms. Similarly, 
an expansion may have no sine terms. Such expansions are called 
parlial Fourier series, and their occurrence may be foreseen by an 
examination of the type of symmetry shown by the graph of the 
funetion to be analysed. For example, 

cos nwt=cos (2nz: —n«ot) —cos nw(to—t), 
and the curve 
A,+A, cos ott ... +Ancosnmt+... . D . (9:9) 


tand,— o tam el) 
1 
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must be symmetrical about the middle ordinate of the range, i.e. 
ordinates equidistant from t=% are equal and of the same sign. Con- 


versely, if this type of symmetry exists in the displacement curve, it 
may be assumed that expression (9-9) is its Fourier expansion. This 
is illustrated in Fig. 9-2 (a), which would yield such an expansion. 
Also, since 
sin not= —sin (2nz —not) — — sin (ty—1), 

the curve 

B,sinwt+ ... +Bysinnot+ ... . (9-10) 
is symmetrical about the middle point of the range, i.e. ordinates 


equidistant from i-a are of equal magnitude but are opposite in 


sign. For a curve yielding the series (9-10) as its expansion, see 
Fig. 9:2 (b). 


y 
y | 
[i 
i 
Ir 
0 £ t 
i 
o T T' i 
2 i 
(a) (b): 


Fic. 9-2, -SvwwETRY Or PARTIAL FOURIER SERIES. 


9:7, Analysis into Partial Fourier Series.—If the function 
f(x) to be analysed is given between the limits e=0 and z—l, then 
its expansion into a Fourier series may be made in different ways, 
according to the type of symmetry it is assumed to have beyond 
this range. In the first place it may be assumed to have the same 
form from 1 to 21, from 2l to 8l, ete., i.e. the given value f(x) occurs 
periodically at intervals of l. This makes 0 to / the whole range, 
and the full series occurs in the expansion, while the coefficients 
have the values, 


1f 2[ Qn 
y=} f Slee, ^i f; F(a) cos de, 
B=} f(a) sin de . (921) 


Secondly, it may be assumed that l is half the range, and that the 
graph is symmetrical about the ordinate z—l, i.e. it may resemble 
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the curve in Fig. 9:2 (a), where OA represents graphically the given 
funetion. In this case the expansion is given by a half-range cosine 
series of the form expressed by (9-9), i.e. 
nw naw 
y=f(®)=Ag +A, cos TH oes dd cos AI oie = (9:19) 
where 


p 
Av-gj [fter | Slejas, 

1¢* nuo, 9[! noe 
4n=7 fle) cos de= | fle) cos ^ 


The second formule follow because the integrals have the same values 
in the two halves of the range. 

Finally, we may suppose that 1 is half the range and the curve 
is symmetrical about the middle point y=0, z—1; thus it is of the 
type Fig. 9-2 (b), where OB is the given function. The expansion 
then becomes a half-range sine series, similar to (9:10), 


y f (2) - B, sin T+ e +B, sin + pees (9514) 


(9-18) 


where t i 
B= flo) sin "^as | fle) sin "T as . (915) 
0 0 


It is, of course, the second formula in each of the equations (9-13) 
and (9:15) which is used in the calculations of the coefficients, since, 
over this range of values of æ, f(x) has the value given. 

9-8. Fourier Series as the Solution of an Important Type 
of Differential Equation.—The discussion of an important type 
of differential equation, which is of s ial importance in problems of 
heat and diffusion, has been introduced at this stage because its 
solution involves series of the Fourier type. The equation is 

Qc 00. 
ar ass : 5 $ . (916) 
A solution of the form c— Be sin ma may be tried. If this is sub- 
stituted in equation (9:16) it gives R=—m?*k, and a similar result 
is obtained by putting c=Ae*' cos mz. Thus the solution may be 
written 
c— As4- Byt 4- Ae mH cos mye-4- Apm cos met . . . 
HApe cos mt . . «Bye sin mæ 
HBe mH sin mwt ... HBe t sin mæt... (917) 
where Ap Bo Ay, «+ s By «+ +) My ete, have values which will be 
determined by the initial conditions. 

If when t=0, c is given for some range of z from 0 to l, say, by 
c=f(z), then equation (9-17) reduces to 
f(z) — As -Byr-- A3 cos mæt « . . HAn cos mgz-- ... +B, sin ma 

To. BSsinmQau4- ... (9:18) 


" 
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But it has already been shown that f(z) may be expanded into dif- 
ferent Fourier series over the range z—0 to z—l. The choice of the 
appropriate form will depend on boundary and final conditions, but 
equation (9-18) will, in all cases, reduce to one of the expansions 
described in the previous article, and the coefficients of equation (9-18), 
and thus of (9-17), will be given by the appropriate coefficient given 
in equations (9-11), (9°18), and (9:15). In addition, the m’s now take 
the values of (9-6) without loss of generality. It will be seen that, 
beyond the present simplification, each problem must be considered 
individually, since the final form of the solution depends so much 
on the special conditions. A complete example is discussed in 
Article 10-11, while applications are also made in Article 12-13, 


EXAMPLES 


9-1. Show that if a periodic function is displaced by half the range 
and the new function is added to the first, the result gives twice the sum 
of the independent term and even harmonics ; when the second is sub- 
tracted from the first, the result is twice the sum of the odd harmonics. 


9-2. Prove that the root mean square value of a periodic function is 
equal to [A? 4-1(ZA? -- ZB?)]i where Ap, A, and B are the usual Fourier 
coefficients. 


9:3. An alternating electromotive force of sine form is applied to a 
full-wave rectifier. Obtain an expression for the rectified current in 
harmonic series. 

[(44/2) {4 —(cos 2wt)/8—(cos 4wt)/15—(cos 6wt)/385— . . .}.] 

9:4. Find a harmonic series which will represent the current in a cir- 
cuit consisting of a diode valve of impedance E to which an alternating 
E.M.F. E sin wt is applied. 

[C —(E/2zR) (2--x sin wt—A[(cos 2:t)/83 --(cos 4wt)/15+ . . .].] 

9:5. A quantity y has the value a from z—0 to 2—z and —a from 
æ=n to @=27. Express y as a Fourier expression in a. 

[(4a/z) {sin 2 --(sin 32)/3 -(sin 52)/5-- . . .] 

9:6. If y =æ? over the range x —0 to æ =l, find a full Fourier expansion 
for y for points inside these limits. 

[12/3 -(D0/2?) (cos Bu+(cos 2Bx)/4+ . . .} 
—(P/n)(sin fz--(sin 2Bx)/2+ . . .]]. (8—2a/l). 

9:7. Express æ? from 2—0 to æ=] as a cosine series. 

[72/3 —(41?/x*) (cos Bu —(cos 202)/4--(cos 882)/9— . . .]. (B—z/l. 

9:8. A displacement curve has the following shape: y=4at/T from 
1—0 to T/4, y —2a—4at/T from t=T/4 to 3T/4, y —4at/T —4a from 
t=8T/4 to T. Find the amplitude of the fundamental and of the first 
two harmonics. [8a/z2?; 8a/92?; 8a/25z?.] 

. 9:9. A condenser is charged rapidly and then discharged through a 
high resistance at equal intervals of T sec., so that the current, y, 
it supplies is given from 0 to T by log y—log B—kt. Show, by a 
Fourier analysis, that the amplitude of the harmonic of period T/n is 
2B(1—e-*7)/T y (k? --n*:o?) where wT —2a. 
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9-10. A metal bar at temperature 0? C., and of length J, thermal con- 
ductivity k, density d and specific heat s has one end suddenly raised 
to, and maintained at, T° C., while the other is maintained at 02€; Jf 
no heat can flow through the sides of the bar, find an expression for the 
temperature at any point distant æ from the cold end at any time t. 
[ To/l —(2T /) (et sin Ba —(et«! sin 202)/2 +(e% sin 852)/3 - - . -] 

(B=x/l; a= —kf*/ds.) 


CHAPTER 10 
OSMOSIS AND DIFFUSION 


10-1. Osmosis.—A bladder full of alcohol becomes distended 
when immersed in water, but if the bladder contains water and is 
immersed in alcohol, it shrinks. This is explained by the fact that 
the membrane is permeable by water but not by alcohol, so that the 
passage of the former through its walls is not compensated by a 
reciprocal movement of the latter. The bladder thus has a property 
of selective transmission, and its action may be compared to that 
of a sieve whose meshes are sufficiently coarse to allow small particles 
to pass through while rejecting others of greater size. Such a mem- 
brane is said to be semi-permeable, and this process of preferential 
transmission, which is called osmosis, has an important part in many 
organic functions both animal and vegetable. 

Different semi-permeable membranes vary in their characteristic 
demarcation between transmitted and rejected substances. Thus, a 
colloidal film such as a piece of bladder is traversed by crystalloids as 
well as by water, but colloids are not transmitted. This peculiar 
property was utilised by Graham for the separation of crystalloids 
from colloids and is termed dialysis. Other membranes differentiate 
between classes of crystalloids, while others are permeable practically 
only by water. Thus the type of separation desired, or the special 
kind of osmotic action to be studied, needs a particular selection of 
the semi-permeable membrane to be used. One, which was of great 
service in the early study of osmotic laws, is caused by the interaction 
of copper sulphate and potassium ferrocyanide. The precipitated 
cupric ferrocyanide is permeable by water but not by sugar. The 
film is mechanically weak, but if a porous pot containing copper sul- 
phate stands in a solution of potassium ferrocyanide, the chemical 
action and precipitation occur in the pores of the vessel and thus 
the film receives the necessary support. More recently and par- 
ticularly for very large solute molecules osmometer membranes of 
Copiate and partially denitrated nitrocellulose film haye been 
used. 

10:2. Osmotic Pressure.—If a porous pot impregnated by the 
membrane described above contains a sugar solution and is immersed 
in water, the selective transmission causes an accumulation of water 
inside the vessel, with a consequent rise in the level of its liquid. 
The process ceases when a definite excess pressure is thereby pro- 
duced. This pressure, which is called the osmotic pressure, clearly 
equals the difference of pressure which must initially be present on 

1 Fuoss and Mead, J. Phys. Chem., 47, 59 (1943). 
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the solution side of the membrane if no osmotic action is to result. 
The experiment may be explained in terms of molecular motion. 
'The walls of the membrane are continually receiving impacts from 
the water molecules on one side and from a mixture of water and 
sugar molecules on the other. Since the sugar is refused transmis- 
sion there will be an initial excess inflow of water. The accumulat- 
ing excess pressure inside the vessel assists the escape of water from 
the inside and tends to lessen the inflow. When a state of dynamic 
equilibrium is reached, the exchange of molecules is balanced and 
the rise of pressure ceases. It is to be expected that the osmotic 
pressure will increase with an increasing strength of original sugar 
solution, or, in a more general case, with greater difference in the 
concentrations on the two sides of the membrane, since the pres- 
sure results from the presence of the sugar particles among the 
bombarding molecules. If the concentration is the same on both 
sides of the membrane, there is obviously no osmotic pressure. 

The mechanism of the passage of a liquid through a membrane 
is not fully understood. It may be, as the previous analogy suggests, 
a purely physical process dependent on the relative sizes of the 
molecules in the solution and the pores of the membrane. On the 
other hand, it is possible that loose chemical compounds are formed 
between the membrane and the solvent, and that these compounds, 
gradually saturating the membrane, decompose on its other side 
where the concentration of the solvent is less. Another possible 
explanation depends upon the difference in surface tension which 
may exist between the membrane and the solution, or solvent. The 
surface tension of salt solutions is different from that of pure water, 
and the surface energy of a solid in contact with a solution is less 
than with pure water, so that the layer of liquid in contact with 
the solid will become richer in salt than the bulk of the solution.' 
As the solution flows through the capillary tubes, the salt will col- 
lect along the walls and the faster-moving central regions will have 
a diminished concentration. The effect is that the liquid finally 
comes through as pure water. Similar considerations may explain 
the behaviour of semi-permeable membranes in which the pores act 
as capillaries. 

The expression “ osmotic pressure of a solution " is, speaking 
strictly, incorrect, inasmuch as a solution does not of itself possess 
any osmotic pressure, and the term is used somewhat loosely to 
denote the hydrostatic or mechanical pressure which would be pro- 
duced if the solution were separated from the pure solvent by a 
membrane permeable only by the latter. A realisation that osmotic 
pressure is produced by osmosis and not vice versa will prevent the 
common confusion which gives rise to the idea that osmotic pres- 
sure acts in an unusual manner, by causing a movement from a 
lower to a higher pressure level. 

10:3. The Laws of Osmosis.—The main quantitative features 

1See Gibbs’ Theorem, Article 6-21, Chapter 6. 
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of osmosis were discovered by Pfeffer. Investigating the connection 
between osmotie pressure and solution strength, he found that the 
relation for non-electrolytie solutions was one of direct proportion- 
ality, so that, if P is the osmotic pressure of a solution of concen- 
tration c gram-molecules per c.c., the law may be written 


Proc e; 


He also found that, at least approximately, the osmotic pressure P 
is proportional, for a given solution of constant strength, to the 
absolute temperature, or 

Pw. 
If these laws are combined and if, instead of considering c the con- 
centration, we use the volume V of solution, which contains 1 gram 


moleeule of solute, then, since e 
THIRD 5 A (10:1) 
where R is a constant. 

With electrolytic solutions the results, as would be expected, are 
more complicated, owing to the dissociation which accompanies 
solution in such cases. With very dilute solutions, in which dis- 
sociation is practically complete, the osmotie pressures are nearly 
double those given by equation (10-1), while very strong solutions 
approximate in effect more closely to the formula. This difference 
between electrolytic and non-conducting liquids is quite general and 
applies in all the other results of osmosis. 

Van 't Hoff propounded the kinetie theory of solutions and 

deduced, on thermodynamical grounds, that P oc T' if the solution 
is so dilute that the heat effect of further dilution is negligible. "The 
formula PV=RT was put forward by van ’t Hoff only for solutions 
of infinite dilution, and consideration of the factors influencing the 
departure of gases from Charles’ and Boyle’s Laws will lead to the 
anticipation that, for any except dilute solutions, the simple van °t 
Hoff relation will err to a degree which becomes more marked with 
increasing concentrations. 
_ An outline of van *t Hoff's method is given below. Consider an 
involatile liquid solvent whose volume, at constant temperature, is 
unaltered by a dissolved gas. Commencing with a volume v of gas 
under pressure p, and with a volume V of liquid just sufficient to 
dissolve the gas under the same pressure, allow the gas to expand 
until its rarity is such that no sensible dissipation of energy occurs 
when contact with the liquid is established. The gas is then com- 
pressed until, just as it disappears through solution under rising 
pressure, the pressure rises to p, The operation must be con- 
ducted at constant temperature and so slowly that the condition 
never deviates sensibly from that of equilibrium. The process is 
accordingly reversible. 

Imagine that the liquid and gas are confined under a piston in 
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a cylinder of unit cross-section. During the first stage—that of 
expansion—contact is prevented by a partition inserted at the 
liquid surface. Let the distance of the piston from this partition 
be a, so that initially, z—v. At any further stage the pressure p 


is given by pote, so that the work done during expansion is 


sdg æ 
po [ope log $ 5 . (10:2) 


where æ is large compared with v. During condensation the par- 
tition is removed and the pressure upon the piston is less than before, 
because the gas which was previously confined to the space æ is now 
partly in solution. If « denotes the solubility, the available volume 


is practically increased in the ratio pups that the pressure on 


the piston in the position æ is 


eet Ls 
P - @taV 
and the work required to be done during the compression is 
A o a+aV 
po | saya? log ave: E + (10-8) 


By supposition the quantity of liquid is such as to be just capable of 
dissolving the gas, and so x«V—v. Hence the total work lost during 
both operations is the difference between (10-8) and (10-2), i.e. 


V. x V+a 
o°( log 2 PY. tog zl =p log E 4 , 


and, as æ is indefinitely great, this is equal to zero, so that, on the 
whole, no gain or loss of work results from passing reversibly from 
the initial to the final state of things. 

Now introduce a semi-permeable membrane, permeable by gas 
but not by liquid, just under the piston which rests at the liquid 
surface, A second membrane, permeable by liquid but not by gas, 
is substituted, as a piston, for the bottom of the cylinder and may 
be “ backed ” upon its lower side by pure solvent. Arrange the 
motions of the two pistons so that, as the upper one is raised through 
the volume v and the lower one through V, the gas is expelled, the 
pressure of the gas remaining at pọ- The liquid which has not yet 
been expelled retains a constant strength and, therefore, a constant 
osmotie pressure P. When the expulsion is complete, the work 
done on the lower piston is PV and that recovered from the gas 
is pg», so that PV—p,v is the net work done. Since the whole 
experiment is reversible, and since the whole cycle has been con- 
ducted at constant temperature, it follows from the second law of 
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thermodynamies that no energy is lost, or gained, during the cycle, 
and so 

PV-p. 
The osmotic pressure is thus determined, and it is evident that its 
value is that of the pressure which the gas, as a gas, would exert 
in the space V. 

From this follows the formal extension of Avogadro's Law to 
the osmotic pressure of dissolved gases, and thence, by a natural 
hypothesis, to the osmotie pressures of other dissolved substances, 
even although they may not be capable of existing in the gaseous 
condition. Thus the constant E of equation (10-1) is the same as 
the universal gas constant. 

To deduce the relation between osmotic pressure and temperature 
consider the first law of thermodynamies, 

dE=dH +dW, 
where E is the internal energy of a system, H the heat given to, 
and W the work done on, the system. Also apt where dọ is 
the change of entropy and T' is the absolute temperature, so that 
dE—Td$--dW, 5 - . (10:4) 
and, writing y for E— T4, 


dy=dE—Td¢—¢dT 
or, from equation (10-4), 


- dy=—ġdT+4 dW, 
i.e. 
Ren dy 
da dT’ 
if no work is done. Hence 
d 
y=E+T 


This is termed the equation of free energy. 

In the case of osmotic pressure the free energy is the work obtain- 
able by a reversible and isothermal process, and is equal to —Pv, 
P being the osmotic pressure and v the increase in volume of a 
solution when the solvent is added, isothermally and reversibly, 
through a semi-permeable membrane, so that, assuming no change 
in E—i.e. no heat of dilution—during the process, 


ð 
Po—Ty(Po). 
Neglecting any change of volume with temperature, 
oP 
PTym 
which gives a relation between the osmotic pressure and the tem- 
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perature, This is only true if there is no heat of solution, i.e. for 
very weak solutions. Hence 


9P oT 

PUDE 
or log P—log T'--constant, 
4.6, P-—RT, 


where R is the integration constant. This shows that the osmotic 
pressure is proportional to the thermodynamic temperature. ) 

10-4. Vapour Pressure.—The vapour pressure of a solution is 
less than that of the solvent alone, and the difference may be investi- 
gated by the following simple, though approximate, method. In 


Fic. 10-1.—VAPOUR PRESSURE OF A SOLUTION. 


Fig. 10-1, A is a vessel divided into two parts, B and C, by a semi- 
permeable membrane M. The former contains pure solvent and 
the vapour pressure over it is p, while C contains the solution whose 
vapour pressure is p}. The whole is enclosed by an outer vessel D 
containing, in addition to the liquids, only the vapour whose density 
iso. Owing to osmosis the level in C will be higher by an amount 
h than that in B, the difference in pressure on the two sides of M 
being P, the osmotie pressure of the solution. By equating this to 
the hydrostatic pressure difference we have 


P=p,+gph—p, NES EY 


Where p is the density of the solution. But p and p, are pressures 
G.P.M.—X 
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at a difference of level h in the vapour whose density c is supposed 


constant. Then 

p=pitgoh . 3 z . (10:6) 
Eliminating gh between (10-5) and (10:6), we have 

p—p P-ctp—n, 
g. P 
x Pa. 

Bf p—a 
Here o is the vapour density under its own pressure. If o, is the 
density under the standard atmospheric pressure B, 


or, 


mob, 
and iz 
yet PILLS a E . (10:7) 
p Bp 


The equation (10-6) was obtained on an assumption of uniform 
vapour density. This is justified only if the column of vapour of 
height h is short, i.e. if the concentration of the solution is small. 
If this is not the case we must write 


óp— —goóh, 
so that 
nr= 2. W, 
8% p 
Integrating, 
B ws? 
h=—.log =, 
8% Py 
or, substituting for h in the relation P=gph, 
Po 
log E= . . s  , Q08 
E p, Bp S 


This gives a necessary relation between the osmotic pressure and 
the lowering of the vapour pressure of any solution, and is indepen- 
dent of any assumption as to the physical nature of osmotic pressure. 
Let us transform this equation into a form which gives the concen- 
tration of the solution in terms of the ratio of the number of mole- 
cules of dissolved substance to the number of molecules of solvent. 
If one gram-molecule of the solute oceupies a volume v, in the solu- 
tion or in gaseous form at a pressure B, then the osmotic pressure 
for a concentration n, gram-molecule in a volume v is 


p—Broto 
v 
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The mass of solvent is nM where n is the number of gram-molecules 
of solvent and M its molecular weight. Hence 


so that 


M f A ET : 
and 0,—,-, assuming that the molecular weight is the same in the 


o 
liquid and vapour states. Substituting in equation (10-8) 
p .. Bognop M fi, 
jore nMBpw n 

This is independent of the temperature, so that the relative lowering 
of the vapour pressure should be independent of the temperature, 
if no molecular change takes place in the nature of the vapour. 

10-5. Boiling-point.—The boiling-point of a liquid is that tem- 
perature at which its vapour pressure equals the external pressure. 
Thus, if we have a pure solvent and a solution both at the tem- 
perature of the boiling-point of the former, the vapour pressures will 
be respectively equal to, and less 
than, the external pressure, since 
the vapour pressure of the solution 
is less than that of the solvent. 
It will be necessary to raise the 
temperature of the solution still 
more before it boils, i.e. before 
equality between its vapour pres- 
sure and the external pressure is 
reached. This elevation of the 
boiling-point may be evaluated 
as follows: Fig. 10-2 represents 
a closed vessel divided into com- 
partments 4 and B by a semi- 


permeable membrane. The upper Solvent 
half of each chamber contains rg 


only the vapour of the solvent, 
while A has also a quantity of 
solution at a temperature 7'+-07’, 
and B a quantity of solvent at a 
temperature T. If these are tem- 
peratures at which the vapour Fic. 10:2.— BOILING -POINT AND 
pressures are equal, they represent FREEZING-POINT OF A SOLUTION. 
corresponding boiling-points for 
an equal external pressure. Now suppose the following cycle of 
operations to be performed :— 

(i) Force v c.c. of solvent from B to A against the osmotic pressure 
P. The work done will be Pv ergs. 
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(ii) Evaporate this amount of liquid in 4. The heat absorbed 
in this process is poL, ergs, where p is the liquid density and L, its 
latent heat—expressed in work units—at the temperature T+aT. 

(iii) Transfer the vapour formed from A to B. Since there is 
equality of pressure on both sides of the membrane above the liquids, 
this involves no expenditure of work. f ; 

(iv) Condense the vapour in B, The heat given out will be 
poL ergs, where L is the latent heat at the temperature T: 

This cycle is reversible and, applying the two fundamental laws 
of thermodynamics, we have 


po poba Pu 
T TdT dT 
s PT 
T—Y EE oe us. (10-9) 


But since p=”, where v= volume of 1 gm. of vapour at a 
l 
pressure P and R is the constant per gm. of vapour, 


from equation (10-7). 

For a given concentration, measured in gram-molecules per c.c., 
the osmotie pressure will, from equation (10-1), be the same for all 
non-dissociating substances, and thus the elevation of the boiling- 
point will be the same; or all solutions with the same molecular 
concentration in a given solvent have the same boiling-point. For 
a concentration of 1 gram-molecule per 100 grams of solvent the 
corresponding elevation is called the molecular elevation of the boiling- 
point. Its value for water may be calculated as follows: At 100? C. 
the osmotic pressure of such a solution is, from equation (10:9), 


8:381 X107 x 278 
P= =8:10x 108 dynes per sq. cm. 
8:10 x 108 x 378 


qq en ES 
a 0-96 X 587 x 4-2 x 107 


—584 C. 
The boiling-points deduced in this way agree extremely well with 


experiment, and this face may be regarded as strong evidence in 
favour of the theory of osmotic pressure. 
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10:6. Freezing-point—In a somewhat similar manner the 
depression of the freezing-point of a solution below that of the pure 
solvent may be deduced. In Fig. 10-2 let T and T—dT' represent 
corresponding freezing-points, and suppose that a cycle is performed 
as follows :— 

(i) Force v c.c. of solvent from B to 4. The work done is again 
Pv. 
(ii) Freeze this quantity of liquid in 4; the heat liberated is 
pola, where L is the latent heat of solidification at the temperature 
T—4T. 

(iii) Transfer the solid from A to B. 

(iv) Allow it to melt and absorb heat equal to poL, where L is 
the latent heat of fusion at the temperature T. 

Then we have 


pu, uL Pa 
Tat Tear’ 


or, 


PI 
ere JV er. s (1010) 


The molecular depression of the freezing-point of water is given by 
_881 x10" x273 


P T =2-27 108 dynes per sq cm. 
2-27 X 105 x 278 
eager Lo ae VOC ON 
dn 80x 4-2 x 107 sis aie 


This expression, also, has been verified. 

10-7. Osmotic Pressure of Electrolytes.—In solutions of 
electrolytes the osmotic pressure and its correlated effects are abnor- 
mally great. Organic solutes dissolved in water give osmotic effects 
which agree with van "t Hoff's theory, these effects depending on the 
number and not on the nature of the dissolved molecules. When 
experiments yield abnormally low values, it follows that the num- 
ber of solute particles is less than that indicated by the chemical 
formula, and it is natural to suppose that aggregation has occurred. 
When, on the other hand, unusually large values are obtained for 
solutions of electrolytes, it is necessary to infer that some of the 
molecules have dissociated, and the degree of dissociation may be 
determined by the measurement of the osmotic pressure effects. 
The depression of the freezing-point has been more thoroughly 
investigated than the other properties. If, for example, in a certain 
solution mọ inactive and m active molecules exist, each of the latter 
giving « ions, the total osmotic pressure produced will be propor- 
tional to mọ+am, whereas the normal osmotie pressure would be 
proportional to mọ+m. By measuring the electrical conductivity 
we can find the fraction of the molecules which, at any moment, 
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is active. Let us call this f. Then, 
AE 
Pe ER 
so that, if the ratio of the actual osmotie pressure to the normal 
value is called i, 


. mtam _ E 

i= mim 1--(x—1)8. 
The same ratio could also be found by direct experiment on the 
depression of the freezing-point, for we know the normal value from 
van ’t Hoff's theory, and if dT be the observed depression for a 
solution with 1 gram equivalent per litre, 

aT 

1-84? 
since 1:84 is the calculated depression for such a solution in water. 
We can thus compare the value of i, as directly determined by 
observations on the freezing-point, with its value calculated from 
conductivity experiments. 

Thus there are two relations involved in the dissociation theory. 
Firstly, the number of ions into which a molecule must dissociate in 
order to explain its electrical behaviour, when completely dissociated 
in a very dilute solution, should be the same as the number required to 
give its observed osmotic pressure. Secondly, in dilute solutions of 
simple salts the abnormally great osmotic pressure should diminish 
with the coefficient of electric ionisation. The experimental evidence 
on the whole supports Arrhenius’ theory. The observed depressions 
never appreciably exceed the theoretical values, and the discrepancies 
in the other direction are readily explained by incomplete ionisation. 

When we consider the second relation indicated by Arrhenius, 
that the coefficient of ionisation, measured electrically, should agree 
with its value calculated from osmotic pressure effects, this relation 
cannot hold for concentrated solutions, since the thermodynamic 
theory of osmotic pressure is valid only when the solute particles are 
beyond each other’s sphere of influence. Nevertheless, experiments 
on these lines are of great interest, for confirmation of the relation 
for dilute aqueous solutions of simple salts would be reliable evidence 
that the Arrhenius theory gives, in such simple cases, a complete 
explanation of the phenomena. The amount of divergence in other 
cases would supply useful indications of the nature and amount of the 
disturbing influences. In general, the experimental results indicate 
that the relation holds only at great dilution even with such simple 
salts as potassium chloride. 

10:8. Measurement of Osmotic Pressure.—The measurements 
made by Pfeffer were too few in number and insufficient in accuracy 
to give a satisfactory test of the theory of osmosis. Determinations 
may be made using indirect means such as by measurements on 


i 
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vapour pressures, freezing-points, and boiling-points, but the best 
results are obtained by a modification of Pfeffer's method in which 
special care is taken in the manufacture of the porous pot and in 
the deposition of the chemical membrane. For concentrated solu- 
tions, again, the high pressures involved necessitate extreme accuracy 
in mechanical detail, partieularly in the method of attaching the 
manometer which measures the pressure. By reason of the extent 
and thoroughness which H. N. Morse? and his co-workers applied 
to their measurements, these may be taken as typical of later experi- 
ments with concentrated solutions. This 
work occupied Morse for many years. One 
of the early diffieulties was the method of 
manufacturing vessels which possessed the 
essential qualities of uniform strength and 
porosity, combined with a texture so fine 
that the membrane was deposited on the 
inner wall. Finally, a mixture of clays 
was discovered such that, on sifting, knead- 
ing, pressing, and baking in an electric 
furnace, practical uniformity in these 
qualities was obtained. The membrane 
was of copper ferrocyanide, but Pfeffer’s 
method of preparation yielded films of 
insufficient strength to sustain the high 
pressures used, Ultimately it was found 
that, by electric endosmose, membranes 
of much greater mechanical strength could 
be obtained. The manometers used were 
closed U-tubes containing nitrogen and A 
carefully calibrated. Many different types 
of attachment between cell and manometer jq 10.8,—Monsr’s Ar- 
were tried. An example of one of the PARATUS FOR THE MEAS- 
later developments is shown in Fig. 10'8 UREMENT OF OSMOTIC 
The pot A receives the conical glass bulb Pressures. 
B attached to the tube C, and good 
contact is maintained by means of the nuts H, J which act on 
the collar G and the packing ring K. The collar is sealed on to 
B by cement, and the side tube D is cemented to a threaded 
brass tube Æ which is closed by the nut F. The latter permits the 
pressure on the solution to be raised to prevent osmosis. Thus 
the pressure given by a manometer attached to C is the osmotic 
pressure. Readings were taken to 80? C. under thermostatic control, 
and pressures as high as 80 atmospheres were employed. 

Most osmometers—instruments for measuring osmotic pressure 
— utilise the manometer, or gauge method, for the measurement of 
the pressure difference, but osmotic balances are more sensitive.? 


1 Morse, Amer. Chem. Journ. (1901-12). 
2See Svedberg, Nature, 153, 523 (1944). 
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In such a balance one of the scale pans is removed and on the floor 
of the balance case is fixed a stand with an adjustable platform 
carrying a glass cylinder filled with solvent. The lower part of the 
osmotic cell is conical in shape and the semi-permeable membrane 
is attached to its base—the membrane itself acting as a packing 
material against leakage. The upper half of the cell is a glass tube 
and the whole is suspended from the balance arm. The osmotic 
cell and part of the glass tube is filled with solution and suspended 
from the balance in such a way that it dips into the solvent con- 
tained in the glass cylinder. By means of the adjustable platform 
the difference in level between the solution in the cell and the sol- 
vent in the glass cylinder can be varied. The balance is adjusted 
to equilibrium. When the weight of the cell increases, due to inflow 
of solvent, the cell sinks until the buoyancy compensates the in- 
creased weight. The position, when the meniscus in the cell is in 
line with the meniscus in the cylinder, is taken as reference point 
for the measurement of the difference in levels between solution and 
solvent. From this starting position all level differences, i.e. osmotic 
pressures, are calculated by means of the corresponding weight 
differences. 

10:9. General Theory of Solutions.—It has been stated 
previously that the simple PV=RT relation cannot be expected to 
apply to any except very dilute solutions, and experiments verify 
this. Indeed, the agreement is close only for a very limited range of 
concentrations and, although this range may be extended by Morse’s 
method of calculation, on the assumption that the osmotic pressure 
is equal to the pressure which would be exerted by the solute in 
gaseous form in the volume occupied by the solvent at 4° C., a more 
general theory becomes essential. Attempts in this direction 
naturally developed along the lines of Van der Waals’ equation for 
gases, and the following have been suggested :— 


7 
(pere gs yv -n-nr, 20. (011) 
(r-i) V—b)=RT, .  . (10-12) 


a A s 
where yi and pare the correcting factors for the attraction between 


solute molecules, and between solute and solvent, respectively. In 
equation (10-11) V is the volume of solvent containing 1 gram-molecule 
of solute, while in equation (10-12) it is the corresponding solution 
volume. An objection to these equations and the many possible 
similar empirical forms is, as was pointed out by Callendar,! that 
the constants involved cannot be connected with the other properties 
of the solutions, 


uer Proc. Roy. Soc., 80A, 466 (1908); Proc. Roy. Inst., 19, 485 
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It is natural to expect that a general osmotic equation will be 
much more complicated than that of a gas, but Sackur ! and Porter 2 
have shown that a simple formula of the type 

P(V—b)=RT 
represents the facts over a large range of concentrations. In this 
equation V is the volume of solution containing 1 gram-molecule, 
while the quantity b varies with temperature. Owing to hydration 
it is a value larger than the volume of the 1 gram-molecule of solute, 
its variation with temperature being attributed to a corresponding 
change in the degree of hydration. 

Thermodynamical principles may also be applied to a solution 
if certain simplifying assumptions are made. The results of this 
process will, of course, be valuable and applieab: to experimental 
facts only to the degree to which actual solutions fulfil the assumed 
conditions. For instance, if the solutions are such that the com- 
ponents are neither associated nor dissociated, intermix without 
change of volume or heat effect, and do not interact, then the 
resultant equation ? is 


EA iog 1 —2))-MP* 


where V is the molecular volume of the solvent under standard 
pressure conditions, œ is the ratio of the number of molecules of 
the solute to the total number present, and f is the compressibility. 
If, further, 48P2 is negligibly small—as it will be except at very 
high pressures—then, by expending the right-hand side, 


Bees o 


Unfortunately, the experimental verification of this result is not 
easy, but considerable information can be obtained from vapour 
pressure, freezing-point, and boiling-point determinations. It is 
therefore necessary to obtain more exact relations between these 
quantities and the osmotic pressure. 

Equations connecting osmotic pressure and vapour pressure differ 
in their complexity according to the number of factors which are 
taken into account. One, due to Spens,* has the simple form, 


lero ee ee CONSU 1074y 


where v, is the increase in the volume of a large amount of solution 
when unit mass of the solvent is added, and s, is the specific volume 
of the vapour, p and p, being the vapour pressures of the solvent 


1 Sackur, Zeits. Phys. Chem., 70, 447 (1909) ; Zeits. Elektroch., 18, 641 (1912). 
2 Porter, Trans. Far. Soc., 13, 119 (1917). 

3 See Findlay, Osmotic Pressure, p. 55 (1919). 

* Spens, Proc. Roy. Soc., 77A, 234 (1906). 


814 OSMOSIS AND DIFFUSION 


and solution respectively. A more general and more complicated 
equation was obtained by Porter.! c 

In considering the connection between osmotic pressure and 
freezing-point it is necessary to remember that, since the freezing- 
point varies with the concentration, in order to associate the osmotic 
pressure with the concentration alone, its variation with temperature 
must be known, and this implies a knowledge of the heat of dilution. 
Callendar ? states that the vapour pressure and the temperature of 
water are related according to the equation, 


p  264AT ,. [AT To, T. 
Eur. T H471 TTE T.) 


where p and p, are the vapour pressures in the liquid and solid phases, 
T and T, are the absolute temperatures (7,—273) and AT=T,—T. 
This equation may be reduced without great loss of accuracy to 


and if the vapour pressure p, of ice at the freezing-point T' is sub- 
stituted in equation (10-14), the required connection between P and 
T is obtained. 

The relations between boiling-point and osmotic pressure may be 
obtained in a similar manner,? but they are difficult to verify owing 
to the lack of sufficient data. 

These indirect methods of testing the general equation (10-13) 
have shown that it represents the temperature law of osmotic 
pressure variation over a large range of concentrations and tempera- 
tures with considerable accuracy, and, in spite of much criticism, 
the kinetic theory of osmotie pressure still remains the only one 
which gives values agreeing with experience. As was emphasised 
by Porter ? in an admirable review of the question, any alternative 
theory, in addition to giving a more exact representation of facts, 
must overcome the difficulty of explaining away the results which 
it is reasonable to expect from the known molecular agitations of 
solutions. 

10-10. Diffusion.—Closely connected with osmosis is the pheno- 
menon of diffusion. If two fluids in contact are able to mix in any 
proportions they will do so spontaneously until a uniform mixture 
is produced. The process by which the intermixture is brought 
about is called diffusion and is due to the migratory movements 
which characterise fluids. Diffusion is rapid in gases, comparatively 
slow in liquids, but in both cases the rapidity of movement depends 
on the rate of change of density at the place considered. It con- 
tinues in opposition to gravity, and thus is not a buoyancy effect. 
This may be shown by superposing a layer of water on, say, a copper 

1Porter, Proc. Roy. Soc., 79A, 519 (1907); 80A, 427 (1908). 
2 Callendar, ibid., 80A, 466 (1908). 
? Porter, Trans. Far. Soc., 13, 119 (1917). 
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sulphate solution. If this is done with sufficient care to avoid cur- 
rents in the liquids, the line of demarcation is sharp between the blue 
solution and the colourless water. After a time the blue coloration 
will be found to have spread upwards, and a gradual change in the 
depth of tint will be seen to extend throughout the whole liquid. 
After a considerable time the mixture will become very nearly 
uniform. 

10:11. Fick's Law.—The interdiffusion of liquids was studied by . 
Graham, who used a wide-necked bottle nearly filled with a salt 
solution. The bottle was placed in another vessel containing water, 
which was made to extend into the bottle by carefully squeezing 
out a sponge, saturated with water, on to a cork floating in the 
solution. In this way a column of water was superposed on the 
liquid, and after the lapse of some days the amount of salt which 
had diffused into the water was measured. Graham's experiments 
showed that the rate of diffusion of aqueous solutions depended on 
the type of salt used, increased with greater strength and also with 
the temperature. These results were given a simple mathematical 
form known as Fick’s Law, which may be stated as follows: 
Imagine a plane drawn in the liquid along the direction of constant 
density. Then, if the concentration gradient—or change of con- 
centration with distance—measured at right angles to this plane is 


Z the mass of dissolved substance crossing unit area of the plane 


per second is equal to xe where k is called the coefficient of diffusion 


of the dissolved substance. ^ 
If two such planes 4, B are separated by a distance óv and 
each has unit area, then, if the concentration at A at any time £ is c, 


that at B will be e- Se, The inflow of dissolved substance at 4 


inne ODE keen, while the outflow from B will be 


de 0?c 
kot a 9001. 


2, 
Thus the space between A and B has a net gain of ae gm. per 
sec. Since the volume enclosed is dz, the change of concentration 
2, 

is ken, or the rate of change of concentration is given by 
de Pe 
0t Ow? 
This is the general equation governing the process of diffusion, 
and suffices to solve any problem when the initial conditions are 


given. As is shown in Chapter 9, the solution to equation (10-15) is 
a Fourier expansion whose form depends on these initial conditions. 


. (10-15) 
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As an example consider the following problem. A solution of 
strength c, occupies a length I of a cylindrical vessel and has a length 
L of solvent superposed on it. The concentration c at any point in 
the vessel at any subsequent time may be found as follows :— 

A solution of equation (10-15) which satisfies the initial conditions 
is 

c=A,+-A,e-™" cos mv-- A,e-*™"t cos mæ . .. (10:16) 
in which, when £—0, c=c from 2—0 to «=l, and, when t— co, 


e for the same range of æ. When i— co, equation (10-16) 
reduces to €—4, Hence 
l 
=F . (10-17 
Ay KI mem (1 ) 


But f(x) may be expanded into a half-range cosine series by the 
usual formula :— 


Sf (@)=Ag+A, cos Igt cos IA alu 


+h 
where 
2 (Hh naw 2e [!. mac 
Aii. f(x) cos Ici deg | on +41,” 
EON 
dern +1) 
where n=1, 2, 8, etc. Thus 
COR 1 NL iE m 


Lh ndane put 55D 
: 3 nz 
in which «- (r5) E 

10:12. Coefficient of Diffusion.—We have seen that by apply- 
ing Fourier's theorem it is possible to deduce, in a form containing k, 
the concentration at a given point at any time subsequent to a given 
distribution of strengths. Thus, if the variation at some point is 
measured from time to time, it will be possible to evaluate the co- 
efficient of diffusion. It must, however, be possible to determine 
the concentration without causing a disturbance of the liquid. In 
Kelvin's method this was done very simply by noting the position 
of a series of glass beads of varying densities placed in the liquid, 
so that the density distribution could be noted throughout the 
experiment. Other methods which have been used with differing 
degrees of suecess are measurements of refractive indices, rotations 
of polarised light for sugar solutions, and contact potential differ- 
ences. More recently the optical methods have been extended so 
as to be available in a greater variety of cases and to give much 
greater accuracy in working. For example, Littlewood ! describes 

1 Littlewood, Proc. Phys. Soc., 34, 71 (1922). 


COEFFICIENT OF DIFFUSION 317 


a method of determining concentrations to within about 0:05 gm. per 
litre at any point and time during diffusion. His method depends 
on the bending of rays of light incident at nearly grazing angles on 
the top surface. Owing to the changing density with depth, the ray 
is bent into an are and the total deviation depends only on the refrac- 
tive indices at the points of entrance into, and exit from, the solution. 
If V is the velocity of light in the medium at the point of entry, the 
distance travelled by the ray in a time ôt is y= Vôt, while the distance 
travelled by a ray which enters at a distance ôl below the first is 


av 
n= (vn 


Thus the wave front, and hence the ray direction, is turned through 
an angle y given by 
y dV 


dV. 
tan y= aua y T 


When y=a, the width of the vessel, 


adV 
tan y= V dr 
and y is the angle of incidence on the far side of the vessel. Thus a, 
the angle of deviation on emergence, is given by sin a— sin sp and, 
since uV is constant, A 
TE ue 
sin a—am. 
Thus the change in deviation for a given angle of incidence depends 
on the difference in concentration at the various points of emergence 
at the side of the vessel when the incident ray is displaced laterally. 
This difference was measured, in Littlewood's experiments, by a tilt- 
ing mirror device, which indicated changes of the order of one minute 
of are, From these measurements of the change in concentration 
with depth, obtained from time to time, all the necessary data for 
a caleulation of the coefficient of diffusion are known. 

Later, Clack,! by a somewhat similar method which was capable 
of measuring concentrations at points fairly close together, was 
enabled to make a much more detailed investigation of the change 
in diffusion coefficient with concentration. He produced a definite 
concentration gradient from practically zero strength to saturation 
in a vertical diffusion cell, When steady conditions were reached, 
the change of refractive index with depth was measured, as in 
Littlewood’s experiments, from the deviation of a ray, in this case 
initially horizontal, as it penetrated layers of increasing density. 
The method of measurement was different, however, and depended 
on the vertical displacement of the central fringe in the interference 
pattern produced by two narrow and near horizontal slits illuminated 
by mercury green light. To connect the change of refractive index 

1 Clack, Proc. Phys. Soc., 36, 813 (1924). 
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with concentration, a Rayleigh refractometer was used, and a com- 
bination of these results determined the distribution of concentration 
with depth. In addition, the quantity of solute diffusing through 
the cell when steady conditions were established was measured by 
chemical analysis or by drying and weighing. 

If the diffusion coefficient is assumed to be independent of the 
concentration gradient then, on steady conditions being reached, 
and the diffusion cell having a constant cross-sectional area, the 
gradient of concentration would be constant, and no detailed examin- 
ation would be required. Clack’s experiments showed a varying 
gradient, even under steady conditions, from top to bottom of the 
cell and this enabled the variation of k with ¢ to be found. The 
theory of this more general form of dynamic equilibrium was given 
by Clack in an earlier paper! in the form :— 


kn 3$ — ddd—c—có 

— A(1—8) de d—e * 
in which i is the net change in the mass of the cell contents per 
second, 4 is the cross-sectional area of the diffusion cell, c is the 
concentration in gm. per c.c. at a distance 1 from the top, d is the 


density at the same point, and ô is the ratio of the mass of water 
entering the top of the cell per second to the mass of salt leaving 


per second. The gradient E: was given, as already explained, by 
dl du. sig di $ : 
the product dudo in which du was obtained by the fringe measure- 


ments and u by the refractometer readings, 


These investigations, which were made with sodium chloride, 
potassium chloride, and potassium nitrate solutions, showed that 


from his theory of ionic dissociation that the coefficient should, with 
increasing concentration, at first fall to a minimum on account of 
decreasing dissociation, and later, with more concentrated solutions, 


concentration, 
The greatest difficulty in such experiments is the great time 


1Clack, Proc. Phys. Soc., 29, 51 (1916). 
? Longsworth, J. Amer. Chem. Soc., 69, 2516 (1947). 
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needed to set up, and subsequently to measure changes in concen- 
tration of solutions in the usual large-size vessels, during which time 
it is necessary to avoid mechanical and thermal disturbances. It was 
pointed out by Furth + that if the linear dimensions are reduced by 
a factor n, the time needed will be reduced by the factor n?. The 
consequent small-scale instrument which incorporates collimator, 
diffusion cell, and observing microscope he calls a microdiffusiometer. 
Two different methods of following the level of some selected con- 
centration are utilised. The first applies when considerable colora- 
tion effects accompany changes in solution strength, and in essence 
the level of a fixed colour shade is observed against the time in 
terms of eyepiece micrometer divisions. In the second method, 
applicable to transparent colourless solutions, the image is the 
shadow region produced by total internal reflection, and thus cor- 
relates the diffusion current with the time by means of the refractive 
index. A further method of observation was used by Rolfe? in 
the study of the diffusion of radioactive isotopes in non-radioactive 
solutions of the same electrolyte. The rectangular diffusion cell 
has, in its bottom half, a uniform concentration and, above a separat- 
ing slide, an equal amount of solvent. Diffusion begins when the 
slide is drawn out and the change in concentration at a given level 
æ is measured at various times ¢ by the count rate of a Geiger counter. 
From these results graphs are drawn showing the progress of a given 
concentration along the cell and thus the diffusion coefficient may 
be calculated. 

10-13. Diffusion and Osmotic Pressure.—If the concentration 
of different parts of a solution is non-uniform, the osmotic pressure 
also varies, and by imagining the parts of the solution to be separated 
by ideal semi-permeable membranes, we see that the osmotic pressure 
is the force per unit area which must be applied by the diaphragm to 
the dissolved molecules in bulk to prevent their diffusion. Consider 
a vertical cylinder with a solution of a non-electrolyte in the lower 
portion and water above; the dissolved substance gradually makes 
its way upwards and finally a uniform solution results. Let the 
osmotic pressure at a height x in the cylinder be P, so that, if A is 
the cross-section, the substance in the layer whose volume is Ada 
is under the action of a force AdP. If c is the concentration in 
gram-molecules per c.c., the force acting in the æ direction on each 
gram-molecule in the layer due to this force is 


AP ldP 
“cde c dx 


Let F be the force required to drive 1 gram-molecule through the 
solution with a velocity of 1 em. per sec., so that, if the drift velocity 


1 Furth, R., Physik. Z., 26, 719 (1925) ; Zeits. f. Phys., 91, 609 (1934) ; Jour. 
Sci. Instr., 22, 61 (1945). 
? Rolfe, Proc, Phys. Soc., 67, 401, 1954. 
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is constant, F must be equal to the viscous drag on the gram-molecule. 


Hence the velocity acquired is 
1 dP 


CR da’ 
and if ôN is the number of gram-molecules which pass across each 
layer in a time 6t, 


1 dP A dP 
IN — A=- Ste. 


For dilute solutions, P=cRT and 
RT de 
ôN= -F AG 
But, by Fick’s Law, 
ôN=—k4 esr, M (10-18) 


so that k, the diffusion coefficient, corresponds to the factor =a 


Owing to the slow rate of diffusion, the day instead of the second 
has been adopted as the unit of time for practical work. The force 
required to drive 1 gram-molecule through the solution with a 
velocity of 1 em, per sec. is 


RT de 86400RT 

eS E 
and if k is known, we can calculate the force required to produce 
unit velocity. For example, k for formic acid at 0? C. is 0:472, and 
the force required to drive 1 gram-molecule through water with a 

velocity of 1 em. per sec. is equal to 4:84 10!? gm. weight, 

10-14. Diffusion of Electrolytes.—Consider the solution of a 
single electrolyte containing two monovalent ions, Let u and v be 
the velocities of the cations and anions, respectively, when subjected 


d 
v dP 7 : 
TUR ds and the amounts of each passing any cross-section of the 
cylinder in time ĝt are 


dP dP 
—uA ot and vA Ot. 


to unit force. The velocities in the present case will be -ua and 


If u is different from v, a potential difference is set up and the force 


on a gram-equivalent of an ion carrying a charge e is ES that 


the numbers of the two ions which would cross a section in time ót 
under the action of this force alone are 


dE dE 
—uAce ot and -Fv4ce 7t, 
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and the total number of gram-equivalents which diffuse in a given 
time under the influence of both the osmotic and electric forces must 
be equal. Hence 


ôN= uan n in) van 23 


i.e. 


2uv dP 
AN rubo ds 
but since P=cRT and, from equation (10:18), ôN — kA TEN, 
2uv 
UT. 


Thus, if u and v are known—and they may be calculated from the 
migration of the ions—k can be determined. For example, with 
hydrochloric acid the velocity of the hydrogen ion under a gradient 
of 1 volt per em. is 0-0032 cm. per sec., and 


0-0032 x 10-* dd 
$047 — 79 82x10 em, per sec., 
the charge being 9647 absolute units, and 1 volt is 10° absolute units. 
For the chlorine ion 


v—7-15 x 10-15 cm, per sec., 


and thus 


k= 2? RT=2-66 x 10-5 86400 —2:80. 
ud-v 

This agrees with the experimental value obtained by Scheffer. 

10-15. Diffusion in Gases.—It has already been mentioned that 
the interdiffusion of gases is much more rapid than that of liquids, and 
that in both cases the rapidity of movement depends on the density 
gradient. A law of the same form as Fick's Law for liquids applies 
to gaseous diffusion. Consider two gases 4 and B, and suppose that 


the density gradient of one, say A, at a given point is o then the 
mass of gas A passing per second through each square centimetre 
of the plane is hay where k is a constant which depends on the 


nature of the two gases and is called their coefficient of interdiffusion. 
It has generally been supposed in experiments on gaseous diffusion 
that k is independent of the proportions of the gases, but this is 
probably only approximately true. The measurement of k is not 
easy owing to the difficulty of setting up an initial known distribution 
of the two gases. Loschmidt and Obermayer used a long cylinder 
divided, by a disc, into two parts, in the lower of which the denser gas 
was placed, and then the diaphragm was carefully removed to avoid 


jy G.P.M.—Y 
i 
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setting up currents. The dise was subsequently replaced, and an 
analysis of the proportions of the gases in the two parts gave a 
measure of their interdiffusivity. These observers agreed fairly well 
in their results, and measurements made by Waitz, on the diffusion 
of carbon dioxide into air, verified their values for these gases. 
Waitz used a Jamin interferometer to estimate the proportions of gas 
at any place from time to time by a measurement of the refractive 
index. His method was superior to that of the previous experi- 
menters and enabled him to decide that k varied, to some extent, 
with the proportions of the gases present. The general principle 
of Waitz’ method has been applied with a Mach-Zehnder interfero- 
meter! to give diffusion measurements consistent within 1 in 500. 

The theoretical calculation of the total quantity of either of the 
components, which has crossed over into the other compartment 
in a given time, can be illustrated by taking the case where the 
diaphragm divides the cylinder into two equal portions. Then, if 
the total length of the cylinder is 2l, its cross-section A, and the 
initial density of the denser component in the lower compartment 
po the subsequent distribution of density p with distance v from 
the bottom at time ¢ is given, from Art. 10-11, by 


pf reel eMC) cos ent G2 cos E a ‘| 

Thus 
-am efen 5 sin Fea) Fin rt d } 

At w=! 
ae 9 emn ere de. } 

In time 0 the mass diffusing past this plane is —12 4a, or 

nat eM) pe) - Je 

and in time ¢ the total mass which has entered the upper half is 

v He See arma. 


Ikr? 
or, 


za? 


M haa E | — Abo von)" 
since after any appreciable time only the first exponential term will 


be significant. Thus 


_4lApo n? 4lApo —u(2)* 
iu D, 


‘Boyd et al., J. Chem. Phys., 19, 548 (1951.) 
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or, 
Mae Ms 

bum pad [es 2 x 

M, being the original mass of that component. 


Finally 
4l? n? 2 
bs EL BG Hell i. )}: 


As an example k for carbon dioxide is about 0-14, and thus the time 
for M =M and 1—50 is t=58 minutes, or for hydrogen to air k=0-68 


and t=18 minutes. It will thus be seen that, if at the commence- 
ment there had been a mixture of hydrogen and carbon dioxide in 
the lower chamber, there would be a rapid separation of the con- 
stituents as a result of their different rates of diffusion. "This pro- 
cess of differential diffusion has been useva to separate radioactive 
substances, 

As with liquids, the interdiffusion of gases increases with tempera- 
ture, but to a much greater degree, The experiments of Loschmidt 
and Obermayer showed that, if the law of temperature is expressed 
in the form 4, AT", where T is the absolute temperature, then n 
has a value intermediate between 1:75 and 2. With gases the pres- 
sure also affects the process of diffusion, k being inversely proportional 
to the combined pressure of the mixed gases, 

10-16. Coefficient of Self-Diffusion.—When a vessel is occupied 
by a single gas in non-uniform concentration a process of self-diffusion 
goes on according to Fick's law but the measurement of the corre- 
sponding coefficient of self-diffusion is impeded by the fact that an 
AE identity of particle characteristics would prevent the move- 
ment of any group of them being observed. This difficulty has 
been avoided without serious error by a number of means.  Board- 
man and Wild * chose pairs of gases, e.g. nitrogen with carbon mon- 
oxide or nitrous oxide with carbon dioxide, which have equal values 
of molecular diameter and fields of attraction so that their inter- 
diffusion was equivalent to the self-diffusion of either. Other 
experimenters * have used stable isotopes e.g. uranium hexafluoride 
of which one part was enriched with U288 and the other with U235. 
The current progress of diffusion was sampled at intervals by admit- 
ting a small amount of gas in a particular part of the apparatus to 
mass spectrographie analysis. 

10:17. Brownian Motion in Liquids.—If the molecules of a 
liquid were of sufficient size to be visible to the eye it would be 
possible to detect the zigzag motion which results from molecular 
collisions, Similar results are true, however, for atomic or molecular 


1Boardman and Wild, Proc. Roy. Soc., 162A, 511 (1987). 
1 Ney and Armistead, Phys. Rev., 71, 14, (1947). Winn, ibid, 80, 1024 (1950). 
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aggregates such as are obtained in colloidal suspensions, since, 
although the mass would be struck by a large number of molecules 
on all sides at a given instant, the impacts would not necessarily 
be uniformly distributed, the corresponding movements would be 
relatively slow, and thus it should be possible to observe them under 
suitable conditions and to verify the most important deductions 
from the kinetic theory. This observation was first made by Brown, 
who used a suspension of plant pollen in water. Although no special 
type of microscope is necessary, the method of illumination is impor- 
tant and, in the ultramicroscope now generally used in studying the 
Brownian motion, the beam is sent through the liquid in a direction 
perpendicular to the microscope axis, and the particles are seen by 
means of the light which they scatter into the instrument. The 
beam must be very intense and the thickness of liquid traversed 
must be small, otherwise its absorption effect will interfere seriously 
with observations, By this means the movements of a particle of 
diameter 610-7 cm. may be followed. The absolute motion of 
the particles is difficult to observe in detail, but this difficulty has 
been overcome by the application of the cinematograph to the 
microscope. 

10:18. Einstein’s Equation.—If it can be assumed that the mean 
kinetic energy of a suspended particle is the same as that of a gas 
molecule at the same temperature it is possible to connect the 
observed mean free path with the constants of the gas equation. 
This was done by Einstein,! but a simpler means of deriving Einstein's 
result has been given by Langevin ? as follows :— 

From the kinetic theory of gases PV—34Nmv*—RT. Represent- 
ing the average kinetic energy of each molecule by E, 


E-pmi-45T., E (10°19) 


From the principle of the equipartition of energy E is the kinetic 


energy due to motion along one, say the x, direction. This energy is 
due to molecular impaets, and the equation of motion of a particle is 


dæ dx 
maa ôy a=% 


where X is the force produced by molecular bombardment and ô is 
the damping coefficient due to viscosity. Multiplying throughout 
by æ and remembering that 

dz 


ehe (a) 


A ede Ann. der Physik., 17, 4, 549 (1905); Zeits. f. Elektroch., 14, 285 


2 Langevin, Comptes Rendus, 146, 530 (1908). 
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we have 
a 'daN* 
sain) pae Xo. 


If this equation is applied to a large number of particles of the 
same size and the mean result is taken, then the average value of Xx 
is zero, since X will, on the average, have equal numbers of ps 

2 


and negative values. In addition, the average value of "( NS 
from equation (10-19). Hence 


zr ar . . + (10:20) 


where « is the mean value of de. By integrating this we obtain 


_2RT 
= Nó 

where A is the integration constant. 
From Stokes’ Law the value of ô is 6z:y, where r is the radius of 
the particle, and its value for the type of particie considered here is 
less than 10-4 em. If the density A the particles is taken as unity, 


ze 
44e ™ 22 o os (10721) 


ne DES 
ô 


t 
Even for air Ae ™ approaches zero for any appreciable value of t. 
Hence equation (10:21) becomes 


d 2RT 

I= N’ z , i . (10:22) 
and, by integration, 

SRT RT t 


(= Nr N Bary! . (10:23) 
where (z?), denotes the mean value of the squared displacements 
corresponding to the period £j. This result gives the average of the 
squares of the displacements for a large number of similar particles 
in the time tp or for the same particle observed through several 
intervals of time. We should not expect very exact correspondence 
between this theoretical formula and observation, because it is diffi- 
cult to gauge the importance attaching to the assumptions, (a) that 
the particles may be regarded as rigid spheres, and (b) that surface 
tension forces may be neglected. Nevertheless, the tests which 
have been made justify the formula as regards its dependence on 
temperature, time, viscosity, and particle radius. 

10-19. Brownian Motion of Rotation.—From kinetic theory 
considerations the rotational energy of suspended particles will, on 


826 OSMOSIS AND DIFFUSION 


the average, be the same as the mean translational energy, and Ein- 
stein 1 deduced an expression for the mean square of the rotational 
angle 0 in a time t in the form :— 


. (10-24) 
N 4anr* 

10:20. Determination of Avogadro's Number N.—Some of 
the earlier experimental results did not agree well with equation 
(10:23), probably because the times during which observations were 
made were not long enough, and also because the colloidal particles 
employed were not all spherical. Experiments by Nordlund,? who 
obtained the particles by sparking between mercury electrodes in 
water, confirm Einstein's equation, and Millikan ? has verified the 
equation for Brownian motion in gases. Westgren,! by means of 
a large number of measurements on colloidal gold, silver, and 
selenium particles of diameters from 6-5 to 18x 10-5 cm., obtained 
a result—which he considered to be correct to } per cent. 


N —(6-05-1-0:08) x 1022, 


Perrin 5 tested Einstein's equation by measuring the displace- 
ments of a large number of granules in an emulsion. These dis- 
placements may be plotted and, if r represents any one displacement 
whose co-ordinates along two perpendicular axes are w and y, 


Z(r3)— 2 (2$), 4- Z(y?), 
but since the displacements will be in all directions, X(z?))— Z(y?), 


and thus 

Z(2*),— 3X (r9). 
Substituting this result in (10:23) and knowing the other quantities 
occurring in it, Avogadro's number, N, may be calculated, Perrin 
obtained the value 

N=6:'82 x 1023, 
while Nordlund’s result was 

N=5-91 x 1023, 


Perrin * also tested Einstein's equation for the rotation angle by 
observing the time of rotation of comparatively large grains of mastic 
which could be seen in the microscope. The period was determined 
by noting the intervals between the successive appearances of certain 
defects in the particle surface. His results confirmed the theoretical 
equation, 

In another series of experiments Perrin ? determined the value of 

1 Einstein, loc. cit. 

? Nordlund, Zeits. Phys. Chem., 87, 40 (1914). 
3 Millikan, Phys. Rev., 23, 349 (1911). 

* Westgren, Zeits. Phys. Chem., 92, 750 (1918). 
$ Perrin, Comptes Rendus, 147, 1044 (1908). 

* Ibid., 149, 849 (1909). 

* Ibid., 146, 967 (1908); 147, 475, 530 (1908). 
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N directly, by counting the number of particles in a dilute colloidal 
solution. The action of gravity causes a decrease in concentration 
with increasing height, and, in a state of kinetic equilibrium, the 
distribution of the particles with depth is similar to the variation 
of gas density with height, since the osmotie pressure which the 
particles exert obeys the gas laws. Hence 

dP —Fdh, 


where dP is the osmotic pressure difference in a vertical distance dh, 
and F is the force of gravity acting on the particles in 1 c.c. But 


F— V.(p—po)gn, 
where V, is the volume of one particle, n is the number of particles 
per c.c., p and p, are the densities of the particles and liquid respec- 


tively. Hence, since the osmotic pressure P is given by P=yy™ 


RT 


sy in=Velp—polgndh, .  .  . Q028) 
N 
and log =p Vele — poslih)  .  . (10°26) 


where n, and m, denote the concentrations at distances A, and hg 
from the surface. 

To test this relation a cylindrical column was viewed under a 
microscope which could be focused at different levels. When the 
liquid was first placed in the vessel, the particle distribution was 
apparently uniform, but after a few minutes it was evident that 
the concentration increased with depth, and soon a final state was 
reached which was the same at the end of fifteen days as after 
only about three hours. In a typical experiment with gamboge 
particles of 2:12 x 10-5 em. diameter, Perrin found at four depths 
differing successively by 8X 10-9? em. the numbers were proportional 
to 12, 22-6, 47, and 100. Altogether in a single experiment some 
18,000 particles were observed, and in this way the values of n, and 
my were determined. 

The density of the particles was measured by two methods. In 
the first it was taken to be the same as that of the substance in the 
undivided state, and in the second a known volume V of solution 
was evaporated and the residue mg weighed. Then, if m, and m; 
are the masses of a volume V of water and emulsion respectively, 
and d is the density of water at the temperature of the experiment 

_ Mm Ma— Mg 
V= T and d 
of emulsion. Hence the actual volume V, occupied by the particles 
1s 


is the volume of the water present in a volume V 


Pas Pay 


d Gry 
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and their density p is given by 
BUn EE e, 
A V, m,—m,tm; 
The volume V, of one of the particles may be found in three 
ways: (a) if the number of particles in the volume V of the emul- 
sion is counted, then V, is the ratio of V, to this number; (b) the 


steady rate of fall v under gravity may be observed by means of 
the microscope, and r may be found from Stokes' equation, 


6rujro—$nr*(p— py)g- 
Thus V, may be caleulated ; and (c), if the emulsion is slightly acidi- 
fied with hydrochloric acid, the particles gather on the walls of the 
vessel in strings, and a measurement of the length of one of these, 
together with the number of particles constituting the string, is 
sufficient to determine r. These three methods yielded concordant 
results, such as 0-46, 0-455u, 0-454, and from them Perrin obtained 
the value 
N=7-05 x 10?3, 


In these experiments Perrin used emulsions of gamboge and gum 
mastic. The gamboge is made by desiccating the milk secreted by 
a guttiferous plant; a part of the dry residue is rubbed under 
distilled water, and the gamboge dissolves, giving a yellow solution 
containing spherical particles of various microscopic and ultra- 
microscopic sizes. Those which were used in the above experiments 
were large compared with the particles of ordinary colloidal solutions, 
and observations were confined to very small depths. ‘The difficulty 
of applying a concentration gradient similar to that of the atmo- 
sphere to these particles is that, with the rate of increase observed by 
Perrin over a depth of 0:1 mm., the concentration at a depth of, say, 
1 cm, would be enormous. Burton ! ascribes this discrepancy to the 
fact that the particles are charged, and, consequently, exert a mutual 
repulsion. He suggests that the charge on the particles will exert a 
force on unit charge equal to Ane, where A is a constant and e is 
the charge on each particle. Consequently the total force on a layer 
of particles in the thickness dh will be Ane.ne.dh=An*e%dh, and 
Perrin’s equation (10-25) is modified to 


R 
FT in Antetdh =V.(p—po)gn.dh. 


_ Porter and Hedges ? point out that the colloidal solution does not, 
in fact, contain charges all of one sign, but is electrically neutral as a 
whole. They state that the extension of Perrin’s treatment to great 
depths is possible only if we replace the simple van 't Hoff formula 
PV=RT, obtained for dilute solutions, by the osmotic law for con- 


1 Burton, Proc. Roy. Soc., 100A, 705 (1922) 
? Porter and Hedges, Trans. Far. Soc., 18, 1 (1922). 
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centrated solutions, such as the Sackur-Porter relation (Article 10-9), 


RTn 
P(V—b)=RT, or see Emm) 

We thus see that the application of kinetic theory principles to 
these colloidal suspensions yields results which are in agreement 
with one another and with determinations of Avogadro’s number 
by entirely different means. In particular, the velocity distribution 
and the partition of energy among the particles agree with the Max- 
wellian laws, while the study of the Brownian motion has given 
much reliable information concerning the fundamental quantities 
of molecular theory, and thus has confirmed the hypotheses upon 
which it is based. 

10-21. Brownian Motion in Gases.—The Brownian movements 
of particles suspended in gases were studied much later than those 
in liquids. Ehrenhaft?! was the first to carry out direct measure- 
ments, and he found that, as predicted by theory, there is a much 
greater activity in gases than in liquids. At the same time the 
action of gravity is much more apparent, and true Brownian move- 
ments are masked to some extent by convection currents. For 
heavier particles the velocity due to gravity completely hides that 
due to molecular collisions, while for very small particles which are 
near the limit of the ultra-microscope (10-7 em.) the reverse is true. 
De Broglie,? one of the earliest experimenters to make a quantita- 
tive study with gases, drew the metallie dust arising from the con- 
densation of the vapours, produced by an electric are struck between 
metal electrodes, into a glass box, and examined the particles, which 
were rendered visible by a beam of light passing horizontally through 
the box. He found that, when a potential difference was established 
between two plates in the box, some of the particles approached 
one plate and some the other. Later he used minute water drops 
condensed on tobaeco smoke, and determined the rate at which 
these droplets moved in a horizontal electric field. The Brownian 
movement in air is about eight times more vigorous than in water, 
and by reducing the gas pressure, this movement may be increased 
to two hundred times that in the liquid. If the particles were 
uncharged, Einstein's equation was verified, and the value of N 
obtained was in good agreement with that deduced from other ex- 
periments. De Broglie used the equation Fe—v0 where F is the 
electric field, e the charge on the particle, v the velocity, and 6 the 
damping factor. He then measured (2?), and since, from (10:28), 

2RT 
h= Fyt 


ô may be eliminated from the two equations. Assuming Perrin’s 
value for N, he calculated e, the charge on the particle. These 


1Ehrenhaft, Phys. Zeits., 10, 308 (1909). 
3De Broglie, Comptes Rendus, 148, 1163 (1909). 
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experiments are important, because no assumption is made that the 
particles are alike in size, that they have the same charge, or that 
Stokes’ Law is obeyed. 

The most important experiments on the Brownian motion in gases 
have been made by Millikan, who used minute oil drops formed by 
blowing, with a simple atomiser, an oil spray into the chamber. 
These drops, having a radius of 10-4 cm., moved between horizontal 
plates across which an electric field was maintained. The illumin- 
ated drops were observed through a microscope while, under the 
action of gravity, they moved slowly downwards. During their 
motion they collect ions present in the chamber and, with the aid 
of the electric field, a particular particle could be suspended under 
observation for a long period, and as many displacements as desired 
could be measured for this particle, instead of assuming exact 
similarity among the various particles. The gravitational drift 
velocity v, was then observed, and also the velocity vg when an 
electric force X acted against gravity. Then, if m is the mass of 
the drop, 


ens Oy 
Xe—mg v; 
or, 
c EG toa), 
Xu 
and since mg=v,6, 


ô 
ey v9. 
Combining this equation with the Einstein relation (10-28), we have 


so that the product Ne could be obtained without reference to the 
size of the particle or the resistance of the medium. 

The value of Ne obtained was 2-88 x 1014 electrostatic units as 
compared with 2-896 x 10!* obtained from electrolysis. This con- 
firms Einstein's assumption that a particle in a gas, whatever its size, 
moves with a mean translational energy which is a universal constant 
dependent only on temperature. Similar tests made by Weiss ? 
with silver particles and by Eyring ? with oil drops in hydrogen 
gave similar results for Ne, and these agreements furnish additional 
confirmation of the kinetic and atomic hypotheses of matter. 

Recent experimental values of Avogadro's number rest on the 
fact that X-ray wave lengths may be determined directly by means 
of ruled diffraction gratings. Bragg's law relates the wave length 


1 Millikan, Phys. Rev., 32, 349 (1911). 
? Weiss, Phys. Zeits., 12, 680 (1911). 
? Eyring, Phys. Rev., 5, 412 (1915). 
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with the lattice constant of a crystal, e.g. rock-salt, so that the 
latter can be accurately determined in terms of the molecular 
weight of rock-salt, its density and Avogadro's number. The result 
is N —(6-023-1-0-08) x 1022, 

Bond ! devised a method of caleulating the charge e on an elec- 
tron and hence N from the various methods of determining Planck’s 
constant. The value he obtains is N —(6:054--0-03) x 10?* which 
Birge * corrected to N —(0-062 -1-0-03) x 10??, 

It is instructive to compare the values of N, the number of mole- 
cules in a gram-molecule of a substance, and n, the number of 
molecules in 1 c.c. of a gas at S.T.P., obtained by these and other 
methods. 


TABLE 10-1.—VALUES OBTAINED FOR N AND n 


Experimenter, Method. Nx10-*, | nx10-t*, 
Maxwell . . | Mean free path and density of 
mei . . . . 4e5 20 
ñ i . | Kinetic theory of gases. .| 491 | 19 
Van der Waals . | Value of “b” for oxygen an 
nitrogen . . . 4| 45 20 
Meyer P . | Kinetic theory of gases — . . | 188 6:1 
Einstein. . | Diffusion coefficient . . + | 40-90 18-40 
Millikan . | Fall of an ion in an electric field 6:28 28 
zn 3 . | Recalculated . > i 3 6:18 277 
Perrin . . | Brownian rotational movement . 65 2:9 
» . Brownian motion in liquids . 715 82 
» . - | Distribution of colloidal particles 6:82 92 
Chaudesaignes . | Brownian motion in liquids . 6:4 2:9 
Ehrenhaft . » » in gases . : 63 28 
de Broglie . s " » n * 6:43 29 
Hopper and Laby | Oil drop . . Py " . 6:023 2-087 
Birge, 1941 . | X-ray data . . . . 6:0228 2:087 
EXAMPLES 


10-1. 10 gm. of sugar of molecular weight 360 is dissolved in 1 litre of 
water, the temperature being 15? C. If the gas constant per gram- 
molecule is 8:26 x107, calculate the osmotic pressure of the solution. 

[6-61 x 10* dynes per sq. cm.] 

10:2. The sugar solution in the previous question has a density of 
1:006 gm. per c.c. and the density of hydrogen at standard pressure 
and temperature is 8:98 x 10-5 gm. per c.c., while the saturation pres- 
sure of water vapour at 15? C. is 1-200 cm. of mercury. Calculate the 
amount by which the vapour pressure over the sugar solution falls 
below that over a pure water surface. [6 x10-* em. of mercury.] 

10:3. Caleulate (a) the boiling-point under normal pressure, (b) the 
freezing-point of the solution in the previous question if the density of 


1Bond, Phil. Mag., 10, 994 (1930); 12, 682 (1981) 
2 Birge, Phys. Rev., 40, 228, 819 (1982). 
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water is 1-00 gm. per c.c., at 0? C. and 0-958 at 100° C., the latent heat 
of steam at 100° C. is 540 cals. and the latent heat of ice is 80-0 cals. 
Take J as 4:18 x10? erg per cal. [(a) 100-015? C.; (b) —0-051° C.] 
10:4. A vertical diffusion cell of height Z, containing a uniform solution 
of concentration C, has a slow stream of pure solvent passing horizontally 
over it. Find an expression for the variation of concentration [3 with 
distance æ, above the bottom at any subsequent time ¢; the coefficient. 
of diffusion being k. 
[(4C/z) (e&t cos ax —e%t (cos 8x2)/34- ...).] (B= —ka*/Al* ; «—2/2l.) 
10-5. In a diffusion cell of length Z the solution at the bottom is 
maintained at saturation concentration C, while at the top the solution 
is maintained at practically zero strength. If, initially, the vessel con- 
tained a saturated solution, find the concentration at any point distant v 
from the bottom after a time t. 


[c- eB o cnin om terrori t.a] 


(B= —km*/P; «-—a/l) 
10-6. In a measurement of the osmotic pressure of a solution of sucrose, 
molecular weight 342-2, at 10? C., the pressure P in atmospheres and 
the volume V containing 1 gram-molecule of dissolved sugar were as 
follows :— 


P. 252 493 9-87 14:98 20-24 25-92 
V. 10,000 5000 2500 1667 1250 1000 c.c. 
Show that the relation P(V —b)=const. applies to the readings, and 
deduce values for b and R, the gas constant per gram-molecule. 
[b=89 c.c.; R—845x107.] 
10-7. If the values of P and V at 60? C. for the above sugar were: 
P. 2-4 548 10:96 16:67 22:52 28-63 
V. 10,000 5000 2500 1667 1250 1000 
find the value of b at this temperature, and show that P(V —b) œT 
[75 c.c.] 
10-8. Observations on the Brownian movement in water showed that 
the horizontal displacement of a given particle in eleven successiv 
intervals of 80 sec. were 0, 5-6, —4:7, —10-8, 6-6, —9-8, —11:2, —4-0, 
15:0, 19-1, 16:0x10-* em. The temperature was 20° C., at which 
the viscosity of water is 0:0100 C.G.S., and the radius of the particle 
was 1-15 x10-5 cm. If R=8-32 x10’, obtain a value for the number 
of molecules in 1 gram-molecule. [5-7 x10?*.] 


10-9. In a colloidal suspension of gamboge particles the average num- 
bers of particles n in the field of view of a microscope at various depths h 
below the surface were :— 


n=120 215 324 460 615 924 
h= 0 10 17 28 28 35 
Show that these observations agree with the theoretical distribution of 
non-ionised particles. 
10-10. A small oil drop is observed to drift vertically downwards with 
velocity v. When a vertical electrical field of intensity 6-54 E.S.U. is 
applied the drop is found to move upwards with the same velocity. 


If e is the charge carried by the drop and m is its mass, find the ratio 
of e/m for the drop. [300.] 


EXAMPLES 888 


10-11. The actual drift velocity in the previous question was 9:30 x 10-3 
em. per sec. If the oil density was 0-80 gm. per c.c. and the viscosity 
of air 0-000181, find the value of the charge e. Is this the minimum 
value the charge could have? 

[9:58 x10— E.S.U.; No, it is double.] 

10-12. When 1-065 gm. of iodine is dissolved in 30-14 gm. of ethyl 
ether the boiling-point is raised by 0-296? C. The atomic weight of 
iodine is 127, the boiling-point of ethyl ether is 34:6? C., its latent heat 
81-49 cals. per gm., its density at the boiling-point is 0-6944 gm. per 
c.c. Show that the molecule of iodine is diatomic. 


CHAPTER 11 
DYNAMICAL BASIS—INCLUDING VIBRATIONS 


11-1. Introduction.—In the solution of problems in Physics, in 
such varied branches as Sound, Mechanics, Electricity, Heat, and 
Light, differential equations of special types continually recur, and 
it is proposed to deal here with these equations without special 
references to specific examples—such references being deferred to 
the appropriate places in the other chapters. Thus, with the excep- 
tion of the symbol £ to represent time, no particular interpretation 
is intended here of the other quantities involved in the equations, 
although experience may tend, probably with advantage, to sug- 
gest to readers a special case when the discussion is being studied. 
By the term velocity we shall mean a rate of change of magnitude 
with time, while acceleration denotes rate of change of velocity with 
time. 

11:2. Uniformly Accelerated Motion in One Direction—No 
Resistance.—If a quantity æ is changing so that its second 
differential with respect to the time ¢ is constant, then the equation 
of motion is 

dx 


ERC-RD gee: Ue ee roger] 
and integrating we have 
da 
mate 
da 
If an when t=0, then v,—C, and 
da 
munde =. (11-2) 


Hence 
x=v,t+ fal?+C,, 
and if «=A when t=0, 4=C,. Thus 


a— A ou 4-3at?, g : . (11:8) 
and this is the direct solution to equation (11-1). But since 
Pr d (di dr 
d^ de dt] dt 
equation (11:1) may be written, putting v, 


viaa, or vdo—adz, 
334 
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and, on integrating, 
vi Do? 
youre, and 72440» 
or 
v*—0,*--2a(z— 4) : : » (114) 
From equations (11-2) and (11-4), 
v*—vw 2a(r—4) 2(r—4) 
pog Ww og cq» 
and thus 
a 4-4 T HEMSEQUU. cx bons 


Equations (11-2), (11:8), (11:4), and (11-5) are the standard equations 
for uniformly accelerated motion. 

11:3. Uniformly Accelerated Motion in One Direction— 
Resistance proportional to Velocity.—The equation of motion 
in this case is 

dy 

di 
where k is the resistance retardation for unit velocity and is often 
called the damping factor. Equation (11-6) may be rewritten 


Ha. ou e on EA K) 


dr» or C 
Integrating, 
—j og (a—ko)=t+C, I xc dio) 
If v=0 when t=0, G--; log a, and equation (11:7) becomes 
log 2E — 1, or v=s(l—e-#) .  . (118) 


Thus (1—e-dt dz which, being integrated, gives 


tle eC, 


and if, when t=0, z—0, G-p so that 


a= pe 1). oye gt een ALO) 


This is the value of z after any time t. From equation (11:8), as 
t becomes very large, e~* is vanishingly small and v approaches its 
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maximum possible value under the given conditions. This value i 


is called the terminal velocity. 

11:4. Uniformly Accelerated Motion in One Direction— 
Resistance proportional to Square of Velocity.—The equation 
of motion in this case is 


2, 
qa ca ihce(1— 9) 5 3 + (11310) 
3 x 
When o= Teo, and thus af i is the maximum value of v, 
i.e. the terminal velocity. Putting p i V, and separating the 


differentials we have 

at [ dv 1 V+o 

ys ja ay 6 y, tO 
If v=0 at t=0, C,—0 and 


Viv y 
V—v 7 
or 
tet 
Vie ¥ 
v= VÉ. “a= Vn (7) SES TID 
eye Y 


This gives the velocity at any time, and from it 
at 
fa- vj tanh ät, 
or 
v2 at 
os log cosh pres 
If 7=0 when 1—0, C,=0, and the solution to equation (11-10) becomes 
y? at 
gs log. cosh V : 5 . (1112) 
11:5. Simple Harmonic Motion—No Resistance .— Definition : 
If a quantity æ changes So that its acceleration is always propor- 
tional, and opposite in sign, to its instantaneous value it is said to 
vary in a simple harmonie manner. 


„The equation of a simple harmonie motion may therefore be 
written 


dg^ ee à 5 à . (1118) 
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On multiplying both sides by Di and integrating, 
‘da\2 
(<i) =—w*x*+C,, 
while, if «=A and do CUSTO aan? and 
a Ba E . 5 . (1114 
dt 
This gives the velocity for any given value of a. 


From equation (11-14) 


dx ee 
— —M oe em, 
f vaca fon or sin qoot C, 
or with the given initial conditions, sin-! 1-6,—5, and thus 
w=Acosat, . A . » (11:15) 
while, from equation (11:14), v=—Aw sin ot. 
The equation (11-15) shows that a given value of œ occurs 


periodically, since if ¢ is increased by z æ becomes 
A cos ofi) =A cos wt, 


the same value as at time ż Thus the period tẹ or time for one 
complete cycle of changes in the value of a, is 

a ecu 
where o? is the constant ratio of the acceleration to the instantaneous 
value of a. 

11:6. Simple Harmonic Motion—Resistance proportional to 
Velocity.—This type of motion, which is of frequent occurrence 
and is generally called damped simple harmonic motion, may be 
represented by 


2, 
Ae ES Logo 3 E . (11-16) 


If we put z—.4e?', then, from equation (11-16), 
p*--kp+w*=0, 


k ke 
P= gt JR 


E: por Sa BOE 
rae ae ES] 


or 


and thus 
4 . (11:17) 


G.P.M.—Z 
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Three cases now arise in the solution :— 
(a) If k?>4%w?, the indices of e are real and equation (11:17) may 


be written 
_# ke 
a=e *M cosh | [Earn] 3 . (11318) 


This represents a continuous return of z from its maximum value 
to zero when t= without alternation in sign, i.e. without oscilla- 
tion. This type of motion is called dead-beat motion. 

(b) If 40? k?, the indices of e are imaginary and equation (11-17) 
may be written 


m 
a=e ?[A4e&?--Be-?| . x . (11-19) 
where 
2 
6= fort, 
or 
u 
a=e *M cos(0—y]. . ‘ . (11:20) 


In this case æ alternates in sign and we have periodic motion, but 
the cuins Gr continually diminishes by reason of the decrement 


term e ?. 
To express M and y, the integration constants, in terms of the 


initial conditions, suppose that when £—0, z—a, Bon and 0—0. 
Equation (11-19) may be written 


.H j04 e -30 j0 — e jt 
eec BSB) 


2 
-H 
=e _?[C cos 0-- D sin 6]. 


Hence C=a, and 


or 


= T—ER 
ams 
J ur 

Thus 
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2 
Xo | oc, 


vH p, 


Let 


Put 


—À 123 


and 


Pie B. 


VCD; 
_# 
EE nM 
quem Mee : . (11-21) 


e 
Qd 


Then 


where tan p=. This gives the value of z at any time £ in terms 


1 
of the constants of the motion and of the initial conditions. 
Periodic Time.—By comparison with an unresisted S.H.M. we 
see that the period is 


poses E 0122) 


This indicates that the resistance exercises, on the period, an effect 
which is small if, as is frequently the case, œw? is large compared 
Tees 
with T 
Logarithmic Decrement.—The values of z are maxima alternat- 
ing in sign at times separated by half the period, and if these values 
for t are substituted in equation (11-21) we have, calling the successive 
maxima, A,, Á» Ag, ete., 
4,_,t_4 


et =—2—ete. 


Ay A; 
The exponential index Ee is usually called the logarithmic decrement 


and is denoted by 4. Then 
4 ke k — 2n — nk , 
4 s m" Af RSS 
4 
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and from a knowledge of A and fj the constants of the original 
motion are given by 


E! 
x 
and E. > 
oe Aa cit etl 


Correction for Damping.—Sup that a system is set into 
motion from a position of rest, and it is required to calculate from 
the first observed amplitude what the value of this would be in the 
absence of damping forces, In these circumstances 25—0, v=vy at 
i= so that in equation (11-21) D;—v, and C,—0. Hence sin B=0 
an 

gs e sin 2 
s=. "Sin tp 


The first maximum, A,, is obtained when i-a, or 


If there were no friction, then the amplitude 4, would be 


where uz since k=0, Thus we have 


£ 
If 4 is small—and thus ķ? is small compared with 4@2— 
AA +3] SU CE dM e (11:98) 
To measure 2.—It is frequently convenient to observe values of æ 
on one side of the zero only, and this is done for as many successive 


maxima as is possible. The observations are tabulated as follows, 
supposing that twelve readings are taken :— 


4, 4, | A, Ay 
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i Ad Ah Ay Ais T 
Since 7 red nad owe ca Pea ae > 
while 

A, A 
TP T Sc, elt 
CER St pli 
which should be constant=X, and 4 is given by 
Ad log, X. 


(c) If 4w?=k? the above solution (11:17) ceases to hold but 
becomes by the rule of differential equations, 


ht 
a [A4-Bt]e ?, 
which again represents a continuous return of æ from its maximum 
value to zero, i.e. it resembles dead-beat motion. Such a case is 
called critical damping. 

Many cases of icd simple harmonie motion arise in ordinary 
hysical measurements, and the above treatment is of importance 
in such cases as the oscillations of material bodies in viscous media, 
the discharge of a condenser through a circuit containing resistance 
and inductance, the swing of a allistic galvanometer, and the 

experiments of Angstrom on thermal conductivities, 
11:7. Forced Simple Harmonic Vibrations—No Resistance. 


— Definition : If a quantity æ has a natural period d and is acted 
on by an additional acceleration L cos pt, the resultant motion is 
ode a forced simple harmonic vibration and its equation is 
d totenL coop . . — 0. (1024) 

the solution to which is 

a=N cos (wt—a)4-M cos(pt—p), . . (11:25) 
and comprises two component motions of which that containing 
cos pt refers to the forced response and the other is the free vibration, 
If the initial conditions are 

0 ds 
1-0, r4. dr Ue 


we have 


v, L L cos pt 
ea te sin ot (56753) t Eels . (11:26) 


If p=w the last two terms become infinite and the value of æ is 
indeterminate, In this case the solution is 


=% gj Lu i 
EA sin ot-Fz, cos ot-F 5 sin ot è . (11:27) 


and the amplitude increases indefinitely. In a practical case this 
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does not happen and the solution is inapplicable, firstly, because 

for large amplitudes friction is no longer negligible and, secondly, 

because material vibrations are, in general, constrained and have 

simple harmonic motion only for comparatively small amplitudes, 

11:8. Forced Simple Harmonic Vibrations with Resistance 

proportional to Velocity.—In this case the equation of motion is 

dx 

ae 

and the solution, which again contains free and forced components, 
is of the form 


E CM. 
æ=Ne 2 cos (Vm?—k?/4.t—o) +M cos(pt—B) . (11:29) 
The first term decreases, usually rapidly, as the time increases and 
the persistent forced vibration is given by 


L 
1 Igi ui pii °° 010) s . (11-30) 


HL ot cos pt, . 5 . (11:28) 


where 
tan bay 
From (11:80) ! 
a PE cos (pip) : 5 + (11:381) 


and f is the angle of lag of the resultant motion behind the applied 
acceleration. This kind of motion is of great importance in the 
study of A.C. currents and for other cases of forced vibrations in 
sound and optics. 
From equation (11-31) 
de — Lsinf . 
Wr m k P sm (pt—) 


and the maximum kinetic energy is obtained when the displacement 
is zero. It is proportional to sin® B and therefore is greatest when 
B—2/2, i.e. when p—o. This is not the condition for maximum 
amplitude which is achieved when 


d Psi 
Dp l= or p?*—o?—k9/2 . . (11:82) 


p 


which indicates an applied frequency less than the natural frequency 

without damping but greater than that when damping is present. 
If E is the energy under any conditions and E, the maximum 

value—and this is the usual definition of resonance—then 


EE, sin? f, 


o!—p*  i—si*8  [E,—E 
kp sin? AL UE 


and 
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Now (E,— E) represents the amount by which the energy falls short 
of the maximum. If we require this to be small for given values 
of p and o, k must be large. Thus we see that the sharpness of 
response or critical tuning will be most marked when the damping 
is small. If k is large it is possible for p to vary widely from w 
without producing a great decrease in response. 

When we are dealing with free vibrations the energy remains con- 
stant throughout the motion, provided that friction is absent. "This 
is not so for forced periodic vibrations, as in this case the energy 
supply also is periodic, The forcing agency supplies excess energy 
during part of the vibration and itself receives energy from the 
system acted on during the remainder. Thus if we write 


LsinB 
" cos (pt—B)=A cos (pt—p), 


da 3 
= Ap sin (pt—B), 


and L cos aie rate at which work is being done on unit mass 


dt 
—is equal to 


—ApL sin (pt—p) cos pi — P Lin (2pt—B)—sin B], 


so that the rate at which energy is supplied to the system consists of 
two parts. The second, }4pL sin f, is constant and represents the 
average rate of supply of energy, while the first, —}ApL sin (2pt—f), 
fluctuates in magnitude and alternates in sign, having a zero average 
over a whole period. 

11:9. Symmetric and Asymmetric Vibrations.—In some 
cases of importance the quantity under review has a motion which, 
while very nearly simple harmonic for small amplitudes, diverges 
from this simple form for larger amplitudes. Two cases may be 
considered, one in which an additional acceleration bæ? becomes 
appreciable and the other in which the extra acceleration may be 
represented by bæ’. These are called asymmetric and symmetric 
vibrations respectively, and in both cases it will be assumed that b 
is very small compared with w. 

Consider the equation 
d'r a (m 3 
di -Foz--ba*—0 5 a . (11-88) 
The solution to this is most conveniently obtained by Lord Ray- 
leigh's method of successive approximations, which consists in 
obtaining a first approximation to the motion by ignoring the 
extra term, -then substituting this value in the bz? term and solv- 
ing afresh, By continuing this method, a solution to any desired 
degree of approximation may be obtained. 

Putting 6=0 in equation (11-33) and making a convenient choice 
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of initial conditions, the first approximation is given by equation 
(11-15), i.e. 
«=A cos wt, 


and this value substituted in the bz? term gives 
da, s X bA? 
dg ^? æ= —bA? cos wt=——-(1-+eos 2ot. . (11:84) 


The solution to this will be of the form 


«=A cos ot-- B--C cos 2wt, 
and 


2, 
pr — Ao* cos cot —4Co* cos 2ot-]- Aw? cos wt +- Bo 


-FCo*? cos 2ot. 
Comparing this with equation (11-84) we have 


2 2 

A= Bot, or pa 
. (11:35) 

bA? bA? 


Pa A or C= 
If these values are substituted in the bæ? term of equation (11:33) the 
first term cos wt would necessitate, in the new solution, a term of 
the form tcos wt, indicating a steadily increasing amplitude. As 
this is clearly inadmissible, it is obvious that the extra term bz? 
affects also the period, and thus the second approximation should 
be written 


&—A cos pt+B-+C cos 2pt, 
where the new period = is slightly different from the simple har- 


; Hound Du. : : 
monic period me Substituting this value in the bz? term as before, 


we have 


2, 
de ote —b[4 cos pt+-B+C cos 2pt]? 
A? Ct 
= —0](24B+40) cos w+ (4245) 


2 
+ (280+) cos 2pt+-AC cos Sp. C cos spt], (11-36) 


and the solution to this is of the form 
— A[cos pt+-d-Le cos 2pt-+-f cos 8pt-I-g cos Apt]. 


2, 
Obtaining from this the value of o *r and equating to the right- 


— 
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hand side of equation (11:86), 

—Ab(2B+-C)=A(w?—p?), 
or, from equations (11-35), 


bA? bA®\ 5524? 
@?—p? (- p Ta = 6? 
and thus 


. (11:87) 


This gives the effect on the period, and by equating the other co- 
efficients and independent terms, the corresponding values may be 
expressed in terms of 4, b, and o. 

Thus the analysis yields the following results :— 

4 (i) The vibration is displaced from the previous zero by an amount 
(ü) The frequency is lowered according to equation (11-87). 
(iii) A full range of harmonic overtones is present with amplitudes 

decreasing rapidly with ascending frequency. 

For the symmetrical vibrations the equation of motion is 
dn 2; Bos 
dpt? t-]-b23—0, a i . (11:88) 
and the solution proceeds as before, 
«=A cos wt, approximately. 


Substituting this in equation (11-38) we have 
d, a bA’ 
ds? =e cos wt-+-cos 3ot]. 


Changing w into p to allow for an altered period, we obtain as the 
next approximation, 
æ=A cos pt+N cos pt, 


where 
bas 
2 2 
Bii 4 and N=— u — 
$a 8024+704? 


Thus in this case the frequency is raised, there is no displacement of 
the zero (hence the designation symmetric), and the first overtone 
which appears is the cos 8p! term. Further analysis proceeds in the 
same way, and again the higher overtones have amplitudes which 
are small compared with that of the prime. 

11:10. Asymmetric System under Double Forcing.—If an 
asymmetric system is under the combined action of two external 
forcing accelerations, the motion presents peculiarities which are of 
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some importance particularly in the theory of Sound. The equation 
of motion in this case is 


2, 
TF tate Hat f cos pt+g cos (qt —«). 
Ignoring the free vibrations, 
«=A cos pt-- B cos (qt—«), approximately, 


where 4——, —. and B= $ 3 and, on substituting in the bæ? 
w*—p w*—q 


term a solution of the form, 
a=A cos pt-- B cos (qt—a)+C-+D cos 2pt+-E cos 2(qt—a) 
+F cos (p--q.1—a)4-G cos (p—q.t--«) 
dx 


is suggested. If we find the value of prow from this and equate 
to the bx? term we have the following results : 
Term, Amplitude. 
cos pt DEEST 
cos (qt— a) B coh 
Displaced zero c= a at p). 
eg: x "Rot ap 
cos 2(qt—a) E=— "m | 
remo CES 
NN 


The system will thus have the primary and a full range of har- 
monic overtone vibrations for each applied forcing acceleration and, 
in addition, extra motions of periods equal to the sum and difference 
of the forcing periods. Further analysis shows the existence of a 
large number of these combinational vibrations. It will be noticed 
that the amplitude F of the summation vibration is less than that, 
G, of the difference vibration, so that, in the combination tones 
produced by sounding two notes simultaneously, the summation 
tone is weak and not easily heard while the difference tone is often 
obtrusively evident. 


e—a T 
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11-11. Two-dimensional Motion.—We have previously as- 
sumed that z varied with the time in one direction only. If, how- 
ever, it is a vectorial quantity and account has to be taken of a 
possible variety of directions, as well as of magnitudes, then an 
extension of the methods already outlined is necessary. An impor- 
tant case is that of the uniplanar motion of a point, and this will 
now be considered with particular reference to the inverse square 
law of attraction. The use of polar co-ordinates simplifies the 
equations involved and, in general, the point will have both radial 
and transverse velocities and accelerations. By the term radial 
velocity is meant the rate of increase of the radius vector, while 
the transverse velocity refers to the velocity of the point in a direction 
at right angles to the radius vector. 

Let P (Fig. 11-1) (a) be the position of a point at time t, and 
Q its position at time t+06t. Let XOP—0, X0Q—0-4-00, OP—r, 


Fic. 11-1.—RADIAL AND TRANSVERSE VELOCITIES AND ACCELERATIONS. 


OQ=r-+ér. Draw QM perpendicular to OP. If u and v are the 
radial and transverse velocities, 


MP ,, (r+6r) cos 60—r 
ogi re pr eee 


ór dr 
LLt.L—— 5 s 4 š . (11:89 
g dt ( ) 
MQ ,,róü d0 1 
v=. Low rdg . (11:40) 


The radial and transverse velocities at P, being u and v, become 
u+6u and v--óv respectively, at Q (Fig. 11-1) (D), so that the accelera- 
tion along OP is 

(u--óu) cos 00— (v--Óv) sin 00—u. 
Lt.— à Lt. àt 


ee s Don 


a "d dB 
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Also the acceleration perpendicular to OP in the direction of 6 
increasing is 


Lt (v-+-6v) cos 69+-(u-+du) sin 00—v dv, d0 al rj dr d0 
à ôt 


ata al d) dr di 


L,00 , odr d0 1d( 0 " 
TU TE IEEE ar A ga 


If r=r,, where r, is a constant, the point describes a circle and, if 
the speed is constant and equal to ry», then the radial acceleration 
is —rgo? in a direction away from the centre, while the transverse 
acceleration is zero. 

These accelerations are of importance in connection with central 
orbits. 

11-12. Central Orbits.—If a point is moving under the action 
of an acceleration which is always directed towards a fixed point, 
its path is called a central orbit. To consider this motion it is con- 
venient to take the fixed point as the origin of co-ordinates, and 
frequently a simplification in the equation to the path may be 
made by an appropriate choice of the initial direction of the radius 
vector, i.e. by suitably choosing the instant from which the time is 
measured, 

From the definition it will be seen that all central orbits will have 
the common property of zero transverse acceleration, Expressing 
this fact in the equation (11-42) we have 


or 
2. 
T di constant—h, Say, . ; . (11:43) 


and if the acceleration at a point (r, 0) is equal to a and directed 
towards the centre, then the equation of radial accelerations (11:41) 


becomes 
dr — (d0N* 
mola ae 
A 1 
Putting Tu, 


dr d(1V d(iWd0 —1 du do 
dt diu) dOlu)]' dt — u3 dO dt 


But, from equation (11-43), 
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so that 


dr du 
d^ gy 
Also 
dy d du d (duX d0 d?u d0 du 
Ta ap) = 27€) d^ lap aro gr 
If these values are substituted in equation (11:41), 
du 1 
—a- huag Mut, 
or 


pac [gie] E er (E3244) 


which is the general differential equation to any central orbit. 
Areal Velocity.—At any point in the orbit the areal velocity is 

defined as the 

Lt Area described by the radius vector 

i The time of description 

In Fig. 11-1 (a) the area POQ is swept out in the time ôt and thus 

the areal velocity is 


Area PO ôr) sin 60 d0 
Mae ir San Mel =p . (11-45) 


Hence h represents twice the constant areal velocity in the orbit. 

11:13. Motion under an Inverse Square Law of Attraction.— 
If the law which governs the relation between the central accelera- 
tion and the distance of the moving point from the centre is known, 
then, on substituting for a, in equation (11-44), the appropriate func- 
tion of r (or u), the equation may be integrated to give the family 
of curves to which the orbit belongs. The selection of the appro- 
priate member of the family is determined by the initial conditions. 
A specially important case arises if the law of acceleration is the 
inverse square law of distance, i.e. if a is given by 


2 
w 
=] 2 
a= —o*u?, 


where w is a constant. In this case the equation of motion is 
du 
Ls tu, 
or 


w? 


du 
qgi aE 
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This is similar in form to equation (11-18) except for the constant J 


and the solution is 


1 w? 
74M cos (0—y) y» 
h? 
or w? Mh? . 
eae gue cos(0—y)  . 3 . (11:46) 


where M and y are the integration constants. Comparing this with 
the polar equation of a conie, 


E +e cos (0—y), 


we see that the central orbit of a point moving under the inverse 
square law is a conie with one focus at the centre of acceleration. 
The eccentricity, £, of the conie is given by 

Mh? 


Sar » (11-47) 


and the semi-latus rectum, l, by 
laa : f E . (11:48) 
To identify any special case it is necessary to know whether the 
2 
eccentricity ar is greater than, equal to, or less than unity, and 
this, in turn, depends on the initial conditions which determine M 
and y. 
For example, if a body is projected with velocity V from a point 
distant p from the centre of force in a direction making an angle « 


with the radius vector, then h=pV sina and the following initial 
conditions hold :— 


dr vd wm 
when 6=0, r=p, an os [A POE sin a. 
If these are substituted in equation (11:46), we have, after a little 
reduction, 
M?h 274 T 2 
e= fi -ut sinta PY sini,  . (11-49) 


and thus the orbit is an ellipse, parabola or hyperbola, according as 
2 
V? is less than, equal to, or greater than = This condition is 


independent of the direction of projection. 

This result is of importance in connection with the movements 
of heavenly bodies, the motion of an electron around the positive 
nucleus of an atom, and the deflection of « particles shot into atoms. 


- 
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The velocity v at any point distant r from the centre can be found 
by evaluating the radial and transverse velocities. Thus the radial 
velocity is 

dr 4 : 
dr DV sin a.M sin (0—y), 
and the transverse velocity 
dó pv. 
TUO. SN x, 
from which, by obtaining M sin (0—7) from (11:46), we have 


TS 
_ seat 
v= V?--29 C ) 
Period Time in Elliptic Orbits.—For an ellipse the semi-latus 


2 
rectum equals 2 where b, and a, are the minor and major semi- 


2 
axes respectively, and if we equate this value to x obtained from 


equation (11-48), we have 
pa2b, 


Since the area of the ellipse is za,b,, the period ¢;—or time for one 
circuit of the orbit—is given by 
pr amb’ 4a* , 
o Du @2 2’ 
or 
20 
haat. + eee (1150) 


Hence the square of the period is proportional to the cube of the 
major axis, If the conditions of projection are as described above, 
then h=pV sina and the period is given by 
213b, 
55 V sina 
But, from the properties of the ellipse, 
[2 


p? 
+=a(1— -e= sin? o. 
a, 
If a, and b, are eliminated from these equations, and the value of c? 
found above is substituted, we have 
Ag $p*o* 

f! (o1 p V3 

which gives the periodic time in terms of the initial conditions and 


352 DYNAMICAL BASIS—INCLUDING VIBRATIONS 


shows that it depends on the velocity of projection, but not on the 
initial direction. 3 

If the motion takes place under an inverse square law of repulsion 
then 


a=—w*u* 
du z 
ad dp! 
from which 
h? 
P Mh? 
cub P (6—y). 


This again represents an orbit which is a conic section with the 
centre of repulsion as a focus. It also follows from the expression 
given for e? in equation 11-49 that, because the sign for a is changed, 
the eccentricity is necessarily greater than unity and the orbit is 
hyperbolic for all values of V. 


11:14. Plane Motion in Cartesian Co-ordinates.—Some types 
of plane motion, such as projectile motions under gravity and Thom- 
son's positive ray measurements, are more conveniently referred to 
cartesian co-ordinates, and in this case velocities and accelerations 
along the z and y axes are considered separately. This is permissible, 
because a force cannot affect motion in a direction at right angles to 
its own line of action. The results give the actual velocity and path 
in a parameter form—the parameter being the time—and it is not 
always easy to eliminate t to obtain the explicit connection between 
&and y. This disadvantage is merely the practical one of presenting 
equations in a less familiar form. 


The Motion of a Projectile assuming No Friction.—The first 
case we shall consider is that of a particle projected from the origin 
with a velocity u at an angle « to the horizontal axis Oz. The 
motion along Oz is not accelerated, and the equation of motion in 
this direction is 


da 
dp 499m o. i . » (11:51) 
Hence, since z=0 when 1—0, 
æ=ut cosa . : : . (11:52) 
In the vertieal—or Oy—direction 
d*y 
q=- 
x dy 3 
and, since dps sima when 1—0, 
"c sin a—gt . : ; . (11:58) 


di 
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At y=0, t=0, so 
y=ut sin « —1gt? $ ; . (11-54) 
Eliminating t between equations (11:52) and (11:54) we have, as the 
equation to the trajectory, 
ge? 
u? cos? q 


i 


3 LÀ 
y=u sin x — —— 
U cos % 
is TECE ; 
=g tana Zu? costa’ 3 ^ + (11:55) 
which represents a parabola, and the particle describes a parabolic 
orbit. 

To obtain the range on a plane inclined at an angle 0 to the hori- 
zontal, it is necessary to find the point of intersection of the trajectory 
and the plane, i.e. to solve the equations 
yeas ee BETES 
ym an 6r? cost a 

y=a tan 0. 
Thus we have 
3 cog? 
po dan ) on UT Aug) 
...2u? cos? « tan 0 
£ 
and the range R is given by 
R2=22+y2. 
On a horizontal plane 0—0, and the horizontal range is, from equa- 
tion (11-56), 


(tanx—tan0), . . (11:57) 


2u? sin æ cosa _u* sin 2a 
8 £ 
The particle will reach the highest point in its path when 


ER-—a— 


dy 5 
a ie. 


eee and then, from equation (11-54), 


from equation (11-58) when t= 
u? sin? a u*sin*a _u* sin? & 
& 2g 2g 
and the v co-ordinate of the summit is 
_R_u? sin 2, 
u ag 
5 t A dy da 
At the end of a time ż the particle has velocity components db di 
and the resultant velocity is given by 


"(6 


g: 


G.P.M.—AA 
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while its direction makes an angle f with the w axis, such that 
EU HE 
: ian be dz 
From equations (11-51) and (11:53), 
v3 —u sin? «+g? — 2ugt sin «+u? cos? a 
=u?—2ugt sin a.-|-g?t?, 
and tan p=" Soa yee 
u COs & U COS & 


11:15. The Motion of a Projectile subjected to a Resistance 
proportional to its Velocity.—If the particle is projected under 
the same conditions as those above and is subjected to a frictional 
resistance proportional to its velocity, the equations of motion along 
the æ and y axes become 


ate Carty Ot een: c (1158) 

d d; 

oy ae UL. (11-59) 
Putting B, 

P, or logv=—kt+C, 
When t=0, v=u cos a, so that C,=log (u cos «), and thus 
We o=e*u COS &. 5 . (11:60) 
Hence 
u cos x. U COS x UCOSH U cosa, 

a ay ce et) (11:61) 


Denoting the velocity along the y axis by w we have, from equa- 
tion (11:59), 


ur emo 
or 
log (kw-+g)= —kt--C,— —kt--log (ku sin «+g). 
Thus 
kw+g=(ku sin a+g)e*, 
so that kii 


aara TÉ j peru m oer ei, (11-62) 


remembering that, when i=0, y=0 and w=u sina. The equation 
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to the trajectory is given by equating the values of e-* in equations 
(11-61) and (11-62) and is 


CZ EN] x Š g 
y=ja log | u cos zl "Tu cos "E 4M wtf]. 


EXAMPLES 


11-1, A particle of mass m is projected upwards with velocity v in a 
medium which imposes a resistance mk vel. (k const.) Find the 
time taken to reach the highest point and an equation to give the time 
for the subsequent downward motion. 

[kt =log (1 +-ko/g) ; —kt =log (1 +kv/g) —log (1 --ko/g —kt)-] 

11-2. If, in the previous question, the resistance factor k is small, show 
that its effect on the maximum height reached is appreciable before 
its effect on the time to reach this point is observable, supposing that 
measurement of heights and times to be equally sensitive, 

11:3. The particle in question 1 above falls from rest in a medium which 
offers a resistance equal to mkv*. Show that the acceleration f varies 
with the distance æ according to the relation log f=log g 2k. 

11:4. A galvanometer coil oscillates with a periodic time of 5:00 sec. 
and successive maximum displacements are observed to be 76, 84:2, 15-5 
and 6-9 scale divisions. "The moment of inertia of the suspended system is 
4°86 gm.-cm.*. Are these readings consistent with damping forces pro- 
portional to the velocity ? If so, calculate the couple required to rotate 
the coil through one radian and the damping couple at unit angular 
velocity. [Yes; 8-17 dyne-em.; 93:10 dyne-cm.] 

11:5. What would have been the deflection of the galvanometer in the 
previous question in the absence of damping force ? [110.] 


11:6. A body of effective mass M has a natural simple harmonic 
motion of period 7' given by oT 27, and is acted upon by a persistent 
harmonie force P sin pt and a frictional force 2kMv. Find (a) the condi- 
tion for maximum amplitude in the final forced motion, and (b) the 
ratio of the amplitudes under the conditions p= and p?-o*—4X*, 

[p*-o* —243; 1.] 

11-7, A simple pendulum is released from a position in which it makes 
a small angle « with the vertical and it moves in a medium which pro- 
duces a resistance mkv*, where k is very small. Show that the time to 
swing across to the other side is unaffected if the square of k may be 
neglected, and find the angle made with the vertical when the pendulum 
reaches its extreme position on the other side. [x —4a*k1/8.] 

11:8. A particle, attracted towards a fixed small spherical mass M by 
an inverse square law force, is projected with velocity u from a point dis- 
tant a from the centre of force. Show that if u is less than 4/(2GM /a) the 
path of the particle is an ellipse, whatever the direction of projection. 

11:9. Show that when the orbit is an ellipse the velocity v of the 
particle in the previous question at any distance r from the mass M is 
given by 9? -GM(2/r —1/A), A being the semi-major axis of the ellipse. 
Hence prove that the periodie time is independent of the direction of 
initial projection. 
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11-10. Find the law of force towards a centre for a particle for which 
the polar equation to the orbit is (a) log r--n0 —0, (b) r—a sin 0. 
[(a) fr? —const.; (b) fr* —consi.] 

11-11. A particle is projected with velocity v at right angles to the line 
joining it to the centre of force which is at a distance x from the point 
of projection. The acceleration f to the centre at a distance r is given 
by fr*—c, a constant. Find the equation to the orbit in the follow- 
ing cases: (a) o>v%w*; (b) w=v?æ?; (c) w —v?2?. 

[(a) w=r cosh 0 /(o/v*a* —1); (b) =r; (c) «—r cos 0 4/(1 — o/o2?).] 

11-12. An anti-aircraft gun is fired at an aeroplane directly overhead. 
If the resistance of the air can be neglected, show that, for a hit, the 
elevation of the gun is independent of the height of the aeroplane, and 
that if the resistance is k times the velocity, the elevation is still indepen- 
dent of the height, provided terms in k? can be neglected. 

11-18. A shell of mass m is projected with velocity V in a medium in 
which the resistance is mk times the velocity. Show that for maximum 
range R on a horizontal plane, the elevation of the gun, «, is given by 

A(1+A sin «)=(A+sin «) log (1+A cosec a) 
where A is kV /g. Find also the value of R. 
[R —V? cos a/g(A+sin «).] 

11-14. Two particles are dropped from rest into a medium in which the 
resistance is proportional to the velocity, the second one a short time 
after the first. Show that the distance between them increases and 
approaches a final limiting value which is proportional to the time 
interval between their instants of release. 

11-15. A point describes an ellipse with centre as the origin of co- 
ordinates and the radius vector has constant areal velocity. Show that 


BG 
the eccentricity of the orbit is 1-0] where V and V! are the 


maximum and minimum velocities in the orbit. 


11:16. A smooth horizontal tube OA of length a is movable about 
a vertical axis OB. A particle placed at A is projected towards O with 
velocity aw while at the same time the tube revolves about OB with 
angular velocity œ. Show that the particle will have travelled half-way 


down the tube in time DE 2 


and will not reach O in any finite time. 


11-17. Two similar spheres of mass M and radius a are placed on a 
smooth horizontal table with their centres 4a apart. Find the time for 
them to come into contact under their mutual attraction starting from 


T [vonr -1a G43) 


CHAPTER 12 
EQUATIONS OF MOTION 


12:1. Equation of Continuity.—Although we shall be concerned 
primarily with the properties of fluids, it is instructive to consider 
the motion of any entity, and by entity we mean any physical 
quantity such as matter, momentum, heat, electricity, ete. The par- 
ticular properties associated with the entity considered may be intro- 
duced in the general result. We assume that the entity is continuous, 
so that the properties of the smallest portions into which we can 
conceive it to be divided are the same as those of the entity in bulk. 

Let u, v, w be the components, parallel to the co-ordinate axes, 
of the velocity at the point (a, y, z) at the time 4. As the motions 
which we shall have to consider are, in general, continuous, we shall 
assume that u, v, and w are finite and continuous functions of a, y, 
2, and that their space derivatives, a e e etc., are also finite. 
Suppose that motion in space is opposed by obstacles, so that, if we 
consider an area perpendicular to the direction of motion, the space 
available for the passage of the entity is less than if the obstacles 
were absent. Let K, which may be termed permeability, be the 
ratio of the areas available in the two cases, 

The increase in the mass of the entity within any closed boundary 
surface must be equal to the excess that flows in over that flowing 
out, plus any entity created within the volume. Let m be the mass 
created in unit volume in unit time, K,, K,, K, the permeabilities, 
Quo Qu, Q; the entity densities parallel to the co-ordinate axes, Q 
being the average density at the point (a, y, z). With this point as 
centre construct a small parallelepiped of edges da, dy, dz (Fig. 12-1). 
The entity flowing in across the face B in time ĝt is 


OK, fe, OQ de) / q Qu de 
( = Oa EA Ow 3c Or 2 i ante 
and the amount flowing out across the face A is 
OK, M Re DaN (q du da 
(Ket Fes) (e z) (n ee 
so that the gain within the volume in time ôt, due to flow along 
the a axis, is, to a first approximation, 


ð 
= ay Be u)dxdydxot, 
357 
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and the total gain in entity is 
a a ð 
e E E 
But the original mass within the elementary volume is Qéwé5y5z, 
and the gain in time ĝt is sndybndt, so that 
a ð ð 

G MH ERR UR Qu)=0 . (121) 

This is the Equation of Continuity. 


Fig. 12-1,—EQUATION OF CONTINUITY IN CARTESIAN CO-ORDINATES. 

To express the equation in spherical polar co-ordinates, consider 
an aeri volume (Fig. 12-2) of mutually perpendicular edges ór, 
r.60, r sin 6.68, the components of the velocity, density, and perme- 
ability along these three edges being u, v, w ; Qi Qu Qa; Ky, Ky, Ks, 
respectively. Then the excess inflow at the faces ABCD over the 
outflow across EFGH is 

-£u 1Q,ur® sin 0.0008)ór .dt, 
across the faces AEFB, DHGC 
Fer sin 0.5pdr)r60 dt, 
and across BFGC, AEHD 
ð : 
—r sin 6. ap KsQsorótor)r sin 0.68 .ót. 


The entity created within the volume in time ĝt is 
mr? sin 0 .óró0080t 


EQUATION OF CONTINUITY APPLIED TO MATTER 359 
and the total increase within the volume may be expressed as 


2e sin 0.0r800p)dt. 
Hence " 
R mti PAK un) GK sin 0) 
ty »* j pl @oKv0) =. 


To transform the equation into cylindrical co-ordinates, consider 


Fio. 12:2,—EqUATION oy CowrINUITY Fio, 12:3,—EquATION or Con- 
IN SPHERICAL CO-ORDINATES, TINUIY IN CYLINDRICAL 
CO-ORDINATES. 
a small volume of which the three mutually ndicular edges are 
ör, rô, and dz (Fig. 12:3), so that dz is substituted for r sin 0.48 
above, The equation of continuity thus becomes 


1a 1.0 ð 
R mtt (Kur) T OR HRK) 0. 

Expressed in any form of co-ordinates, the equation of continuity 
takes a simplified form if the density and permeability are constants 
and independent of direction, 

12:2. The Equation of Continuity applied to Matter.—As 
matter cannot be created or destroyed, m=0 and, in addition, 
K,=K,=K,=1, Q,—Q,—Q,—p, the density of matter, and, from 
equation (12:1), 


% ram eor ape) - . (29) 
This is the hydrodynamical equation of continuity. 
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If the density varies with time but not with distance, 


Ep wORI I. . am 


Suppose we have a fixed quantity M of matter occupying a 
volume V. Then M=pV, and 


or 


V 6s oy à 
A the rate of increase of volume per unit volume, is often called 
the expansion at a point. 


If the matter is incompressible, E and 


Arp oa a + 0 s 024) 


12:3. Euler's Equations of Motion.—If the momentum of 
incompressible matter is the entity and we consider only those forces 
which, acting along the a axis, impress a velocity u on matter in 
this direction, then Q—pu and the equation of continuity is 


ð ð ð a 
alr) tap (pu*) + ao a0 m)—m—0 — . (1248) 


But for matter, p is independent of direction, hence, from equations 
(12-2) and (12-5), " 

Qu Qu, Ou m 

à Tuas a tha, 5 ESOS 4 . (12:6) 

The momentum may be created by (a) an impressed force at a 
distance acting on the mass, or (b) pressure acting on the boundary 
surface, 

Let X, Y, Z be the components of the impressed force per unit 
mass at the point (z, y, z), and p the pressure at this point. Then 
the total force acting on the elementary volume (Fig. 12-1) in the 
æ direction is 


—a,0y0:- X, (p -Oxdydz, 


and the momentum created per unit volume per second is 


m=Xp— 2. 
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Substituting this value of m in equation (12-6), 


Qu, du, du, du lop f 

9r os Tay T, a; 79 - (12:7) 
Similarly, Qv, Ov, Ov, Ov lO0p - É 

Brae ay tage Fe A A 29) 


1 0p 
i 5 029 
These results are known as Euler's equations of motion. 

124. The Boundary Surface of a Fluid.—Fluid motion 
depends to a large extent upon viscosity, and results obtained from 
considerations which ignore internal friction must be regarded as an 
approximation, only, to the true motion, To avoid complications we 
shall regard the fluid medium as a perfect fluid incapable of exerting 
shearing stress, and, whether at rest or in motion, we shall assume 
that the pressure it exerts on any surface in contact with it is always 
normal to the surface. Consequently the pressure at any point in 
such a fluid is the same in every direction. 

If the boundary surface is fixed, the velocity of the fluid normal 
to the surface is zero, or 

lu-+-mv-+-nw=0, 
at every point on the boundary, I, m, n being the direction cosines of 
the boundary normal. The co-ordinates of a point P on the surface 
being (x, y, z), the equation of the surface may be written 

F(a, y, 2, t)=0, 1 A . (12-10) 
and if we consider an element of length 6s perpendicular to the sur- 
face, the co-ordinates of the point P' to which the point P has moved 
in a time dt are z--1.0s, y+-m.6s, z4-n.ós, so that the point P’ lies 
on the boundary surface after a time 6t, and 

F(a+1.ds, y+-m.ds, z--n.ós, t--ót)—-0 . (12:11) 

Hence, from equations (12:10) and (12:11), 


ds/OF , OF, 0 or 
aas $t) ah 
but oF OF oF 


"AR 
ar 


and ðw dw, dw, dw 
Get ay TA Lt 


so 


. (1218) 
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But at every point on the boundary surface 


Blu} mona, 5 E . (12-14) 
and thus, from equations (12-12), (12-13), and (12-14), 
OF, OF oF , oF 
pace E. —— > . (12:15 
CHE RET RE (12:15) 


This is the equation to the boundary surface. 
12:5. Velocity Potential.—In many cases the component 
velocities may be expressed in terms of a single function $ such that 
u, 2, w=, -%, -. : . (12:16) 
"This function is called a velocity potential and we have the relations, 
Qv ðw Ow ðu Ou Ov 


Be Oy a y sc E 
Hence Euler's equations of motion may be written 
—9M Vou, 00, om. OQ 1 ap i 
E Qr "Om ae Or Pigg s Ee) 


elc, where X= 2 and Q denotes the potential energy per unit 


mass at a point (x, y, 2), in respect of the forces acting at a distance. 
Integrating equation (12-18), 


[2-$-2-£«r0. . sond (1249) 


where g—(u*-1-0*--1?)* and F(t) is an arbitrary function of the time. 
In the case of an incompressible fluid this becomes 
2- -0yr OE a 12-20) 
If p is given at some point in the fluid for all values of t, the pressure 
is determinate. The term F(t) is without influence on the resultant 
pressures and is frequently omitted. 
The equation of continuity (12-4) in terms of $ is 
2j Ou 
Gita Gas © 0 0220 
The motion of a fluid is said to be steady if at each point the 
velocity is the same in direction and magnitude at all times, or 
Qu Qv dw 
T 
so that equation (12-19) becomes 


—0, 


{2- — Q— 4q?-I-constant. . f . (12:22) 
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12-6. Bernoulli’s Theorem.—This law of variation of pressure 
along a stream line is known as Bernoulli's Theorem, a stream line 
being the actual path of a particle in a moving fluid. Strictly speak- 
ing, it is a curve such that, at any instant, the tangent to it at a point 
is the direction of the fluid motion at that point. The constant of 
integration may vary from one stream line to another, 

Bernoulli’s theorem may be deduced also from the conservation 
of energy principle as follows. Imagine a tube of flow in the liquid, 
the boundary surface of which is, of course, formed by stream lines. 
Let p, be the pressure, q, the velocity, and Q, the potential due to 
the external forces at a point A where the cross-section is «,. The 
values of the same quantities at another point B are represented by 
the suffix 2. Then, since the mass of fluid contained between the 
normal sections of a tube is constant, the same mass crosses every 
normal section in unit time, or %4,=%9,. The work done on the 
mass entering A Pt unit time is p,a,q, and on the mass leaving at 
B, Paala, The former mass brings in energy (1g,*4-2,)pg;z,, and 
that leaving B carries off energy (34,*--Q,)pgjx,. As the motion is 
steady, by the conservation of energy, the energy within the tube 
remains constant, so 

Pyth pnoa(4m*4- 2) =P prec 440" 4-9), 


or 
Pht dat 0m ea! 0e C, 
where C, is a constant, 


If motion occurs under the action of gravity alone, Q=gz, where 
z is the vertical co-ordinate and 


keiten. ZEE. 1.0235) 


Hence the energy consists of three parts. 
(i) gz, the potential energy in a gravitational field ; 


(ii) E pressure energy, i.e. energy required to move the liquid 
against the pressure without imparting any velocity ; 

(iii) 4g?, kinetic energy. 5 : 

the Die may be written in a slightly modified form, 

2,2 Ci y, 
Ug ig à 

H being a height or vertical distance, The latter is, therefore, con- 
stant for all points in any one stream line, and its components are 


2 
z the gravitational head, $ the pressure head, and E the velocity head. 
If we neglect external forces, the velocity increases as the pressure 


is lowered and vice versa. For example, if a liquid flows through 
a pipe having a constriction, the velocity at the constricted part is 
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increased, and the pressure is accordingly diminished. There are 
several practical applications of this principle in the various jet 
exhaust pumps which range from the simple type of water aspirator 
to the more elaborate mercury vapour high-vacuum pumps. 

12-7. Efflux of Liquids.—In the case of a liquid flowing from 
a reservoir, the velocity at the free surface may be neglected and, if 
the pressure is pp, then, from equation (12-23), 6 Neglecting z, 

2 
p=po 5. 
But the minimum possible value for p is zero, so that 
ge Ee 
which represents the maximum velocity with which the liquid can 
flow from the reservoir, i.e. about 45 ft. per sec. for water at 
atmospheric pressure. 

When a liquid flows out through a small orifice in the thin base 
of a containing vessel, it is found that, after leaving the orifice, the 
cross-section of the jet contracts to a minimum value, after which 
it increases. This minimum cross-section is called the contracted 
vein, and the ratio of its area to that of the orifice is termed the 
coefficient of contraction. If A is the area of the orifice at which 


2 
the pressure is p,, and p, is the atmospheric pressure, A p, — po 


The pressure at the edge of the orifice just outside the vessel is po 
but the pressure within the jet at this section is higher, so that if. 
q is the actual velocity of the liquid at the edge of the orifice, the 
velocity within the jet is less and, accordingly, the rate of efflux 
is less than pg. Let « be the area of the jet section where the 
velocity at every point in the section is parallel and uniform and 
the discharge rate is «g. This is less than Aq; hence « is less than 
4, or the coefficient of contraction is less than unity. 

Momentum equal to paq? is carried away by the jet per second, 
and the resultant force 1s that necessary to maintain the vessel at 
rest. If the pressure over the whole of the base were p,, then 
(p,—Po)A would be the force acting at the orifice which produces 
this change of momentum. Actually the force is (p,—p,)(4+dA) 
where dA is a small positive quantity due to the pressure over the 
orifice varying from p, to p,. Hence 


pxg* —(p, —po (A--4A). 
1pt*—pi—p» 


a=}(4+dA). 
Hence the coefficient of contraction is greater than 0-5. For circular 
orifices the experimental value is 0:624 approximately. 


But 


and 


æ 
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12:8. Torricelli’s Theorem.—If A, be the area of the free 
surface of the liquid and g its velocity, and if z is the depth of the 
orifice below the free surface—the head of liquid being maintained 
constant, 


Pria! C, 
and 
Pepe 
or 
P= Go? 4-282. 
But for the continuity of liquid, Ag7g=Ag, and thus 
pnt 
A,?—A® 
If the orifice is small, 4? may be neglected and 
gicsis ec pp 12:54) 
This relation is known as Torricelli’s theorem, and it indicates 
that, when the liquid particles reach the contracted vein, they have 
the same velocity as if they fell directly from the free surface. The 


theorem holds with considerable exactness if the orifice is small, 
and experiment shows that, for water, the efflux velocity is 


q—0:97 V/2gz. 

As the cross-sectional area of the contracted vein is c4, c being 
the coefficient of contraction, the volume of water issuing from the 
vessel in unit time is 0:97cA V2gz, 0-97c being equal to 0:62. 

To find the time in which a vessel of any form, filled with water, 
will be emptied through a small orifice, let 4, be the area of the 
free surface at any instant. Then 


Ayd2— 0:024 2gz. dl, 

or 
Y “A 
t= =| dz, 
0:624 V/2g) o V2 
where zy is the depth of the orifice below the original free surface of 
the liquid. 
12:9. Efflux of Gases.—For the steady motion of a gas 


[P+i+2=c, 


Let p, and p, be the pressure and density respectively, of a gas in a 
containing vessel, and suppose that it flows through an orifice into 
a gaseous atmosphere, the pressure and density of the gas when 


it issues being py and po, respectively. Assuming that adiabatic 
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conditions prevail, P —constant, where y is the ratio of the specific 
heats of the gas. If there are no external forces, 


al dp, 
we-- p 


Pahl) 


Thus an increase in velocity is accompanied by a decrease in pressure. 
The ordinary vacuum cleaner utilises this principle. 

12:10. Steady Flow of a Liquid past a Cylinder.—As an 
application of Bernoulli’s theorem, consider the steady flow of an in- 
compressible liquid parallel to the base of an infinitely long cylinder 
of radius R with its axis parallel to the z axis, the cylinder forming an 
obstacle in the path of the liquid. Suppose that the latter has a 
velocity U along the z axis at points far removed from the cylinder. 
Then, since w=0, from equation (12-21), we have 


9 
ni oy 
or, transforming to polar co-ordinates, 
TROR ME 
Or! r Or r* 00* 
Solutions of equation (12:25) have the form r" cos nO, r” sin nO, and 
the sum of any number of such terms is itself a solution. 
The flow of liquid in the z, negative, direction is given by 
¢=Ux=Ur cos 0, 
and to this must be added a term or terms to represent the disturb- 
ance produced by the cylinder. As this disturbance vanishes when 
r= 00, it can involve only negative values of n, so that a solution is 


. (12:95) 


¢=Ur cos o4 Bent, 
But 9 when r=R is a boundary condition, and thus B—UR?, 
Hence 
¢= u(r) cos 0 — vro en) 
"Therefore 
_ op R” Ua*R* 
u=- [v afaa), 
and 
=$  QUH'ay 
v= oy -—2 7 
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The resultant velocity at the surface of the cylinder is given by 


pour tO 


Substituting this value of q? in equation (12-23), the normal pressure 
on the cylinder becomes 


U 
s (a-o- i 


and is the same on that curved surface of the cylinder at which the 
liquid impinges as on that from which it flows away. Hence it 
follows that, neglecting viscosity, the cylinder is not acted upon by 
any resultant force due to the liquid flowing past it. 

12:11. Green's Theorem.—Many important properties of 


Fio. 12-4.—Green'’s Tutors. 


potential not only in liquids but also in electrostatics, elc., may be 
proved by means of Green’s theorem. 

Let 4, $ be two functions of a, y, z which, with their first and 
second derivatives, are everywhere finite and single valued in the 
region considered. Consider a parallelepi (Fig. 12-4), parallel to 
the æ axis, of cross-section dy, dz, and let dS,, dS, be the areas of the 
intercepts which it makes with the boundary surface enclosing the 
volume throughout which the integration is to be performed. Let 
dn be an element of the normal, drawn into the region considered, 
from a point on the boundary surface, and m,r, m,z the angles which 
the normals to dS, dS, make with the z axis. Then 


dydz— —4dS, cos mx=dS, cos mæ 
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and, integrating by parts, 


M Dy [Ue 


= f f(e a 2 cos npis E m + cos mais, 


lees 
-- [eene fff 


Similarly, 


TEE | [aS co myas— | | [iratus 
"Ee [s Aine 


Hence 


METRE REO te 


Bee | fekas- M (12:26) 
where y- n A 


Qa? Tay Qa?" 
This result is known as Green's theorem. 
If ¢ and ¢’ are interchanged, the left-hand side of equation (12-26) 
is the same and the right-hand side becomes 


ud f fes 4 Bas f ffe y°ġdzdydz. 


If ' is constant, 


[bof 


and since, in addition, for incompressible matter, 7?4=0 from 


equation (12-21), 
[ [uso NS 227) 


If denotes a velocity potential, this result shows that the total 
flow of liquid into any closed region is zero, while if $—4' and both 
are velocity potentials, 


[ITI «8 eej 
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Multiplying both sides of this equation by $p, the left-hand side is 
then the kinetie energy of the liquid due to impulsive pressures 
exerted at the boundary surface. Denoting the kinetic energy by E, 
we have 


2E=-pf [azas m rM qoas) 


12-12. Stream Function.—If we consider two fixed points 4 and 
B in the ay plane, and suppose that the motion of a liquid takes place 
only in this plane, the fluz, or quantity of liquid passing in unit time 
across any line joining 4 and B, must be the same, otherwise there 
would be an accumulation of fluid within the region enclosed by any 
two lines AB. If the point B is movable, the flux across AB isa 
function of the position of B and is usually denoted by v. If the 
point B moves so that the value of y remains constant, it will trace 
a curve such that no fluid crosses this curve. The latter is, there- 
fore, a stream line. Thus the curves represented by y=constant are 
stream lines, and y is called the stream function. 

Let B receive a small displacement, dy, parallel to the y axis, 
so that the increment of y is óy— —uóy, i.e. 


a 


a ae 
Similarly v=o, the flow being positive if it is from right to left as 
seen by an observer at A looking along AB. But in irrotational 
motion, i.e. motion without rotation, u= Fe and v= E Thus 
the velocity potential and the stream function are connected by the 


relations, 
ap Op. 06 . Ov : 
eater mie o (12-29) 
and these conditions are fulfilled if 
b+jv=f (etsy) : . (12:80) 
Any assumption of the form given by equation (12-30) represents a 
possible case of irrotational motion. 
12-13. The Equation of Continuity applied to Heat.—The 
amount of heat per unit volume is 
Q—Q,--spT, 
where s is the specific heat of the substance and T is the excess 
temperature above that for which Q—Q,. Hence the heat passing 
per second across the face B (Fig. 12-1) is 


Q,K ulla — holz, 


where k, is the thermal conductivity in the # direction. Thus 
G.P.M.—BB 
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Qui KT , together with similar expressions for the flow along 
the y and z axes. But 

oQ SP oT 

«w a 
and thus the equation of continuity s 1) becomes 


oT m 1 a 
Ca aL ax) "a Oy t =) |= 9 


which is the equation for the propagation of heat in an anisotropic 


body. For an isotropic body k,—k,—k,—k, and 
or m k[oT Pu a? 
QU sp Eat a ar m . (12:81) 


where £ is termed the thermal diffusivity. 


In spherical co-ordinates this equation of heat flow is 
or TE A E 207 107 55i 0371 
QU sp oni. FORTI 90? LES sin? 0 dp? 

cot 0 0 
TO 
and in cylindrical polar co-ordinates 
OT m s Tor LAT: 03 


QU sp spi n. at 


=0,.  . (1282) 


If the flow of heat is radial, as LL and equation (12-82) 


> Q0 -5 
reduces to 
or m k[o*T 20 
or io leves =0 s 0. (12:88) 


To illustrate the application of thermal flow, consider a sphere 
having an initial arbitrary symmetrical distribution of temperature, 
the surface radiating into surroundings at zero temperature, If eis 
the emissivity, the heat flux outwards from the surface per second is 
4zR?cT, R being the radius of the sphere. The boundary condition 
to be satisfied is 


oT 
-ky el, 
or, 
2 Her- EO E T= (2:84) 


But m=0 and, as the flow is radial, we have, from equation (12:33), 


or eT 20 
a "po rar] 
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where g is the diffusivity. This equation may be written 
a 2? 
ar Dear 
a solution of which is 
rT —Fet, 
where F is a function of r such that 
or 
bF=0775- 
Negative values of b, only, are permissible, and since c is positive, 
we conclude that F is a circular function. Let 
F=A cos nr+B sin nr, 


so that b— —cn?, and we can express a particular value of T by 
T= eA cos nr+B sin nr). 


The value of 7" which expresses the temperature at the centre, r=0, 
cannot be infinite, and therefore 4—0, and substituting the value 
of T in the boundary condition equation (12-34), 

nR ud _ek 

tannR k’ i 
of which there is an infinite number of roots which may be obtained 
by graphical construction. Hence the temperature at any point dis- 
tant r from the centre of the sphere, after an interval of £ seconds, is 


. (12-85) 


1 A 
T =7Be "sin nr, 


where n satisfies the relation (12-85). 

12:14. The Equation of Continuity applied to Electricity.— 
Considering the flow of electricity along the x axis and remembering 
Ohm’s law, 


3E 
QK auðyðz= — Harm 2Y? 


where /z is the electrical conductivity along the æ direction, and E 


is the potential gradient. Thus the equation of continuity becomes 


R 9f BEN, Of 2E) a/ a 
Em EC3IEC +5 (1 )] =a 


and if the electrical conductivity is the same in all directions this 


reduces to 
6Q OE E 0? 
mH get a E z 
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x S a 
In free space, where there is no electricity, m=0 and Ro, so 


that 
@E E FE 
a ay? GR 
This is often written y2E—0 and is called Laplace’s equation. 
The flow of electricity in spherical polar co-ordinates is 
R p [ME 20E lOE, 1 E oot ab 
z [57 Or 'r* 002 ' r? sin*0 0f? ' r? 00 
and in cylindrical polar co-ordinates 
a OE 10E 18E , 02 
amo + + =0, 


=0, 


at Or? 'rOr ‘7? 06? ' Oa 
12-15. The Equation of Continuity applied to Wave Motion. 
—Suppose that the particle velocity constituting the wave motion 
is parallel to the æ axis and that there is no impressed force. The 
equation of continuity (12-2) is then 


0p, ð 
aha CUT. + o. Q280) 
and the equation of motion (12:7) 
Qu, ðu l0p _ 
a taspa . Comp MEAST) 


Let p—c*(p—p,) where p, is the density at a certain standard 
pressure, then, from equations (12:37) and (12-36), 


Qu, Qu lop  c*0üp 


utm p dep Oa" 
and 
Qp, Op  — Ou 
aE oe Pa 


Differentiating the first of these equations with respect to ft, the 
second with respect to æ, and equating 


neglecting quantities of the second order of smallness. A solution 
of this equation is 

u=fi(ct-+a)+f,(ct—a), 
the physical interpretation of which is that fi(ct--2) represents a wave 
travelling with velocity c in the negative direction of the a axis, and 
Jp(ct—a) is a wave travelling with the same velocity in the positive 
direction. 


EXAMPLES 878 
EXAMPLES 


12-1. A mass of liquid rotates with angular velocity c about a vertical 
axis. Find the equation of the free surface neglecting the restraining 
action of the supporting surfaces. 

[w(x +y*)=2g2; where z is vertical.] 

12-2. Water is maintained at a height of 15 cm. in a vessel which has 
a small circular hole in its thin horizontal base. The radius of the hole 
is 1 mm., and the area of the free surface is 80 sq. em. Find the rate at 
which the liquid leaves the vessel if the coefficient of contraction is 0-624. 
Would you expect the viscosity to affect the result materially ? 

[8-36 c.c per sec.; No.] 

12:3. If the vessel in the previous question is cylindrical and the 
supply of water to it is stopped, find the time in which it will be emptied. 
Show, also, that when the depth of liquid is h the rate of fall of the 
upper surface is given by :— 

dh/di—0:0289 Vh cm./sec. [4 min. 28 sec.] 

12:4. A vessel is symmetrical about a vertical axis through a small hole 
in its base. Show that the radius r of cross-section of the vessel at a 
height h above the bottom can be expressed in the form A —A(r' — B), 
k and B being constants, if the surface of a liquid in the vessel descends 
with uniform velocity as the liquid empties itself through the hole. 

12:5. Air at a pressure P issues through a small orifice under adiabatic 
conditions into a region where the pressure is p. Show that, if P exceeds 
2p, the velocity V of the air at the orifice is given by :— 

V* -2yP/p(y +1) 
where p is the air density at pressure P and y is the ratio of the specific 
heats of air at constant pressure and constant volume. 

12:6. If the temperature of the air in the vessel in the previous quess 
tion is 10° C., y —1:41, the air density at N.T.P. is 1-29 gm. per litre, it- 
specific heat at constant volume is 0:172 cals, and J —4:18 x 107, find 
the temperature of the air at the orifice when the pressure inside the 
vessel is one atmosphere and the pressure outside is zero. The energy 
gain in a tube of flow is obtained at the expense of thermal energy of 
the gas. [-37* C.] 

12-7. Liquid flows in streamline motion through a horizontal tapering 
tube of circular section, the section at the exit end having half the inlet 
area. If the tube length is L, inlet area A, input velocity V, pressure 
at entrance P, and density of liquid p, find (a) the velocity v at a dis- 
tance z from the entrance, (b) the pressure at the same point, (c) the 
pressure at the exit end the area at æ being A(1 —æ/2L). 

2LV pV%x (4L —a) 3 a] 
b- 2 (zL-aje P-V" 

12:8. A liquid of density p flows along a uniform straight tube and 
loses energy due to viscosity at the rate of e units per unit volume 
per unit length of the tube. What must be the inclination of the tube 
to the horizontal if the pressure is uniform throughout the liquid ? 


[sin [ -< | 


CHAPTER 13 
WAVE MOTION 


13:1. Controlling Factors.—A wave is the continuous transfer 
of a particular state from one part of a medium to another. The 
medium itself is not transported from place to place, but the condi- 
tion is propagated through it. For example, in water waves small 
bodies floating on the surface are not moved continuously onwards 
by the waves. They appear to be carried forward a small distance 
on the crest of a wave and backward when in the trough. Thus 
the elevated masses are not moving bodily forwards, and, on the 
whole, the waves leave the floating bodies in very nearly the same 
positions. 

When a wave moves through a liquid the characteristies of the 
medium which may influence its motion are :— 

(a) The depth and other boundary conditions which impose limita- 
tions at the walls and base of the containing vessel. 

(b) Gravitation, since the changed profile or contour of the surface 
involves work against gravity. 

(c) Surface Tension, because the pressure under a curved surface 
is different from that beneath a flat surface. 

(d) Viscosity, which is the dissipative energy agent. 

In some circumstances one, or more, of these factors becomes 
negligible compared with the others. For example, with waves of 
long wave-length, or, as they are termed, long waves, the curvature at 
any point is small, and the surface tension effect may be neglected 
compared with the gravity control ; while in the opposite case of very 
short waves, or ripples, surface tension is the main controlling factor. 

Although in practice no fluid is capable of perfectly frictionless 
motion, it is convenient in considering wave motion to ignore the 
effect of viscosity and to deal with an imaginary perfectly mobile 
liquid. Such a medium is termed a perfect fluid, and it is to be 
expected therefore that the results deduced for this hypothetical sub- 
stance will, in special circumstances, be inapplicable to a practical 
case. In general, however, the effect of viscosity on wave motion 
is sufficiently small for the theoretical conclusions to be true within 
reasonable limits. 

13-2. Long Waves in Canals.—If the wave-length is great com- 
pared with the wave amplitude, surface tension may be ignored, 
gravity and the boundary conditions being the controlling factors. 
Further, it will be assumed that the surface is sufficiently exten- 
sive for the wall effects to be neglected, and thus the only relevant 
boundary conditions will be due to the limited depth. 
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Let the axis of æ (Fig. 13-1) be parallel to the length of the canal, 
that of y vertical and upwards, and suppose that the motion takes 
place in these two directions æ, y. The base of the canal is Oz, 
and EF is the undisturbed level of the surface. The depth of the 
liquid is h, and the ordinate of the free surface corresponding to 
abscissa æ at time £ is denoted by h+ņ, where h is the ordinate in 
the undisturbed state. Neglecting the vertical acceleration of the 
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fluid particles, i.e. assuming that the pressure at any point (x, y) is 
practically equal to the hydrostatic pressure due to its depth below 
the free surface, 

p—po--gp(h--n—y) 
where py is the pressure at the surface. Hence 


Thus the horizontal acceleration is the same for all particles in a plane 
normal to æ, and all particles which once lie in such a plane do so 
always. In other words, the horizontal velocity u is a function of æ 
and ¢ only, and so the equation of horizontal motion is 


Qu Lu... l0. 
Ot ' Om põr 
If we ignore ux which is a product of small quantities, 
Qu — l0p — 9m à 
om "ors —ÉX $ 5 . (1331) 


Consider the motion of the elementary volume BG, of width ôx, 
height h++y, and depth, perpendicular to the plane of the figure, 
unity. Its original volume is hóz, but after a time t, the volume, 
originally bounded by # and z-L-óz, is bounded by the planes at 
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w+é and 2e 4 Sebo, where & is the horizontal displacement 


of the particles along Oz, while the surface rises to À-F-y. If the 
liquid is incompressible, the volume is unchanged and 


héa=[h+-7] [20+ 532 | 5 


or, 
dee geo, approximately. 

Thus 

ius 

n=—hy, 
and 

02. 
A A "PN 082) 


Since this is independent of y, the whole strip moves together. 


The force on the elementary volume acting along the œ direction 
2 
is pón. But the force on the element at P, due to the pressure 


acting along Oz, is -Pandy i.e. from equation (18-1) pio lzby, 


à. 
and the total force acting on the whole strip is palon. So that 
g- 3 
ATA and from equation (18-2) 
Cet hs 1 
ap as i : : . (18:8) 


This result may also be deduced from equations (18-1) and (13:2) 
by substituting à 


The equation (13:3) is of a well-known type which occurs in several 
problems, The complete solution of it is 
&=F(w—ct)+f(wtet) . . — . Q84) 
The first term represents a wave travelling along the positive direc- 
tion of z with a constant velocity c, and the second term indicates 
a similar progressive wave moving along the negative direction of v 
with an equal velocity. Thus it appears that any motion whatever 
of the fluid, subject to the conditions stated in this article, may be 
regarded as composed of waves of these two kinds. From equations 
(18:3) and (18-4) we see that the velocity, c, of these canal waves is 


given by 
CB AN ms . (1855) 
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The motion of long waves may also be investigated ! by making 
the co-ordinates refer to the individual particles of the fluid. As 
before, consider the liquid contained between two planes perpendicu- 
lar to the a axis, and situated at æ and a+6éz, After a time t let the 


abscisse of these planes be 24-£ and 2E) ðn. The mass of 


liquid contained between the boundary planes is pAdw, where A is 
the area of cross-section of the canal. Then 
art a 
pAgzoe= —FE(A+Bn)éa, 
n as before being the elevation of the free surface above the equi- 
librium level, and B the width of the surface, so that 


and the equation of motion is 
oM on B 2 
aima) cms cn (18-6) 
But in the position of equilibrium the volume of liquid between the 
planes is 4óv, and at a time ¢ the distance between the boundary 


planes is doton. As the cross-section of the liquid is 4+Bn, 
(A+Bn) dn Sid) — ABs, 


By CO, 00 3 
or, T-a) E SIS) 


Eliminating y between equations (18:6) and (13:7), 
OEA Ef, Os 
a B oW On} ' 
Airy has discussed the solution of this equation, and he shows 


that such waves cannot be propagated to infinity without change of 
form, If we neglect the product of small quantities, 

arg gd 07 

moe a ee 
the solution of which represents two progressive waves travelling in 
opposite directions with velocity 


= JZ 
and if the canal is of rectangular cross-section, 
c=V gh. 


13:3. Steady Motion.—The laws of wave propagation may also 
1 Airy, Encyc. Metrop., Art. 192 (1845). 
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be investigated by means of the following artifice! Consider a wave 
travelling unchanged in shape with a constant velocity c. Impress 
on the whole system a negative velocity c, so that it is brought to 
rest. The motion then becomes steady, and assuming 4—BA we 
have, from equation (18-7), 


E 
n= —hy.. 
But §=F(x—ct), 
a& cn 
D ah? 


and the new horizontal velocity is Ae, Since the wave form has 


been reduced to rest, the horizontal vibration is independent of the 
time and the motion is steady to a first approximation, i.e. the 
velocity over any vertical section is the same. 
The equation of continuity in the steady state is 
ch—q(h-4-5), 

where q is the horizontal velocity at the point where the elevation 
is 5. Along the wave surface, which is now a stream line, we can 
apply Bernoulli's theorem, 


P+ p+ gy=constant, 


p ch? 
ero NET EU Deon : . (18:9) 


The pressure at the wave surface must be constant, and c must be 
chosen to satisfy this condition. Expanding the relation (18:9) 
2 
Bagot aq eoi E . «+ +constant. 
But i is supposed to be small, and therefore the pressure will be 
constant to a first approximation if we take c?—gh, which agrees 
with our former result. 
To obtain a more correct solution put c?—gh--Ó, then 
e Ja aad V0. 
p cemetant (S ist) Tu 
Thus p is constant if 6=$gn, ņ being positive, and it is also constant 
if 6=—3gn, n being negative. Hence a wave of elevation moves 
slightly faster than one of depression. 
Canals of Finite Length.—Considering the solution of equation 


(18:8) 
=F = 
MR §=F(ct+2)+f(ct—2), 


1 Rayleigh, Phil. Mag., ser. 5, 1, 257 (1876). 
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If the canal has a finite length, l, then £—0 at z—0 and z—1, 


so that 
f(et) - —F(ct), 
and 
E—f(ct—2)—f(et--2). 
Also 
9—f(ct—1) —f(ct--1). 
Now if. 


S(@)=fe+2)), 
f(z) must be a periodic function of 2l, i.e. 


f (2) C sin mz, 
and 
f(z4-21)—C sin m(z+-2l), 
so that 
2ml—2nz, 
or, 
-m 
m=, 
and 
f(9-c sin. 
Hence 
=c [sin Thei—a)—sin recen] =2€ sin E cog ZE, 


To find the profile of the surface we have n=, thus 


2nCnh  nnæ naet 

ag Ot a C08 s 
If we take n=1 and n=2, we see that the time-interval between 
successive maximum values of 7 at the points of greatest disturb- 


ance is 7 This is sometimes quoted as the time-interval between 


successive “ high tides.” 

Certain assumptions were made in deducing the expression for 
the velocity of canal waves. In the first place it was shown that 
the horizontal amplitude was constant throughout a vertical section, 
but it is probable that the ignored viscosity effect would seriously 
modify this result, since in the case of steady flow the layer of liquid 
in contact with the containing vessel is at rest. It has been shown, 
however, that this boundary layer is really moving over a series of 
vortex filaments which fulfil the function of roller bearings. The 
existence of these rotatory elements is shown by the rippled appear- 
ance of a nearly level beach when the sea recedes. 

Secondly, it was assumed that the usual expression for the increase 
of static pressure with depth was applicable. This assumption is not 
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strictly true, since the liquid has vertical acceleration which must be 
generated by the pressure, and so conditions are different from those 
of a liquid at rest. Thus, if we consider the vertical motion of an 
element at P (Fig. 18-1), 
Qv 
pate +gp=0, 
where v is the vertical velocity along Oy. Integrating from P to 
the surface, 
ħ+n Qo 
p=po+gplh+n—yl+ | Padi 
y 
and the true pressure at P is equal to the static pressure approxi- 


mately, if ii 201 is small compared with gy, i.e. if (h+-n)a can 


at 
be neglected, where a is the maximum vertical acceleration. But 
«-(7) n where f, is the periodic time of particle vibration, so that 
0 
223 om > 
(e) must be negligible compared with g, or h® must be very small 
0 
2 
compared with 2 where 4 is the wave-length of the canal waves. 


13:4. Particle Motion.—Each particle in the liquid executes 
both horizontal and vertical oscillations about its mean paer the 
2, 
displacement along the z axis being £. But ae haz and if the 
vibration is simple harmonic, as it is in the simplest case, 


toc 
£—4A cos [zi] " a . (18:10) 
where A is the horizontal amplitude. Hence 
Og 20^ . 1 g 
n= AD "C ) sin n[7-;] 


and if we now restrict 7 to mean the vertical displacement at P, 


22 . t æ 
wu) sin [7] è . (18:11) 
Thus, from equations (18-10) and (13-11), 
é? n? 


which represents an ellipse of vertical semi-avis mA, and horizontal 
semi-avis A. The vertical amplitude at the bottom of the canal is 
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zero, and the particles execute elliptic orbits of equal horizontal dis- 
lacement, the vertical displacements continually decreasing with 
increasing depth. This is illustrated in Fig. 18:2 (a). 


CO UA 
[ene O 
= o 


< 
pa 
—— LI 


(a) (b) 


Fic. 13:2.—PAnriCLE MOTION IN CANAL AND DEEP-WATER WAVES. 


Additional Features of Canal Waves.—When a vessel travels 
over the surface of a canal it creates waves, and their associated 
energy must be obtained from the motive power driving the vessel. 
If the vessel’s speed is greater than e, the velocity of the waves, 
new waves are being continually formed as the vessel advances into 
still water and there is a corresponding continuous output of energy. 
Again, if the speed is less than c, the waves formed travel away from 
the vessel, taking their associated energy with them and, as before, 
the energy drainage is maintained. The speed most economical in 
motive energy is the natural velocity of the canal waves, since in this 
case only one “ group of waves” is formed, and this group travels 
along with the vessel. 

As sea waves advance to the shore their depth is continually 
decreasing, and thus they tend to overtake those in front, The 
inertia effect of the crests causes them to continue at a LA greater 
than that of the troughs, and so the waves “ break.” a similar 
manner a line of waves advancing to the shore in an inclined direc- 
tion tend to veer round into a line parallel with the shore. "Those 
parts of the wave nearest to the land are retarded owing to the 
decreased depth, and thus the wave-front is refracted towards a 
direction parallel to the shore. 

13:5. Surface Waves.—Waves formed on relatively deep water 
are characterised by the agitation rapidly diminishing in amplitude 
as we pass downwards from the surface, and we can no longer neglect 
the vertical acceleration. 

Consider oscillations of a horizontal sheet of water under no force 
but gravity, and suppose that the motion is two-dimensional, i.e. 
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the crests and troughs of the waves are all parallel to one another, 
one of the motions (z) being horizontal and the other (y) vertical. 
As the motion is generated from rest by the action of ordinary forces 
we have, from equation (12-21), 


deca AE : : ‘ . (18-12) 
and the boundary condition for the water, i.e. no vertical motion at 
the boundary, gives 

ag 

—=0 at y=—h ë = . (18318 

oy y (13-18) 
At the free surface of the water p—constant, and if the origin, O, 


be taken at the undisturbed level of the water, as the motion is 
assumed to be very small we have from equation (12-20), 


prs i 
Akad (18-14) 
since Q=gy. So that, if denotes the surface elevation at time ¢ 
above the point (a, 0), 
1/3% 
(Op ao: (18:15 
"8... E 


assuming that F(t) and s are merged into the value 2 

The boundary surface equation may be written y—17/—0 and is 
equivalent to the expression (12-15) for the boundary surface. Hence, 
since p=constant represents the free surface, we have, from equation 
(12-15), 


VUE alg im 
ania VETE . ‘ . (18-16) 


Differentiating equation (18-14) with respect to ¢ and substituting in 
equation (18-16) 


a Ou AT 0% 2U] ET 2*6 
Pais Pat dal Pare | as | y 
or, 
arp ap oM OMON No 
B aw Ot OA P) 
remembering that u— E and v= E Neglecting terms of the 
second order of smallness, 
a 
Te Heo, mms (16:17) 


which must be satisfied at y=0. 
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Assuming that we are dealing with simple harmonie waves, ¢ is 
a simple harmonie function of z and i, or 


$—f cos (I3) 
which may be written 
=f cos (ke —oot), 
where f is a function of y. Substituting in equation (18-12) 
d*f 
P E eU 
a general solution of which is 
f- Pet Qe7n, 


$—(Pe -Qe-*") cos (kx—wt). : . (18:18) 
If the water is of depth h and is unlimited in extent, or is contained in 
a canal with parallel sides at right angles to the crests and troughs, 


so that 


0$ _ a 
oc at y—-—h. 
Thus, from equation (18-18), 


Pe =Qe-M—£, say, 


2 
and 
=C cosh k(y--h) cos (ka—ot). « . (18:19) 
Substituting this value of $ in equation (18-17) and putting y=0, 
of-—gkianhkh . |. — .  —. (18:20) 


But the period of the waves is z and their wave-length T so that 


their velocity is given by A^ say. Hence 


a tanh kh. 


From equations (18-19) and (18:15) 
n= ee cosh kh sin (ka—at)=A sin (kz—cot), . (18:21) 
where 
. XC cosh kh 
g 


and is the amplitude of the waves, 
. When the wave-length is very small compared with the depth, 
ie. for deep liquid waves, kh is large and tanh kh—1, so that 


o?—gk, 


A a: Ee d PEL NT ad 


884 WAVE MOTION 
and the velocity of deep liquid waves is given by 


a6. E^, 
Ok 9n 
In the case of long waves in shallow liquids i is small, tanh kh —kh 
and c*—gh, 
which is the expression for the velocity of canal waves obtained 
previously. 
From equations (18-19), (18-20), and (13-22) 
A h h 
$n en HT cos (kot, . o. (18:23) 
or 
A h h 
p= dE ED) cos (ka, A . (18-24) 


Let (X, Y) represent the displacement of the particle originally at 
(e, y) 
de 0$ Ag cosh Ky +h) , 
Then Fig eee cosh kh 9^ (ka—at), 
d kAg sinh h 
ip La PIE ea 
ie. 
kAg cosh k(y--h) n" 
sa v?  cohkh ^ (ka—et), 
Y=. 5. sin (kz—ot). 


Squaring, adding, and remembering that w*=gk tanh kh, 
x? 2 A? 
cos? k(y--h) sinhe kly Fh) sinh? kh 
and each particle describes an ellipse about its mean position, the 
semi-axes, horizontal and vertical, of the elliptic orbits being 
A cosh k(y--h) A sinh k(y--h) 
sinhkh ^ sinhkh —' 
respectively, Both these values diminish from the surface to the 
bottom (y— —h) where the second one vanishes. Passing from the 
surface to the bottom, the horizontal amplitude decreases in the ratio 
cosh kh : 1, and the vertical amplitude diminishes from A to zero. 
Comparing these expressions for æ and y with equation (18-21), a sur- 
face particle on a crest moves in the direction of wave propagation, 
but a particle at a trough moves in the opposite direction. 
When h becomes large, e-?^ is very small and may be neglected 
so that under these conditions 
X— AC" cos (kx—ot), — Y — Ac sin (kz—ot), 
4 w? 1 
ne keg cosh kh sinh kh 
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Each particle therefore describes a circle of radius 4e** and the radii 
of the circles diminish rapidly as h increases. These circular orbits 
occur, practically, for "s of h greater than half a wave-length 
(Fig. 18-2) (b). 

13-6. Energy of Progressive Waves.—The potential ener; 
of a system of waves due to the elevation and depression of the 
fluid above and below the level of the undisturbed surface is, per unit 
width, given by 


go | {yddy, 


where the integration limits are for y, o and y, and for æ, over the 
whole length of the waves, so that the potential energy is 


io as. 
Consider a train of progressive waves at the surface of water of 
depth A. Representing the wave profile by 
n=A sin (kx—at), 
and remembering that 
_ Ag cosh k(y+-h) = 
Lir en. OF (ema) 


the potential energy of the liquid, wave-length, between two 
vertical planes unit distance apart, de planes being parallel to the 
propagation direction, is 


[£u e. 
QU 4 
But from equation (12:28) the kinetic energy of this mass of liquid is 


wf JAG) (8) Ja 


and by Green's theorem this is equal to 
D 


where the integral is taken along the profile and dn is measured 
normal to the pem of the liquid. For very small values of n 
this may be written 


EC NS il o (ke—ot) dz 4gpA*1, 


so that the total energy per wave-length is $gpA*/, and half of it 
is kinetie and half potential. 
13-7. Stationary Waves.—If two simple harmonie rogressive 
waves of the same amplitude, wave-length, and period travel in 
G.P.M.—CC 
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opposite directions, the resultant disturbance in a medium through 
which the waves travel may be represented by 

y=A sin (kx —«t)4- A sin (ke+ot), 
i.e. by 

z y — A, sin kæ cos ot. 
This represents a system of * stationary " or “ standing” waves of 
wave-length 17 and vertical amplitude 4,. At any instant the 


profile is a sine curve, but the amplitude—A, cos wt—varies con- 
tinuously. The velocity potential for such a system can be deduced, 
therefore, by regarding the system as the result of superposing two 
such trains of waves, and as $ must satisfy the conditions in equa- 
tions (18-12), (18-18), 

Ag cosh k( 


3 En) sin kæ sin wt. 


To find the paths of the particles of liquid, 
dy | 0$ __ Argh sinh ky +h) 


dt oy o coshkh | sin ka sin o, 
dr — 06. Aygk cosh k(y--h) K 
m- m one E 
and 
Aygh cosh k(y--h. 
oe itk ) cos kæ cos wt, 
ate sinh yt) sin kæ cos wt, 
so that 


Y—tanh k(y+-h) tan ke. 


This motion is independent of t, and each particle therefore executes 
a simple harmonie linear movement varying from a vertical move- 
ment beneath the crests and troughs—kz—(n--3)1—to a horizontal 
one beneath the nodes—ke=nz. Since w*=gk tanh kh we have 


ish k(y +h 
pes d (y+ h) cos kx cos wt, 
and h 
sinh k(y+ 
rp aie (y+: ) sin kæ cos wt. 


As we pass downwards from the surface of the liquid to the bottom, 
the amplitude of the vertical motion varies from A, to zero, and the 
horizontal motion diminishes in the ratio cosh kh: 1. 
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If the wave-length is small compared with h, then kh is large 
and tank kh=1, so that the displacements may be written 
a=A,e™ cos ka cos wt, 
y=A,e™ sin ke cos wt, 
y being given negative values in the indices as it is measured below 
the surface, i.e. in the negative direction, Thus for a decrease in 
vertical distance of 4, the amplitude diminishes in the ratio 1 rene, 
fe, doce ES 
If we superpose two systems of stationary waves such that the 
crests and troughs of one component system coincide with the nodes 
of the other, the amplitudes are equal in magnitude but differ in 
phase by a quarter-period. Thus 
n=m FN» 
where 
=A sin kæ cos at, — mA cos kæ sin wt, 


n=A sin (keFot), 
which represents an infinite train of progressive waves, travelling in 
the positive or negative direction of a, with a velocity c given by 
o* g 
CLR 3 
cm EE tanh kh. 
13:8. Energy of Stationary Waves.—For a system of stationary 
waves 


and 


n=A sin kæ cos wt, 


44 cosh k(y-i-h) 
$— cosh kh 
Hence the potential energy of the liquid, for a length 4, contained 
between two planes parallel to the # axis and situated unit distance 
apart is 


and 
sin ka sin wt. 


Li _ gpA*À 
ip | às " 


and the kinetic energy of the same mass is as shown in the expression 


cos? wt, 


(12:28), P 
v[ rie 
i.e. gs sin? ot. 


Thus the two energies change with time, the total remaining constant 


and equal to 
gpA*À 
4 
per unit width per wave-length. 
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13-9. Capillary Waves.—Surface tension modifies the surface 
conditions. The pressure is no longer constant, the difference of 
pressure, dp, on opposite sides of the surface being 


toe 
trs.) 
where S is the surface tension and R, and R, are the principal radii 
of curvature of the surface. 
Consider a strip of surface of length ôl and unit width. The 


force acting on it along the direction y due to the pressure differ- 
ence is ópdz approximately, and that due to surface tension is 


0( 952) along the same direction, so that 


oy _ 
sp +5 1=0, 


which must be satisfied at y=0. 

It has been shown in Article 18-3 that if in any case of waves 
travelling in one direction only, without change of form, we impress 
on the whole mass of liquid a velocity equal and opposite to that of 
propagation, c, the motion becomes steady, while the forces acting 
on any particle remain the same as before. 

As in Article 12-12, assume that : 


PAI — (o jg) pote 0L jenen, 


so that t- —a— (Pe — Qe) sin kx, 5 . (18:25) 
and tm —y+(Pe-*+ Qe™) cos ke : . (18:26) 


These expressions satisfy Laplace's equation (Article 12:14), and 
represent a motion which is periodic in respect to z, superimposed 
on a uniform velocity c. 
The surface must be a stream line, i.e. y=0, and from equation 
(18-26) the form of the surface is given by 
y=(P+Q) cos ka, 
if k is small, and since the bottom, y=—h, is a stream line, i.e., 
y=constant, from equation (13:26), 
Pe™+Qe-™=0, 
so that equations (18:25) and (13:26) become 
?- —2x+C cosh k(y+h) sin ka, 
= —y+C sinh k(y+h) cos ke, . — . (18:27) 
where 1C— —Pe^ —Qe-, 
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But Bernoulli's theorem may be written 


ter] mi 


sad rer[() (meme. 1828) 


and since at the free surface y=0, from equation (18:27), 
y=n=+C sinh kh cos kæ. 
Substituting this value in equation (13-28) and neglecting k*, 


SEC. > c? 
— sinh kh cos ka—gC sinh kh cos ke—z (1—2kC cosh kh cos ka} 
— constant. 
Equating to zero the coefficient of cos kz, 
SP ugue coth kh, 
or, 
dim GM) tanh kh, 
te. 
nS gA 
I= | — 4 E 
c -( T. +£) tanh kh 
If h is large compared with A, 
92$ , gÀ 
S ee of. ae . 
mr we . (18-29) 


For sufficiently large values of 4 the second term in this expression 
is large compared with the first, the force governing the motion of the 
waves being mainly that of gravity. Thus the velocity of “ gravity E 
waves is given by 

BA 


ciu aA 


In the case of ocean rollers, for example, at no part of the wave is 
the curvature sufficiently rapid to produce an appreciable surface 
tension effect, and gravity is the only considerable controlling factor. 
1f, on the other hand, 4 is very small, the first term preponderates, 
and the motion is mainly governed by capillarity. In this case 


dc 
[4 pa J 
It will be noted that as the wave-length diminishes from oo to 0, 
the wave velocity, as given in the expression (18-29), after falling to 


390 WAVE MOTION 


a certain minimum begins to increase again, This minimum value 
occurs at the wave-length Am, where 


or when 


and Kelvin has suggested that those waves of wave-length less than 
27 J should be called ripples. They may be seen in front of any 


solid E horizontally through the surface of aliquid. As Kelvin ! 
has stated, ripples may be produced by “ a sailing vessel, a fishing line 
kept approximately vertical by a lead weight hanging down below the 
-water and carried along at about half a mile per hour by a becalmed 
vessel or a pole held vertically and carried horizontally." 

13:10. Group Velocity.—Although the examples of wave motion 
quoted above relate to a special type, i.e. those waves in which the 
profile is simple harmonie and the train extends to infinity, with the 
help of Fouricr's theorem we may, by superposition, build up a solu- 
tion which represents the effect of any arbitrary initial conditions. 
The motion is, in general, composed of systems of waves of all wave- 
lengths travelling in both directions, each with its own velocity 
corresponding to its own wave-length. As a result of this motion 
the form of the free surface continually alters. When, however, the 
wave-lengths are large compared with the depth of liquid, the velocity 
of propagation is independent of the wave-length, and in this case 
if the waves travel in one direction only, the wave profile remains 
unchanged as the system advances, 

In general, if waves are started by a local disturbance such as, 
for example, the dropping of a stone into a pond, or the motion of a 
boat through water, the successive waves have different lengths and 
are propagated with different velocities. In studying wave motion 
practically, the observed velocity, wave-length, and period are those 
of the resultant disturbance caused by the interaction of the con- 
stituent waves. The velocity of the group as a whole is less than that 
of the individual waves composing it, and if attention be fixed on a 
particular wave, it is seen to advance through the group, gradually 
dying out as it approaches the front, while its former place in the 
group is occupied in succession by other waves which have come 
forward from the rear. 

From these considerations we may introduce the important con- 
ception of group velocity,? which has application, notably to water 


1 Kelvin, Math. and Phys. Papers, 4, 6. 
2 Lamb, Proc. Lond. Math. Soc., (2), 1, 473 (1904); Green, Proc. Roy. Soc. 
Edin., 29, 445 (1909). 


GROUP VELOCITY 391 


waves, but also to every case of wave motion, where the velocity of 
propagation of a simple harmonic train varies with the wave-length. 

Consider a group obtained by the superposition of two systems of 
waves of the same amplitude and of nearly the same wave-length. 
The equation of the surface is 


n=Al[cos (w,t—kyx+-&,)+-cos (st — ke 4-5,)], 
z, k,—k, is small, and w=f(k), so that 
wtw kitka £A ww, k—k, &—& 
n=24cos( 2 t— anra 2 cos 2 emp a wea B 
If we consider any particular instant, then for a considerable 


range of values of z the last factor is approximately constant, and 
the wave surface for a large range of v given by 


n=B cos (uie hg) 


where k— 


The surface presents the appearance of a series of groups of waves 
separated at equal intervals by bands of nearly smooth water, and 
the motion of each group is sensibly independent of the presence of 
others. The group velocity, U, is 


09,—0$ do, 
Us SET d 
But the wave velocity is 
is De 
k 
Hence 
— (ck) eH " d . (18:80) 
and since 
27 
=F" 
dc 
=] 


This result is true for any waves travelling through a uniform medium, 
The velocity of surface waves is given by 


a(S) tanh kh, 
p k 
and in the case of deep water tanh kh=1, so that from equation (18-30) 
k d. (ES E) k/S_g\_8kS | 2. 
cU=08 +5 ge "C Tk Tg p ki] 2p "ak 


892 WAVE MOTION 


Hence ag 
aud 
U 35 5k 
—— 
c = m 
For gravity waves 
U=te. 
For capillary waves or ripples 
U —$c, 


so that a group of ripples travels faster than one of the individual 
waves, 
If we consider gravity waves at any depth, 


E 
258 
cL tanh kh, 


and 
aet sech? Ih — É,tanh n|-ueie sech? kh]. 


Thus * a 
: c 2 
U= sa] TEE S31) 


9kh . ; 
As kh approaches zero value, sinh 2h increases to the value unity, 


so that the group velocity continually increases from > its value 


when h is very large, to c, when the depth is small. 

13-11. Transmission of Energy in Simple Harmonic Surface 
Waves.—In a progressive wave the wave form advances with a 
definite velocity. The particles of the liquid possess energy which 
they transfer, but there is no reason to suppose that the rate at 
which this energy is handed on is equal to the velocity of the waves. 
In fact, energy is transmitted at a smaller rate. 

Consider a vertical section of the liquid taken at right angles to 
the direction of propagation. "The rate of energy transmission is the 
rate at which the pressure on one side of this section is doing work 
on the liquid at the other side. If the liquid depth is h, we have, 
equation (18:24), 


d eoe My EM cos (ka—ot), 
and from equation (13:23) the variable part of the pressure is given by 
ab 
[7M 


1Stokes, Papers, 5, 862; Rayleigh, Papers, 1, 540. 


ECHELON WAVES 398 


approximately, so that as the horizontal velocity is ce the work 


done in unit time, or the energy carried across unit width of the 
section, is 


0 ob 
-J a 
i.e. 
9 pk. A?g? cosh? k(y--h. 
pkA*g? cosh? k(y--h) . 9 ipy 
E w cosh? kh =” (paco yd, 
or, 
kg A? . sinh 2kh k 
a casha gg tn (e zl ak 5] 


But, from equation (18:20), c*—gk tanh kh, so that the energy trans- 
mitted per unit time is 
2 
BED" in? (kee—at)[1+ 2h cosech ki] 
The average value of this expression taken over an interval of time, 
long compared with the periodic time, is * 


PEA? I -akh cosech 2k], 


and as T the energy is transmitted at an average rate equal to 


k 
pgA* 
ERI 
since the group velocity is 


S[1+2kh cosech 2kh]. 


xgroup velocity, 


2 
But it has been shown in Article 18:6 that eg is the total energy 


at any instant, per unit length of waves, so that the average rate of 
energy transmission is the same as the group velocity. 

13-12. Echelon Waves.—Let a pressure point move with velocity 
v along a line QO, and suppose at the moment considered it has 
reached the position O. The disturbance at any point P at that 
instant may be considered as produced by the resultant of a series 
of impulses, applied at uniformly spaced short intervals, at points 
along QO. Of the wave systems thus generated only those will 
combine to have an additive effect which have their origin in the 
neighbourhood of a point Q, such that the phase at P is stationary 


1 Rayleigh, Proc. Lond. Math. Soc., 9, 21 (1877). 
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for variations in the position of Q. If the angle OQP is 0, and we 
regard Q as fixed, the velocity of the disturbance along QP is v cos 0 
and, for deep-water waves, A 
2 cog? 0 — 5^, 
v? cos UTE 
so that if the point P is at a crest, PQ must be a multiple of A, 


and therefore 
QP=p, say, =k cos? 0, . 5 . (13:82) 
where 
j 2mm, n being an integer. 


Points in the immediate neighbourhood of P for which the resultant 
phase is the same as at P will lie on a line perpendicular to QP, and 
a locus of uniform phase will be the envelope of such lines. The 
equation to a line perpendicular to QP is 

p=v cos 0--y sin 0, ` 5 . (18:83) 
and the adjacent line is given by 

p+dp=« cos (0-4-00)-- y sin (01-00). 
By subtraction 
dp p —q sin 0--y cos . ő . (18:84) 

A point on the envelope must satisfy equations (18:83) and (18:84), 
i.e. 

dp 


£r : ido dp 
=p cos 0—7 sin 0, y=p sin 0-36 cos 0, 


and from equation (18-32) 
a=k cos? 0--2k cos 0 sin? o= cos 0— cos 80), . (18:85) 


Eein 0-Esin 30). (19-30) 
From these equations the curves defined by equation (18:82) may 
be traced. 
dæ dy dan. s 5 
If Pe ° we obtain singular points. Both of these differ- 
entials are zero if 


y=k cos? 0 sin 0—?2k cos? 0 sin 0— 


cos? 0=§ =. : B . (18:87) 
Two curves defined by equations (13-35) and (13-86) pass through any 
assigned point P, and as the singular points are given by equations 
(18-85), (18-86), and (18:37), 
æ=$k cos 0, y=—4k sin 0, 


y 1 
Y__4tan0=4+—>, 
g- i0 tug 
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and a series of cusps is situated on these lines! Waves of this type 
are produced by the action of the bows of a ship, two systems of 
transverse and lateral waves being observed. The two systems 
coalesce at the cusps, producing the well-defined echelon waves. They 
are generated also at the stern of a ship and are exhibited when a 
duck swims across a pond. 

13:13. Compression Waves in a Liquid.—When a portion of 
a liquid is locally compressed, the state of strain is communicated 
to other parts of the liquid at a rate which gives the velocity of 
compressional waves, e.g. sound waves, in the medium. Suppose 
the wave motion to be along the Oz direction. Each particle of 
the medium vibrates parallel to Oz about its mean position, and, 
if the amplitude is small, this motion will be simple harmonic. Let 
AD and BC, Fig. 13-3 (a), be two planes at the equilibrium positions 
æ and z--óz each of area q. 


() 


Fic. 18:8.—WaAvE VELOCITIES. 


At a time ż let the displacement of AD along Ow be e, then 
that of BC is m Thus the distance da between the planes 


j . de 
is increased to da 142 , or the linear strain along O is ae As 


there is no displacement at right angles to Oz, this is also the dila- 
tional strain. Thus the pressure on A'D’, due to the disturbance, 


is —P= Ke where K is the adiabatic value of the bulk modulus, 


while that on B'C' is -P-E as. There is thus a resultant force 


aP ys Ko bo acting on the medium between 4'D' and B'C' 
along the Oz direction. If the density of the medium in the equi- 
librium position is p, then the constant mass of liquid between the 
planes is pada, ante the acceleration is 

K d*e de 

p da? dt 


1 Havelock, Proc. Roy. Soc., 81A, 398 (1908). 
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The velocity of propagation, c, is given by 
K 


P 
13-14. Compression Waves in an Extended Solid.—The fore- 
ing principles apply also to this case, but the pressure over the 
edges of the slab A'B'C'D' will not be —P, but, owing to the absence 


of displacement at right angles to Oz, will be as where 


—P=— y, x being the axial modulus, Thus in this case, 
y 38K+4n, 


ciL— 
p 8p 
13-15. Compressional Waves in a Rod.—If longitudinal elastic 
displacements are propagated along a rod, the conditions of strain 
are different from those of the previous article, because of the re- — 
moval of the side constraints imposed by the surrounding medium. 
Tf the length of the rod is great compared with its lateral dimensions, 


the strain is a simple Young’s modulus extension or contraction, and 


the tensile force on A'D’, acting along Ow is F, where Y is the 


adiabatic value of Young’s Modulus for the material of the rod. 
Thus we have 


WE 

p 
13:16. Transverse Waves in a Stretched String.—Let the 
undisplaced length of the string lie along Ow and let the displace- 
ment at A, Fig. 19:8 (b), be y, while that at B is yide D, each 
of these being assumed small. Thus the element és of the string 


is inclined at a small angle E: to Ow and, if F is the tension, the 


resolved part of this, acting at A, along Oy is approximately - 
The force at B along Oy is 

12 gm, 
if the tension is the same throughout the string. Thus the resultant 
force along Oy is Yon, and the mass of the element is móc, where 
m is the mass per unit length of the string. Therefore the accelera- 


: HEU 
tion along Oy is a doy and thus 


ES 


pamm 
m 
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This result, which has been deduced on the assumptions (a) that the 
amplitude is small compared with the wave-length, (b) that the ten- 
sion, in the displaced position, is unaltered, and (c) that the string 
is perfectly flexible will apply with considerable accuracy to long, 
thin metal or gut strings vibrating with small intensity, but will not 
be accurate for shorter, thicker specimens or more intense vibrations. 

13-17. Compressional Waves in a Gas.—Let the pressure of 
the gas be p and its density p when undisturbed. Then if at time ¢ 


the displacement of AD, Fig. 18:8 (a), is e, that of BC is e+ bn 


and the new volume of gas between A’D! and B'C' is «dw a) 


Since the change of volume occurs under adiabatic conditions, 


de 
p-P (+3) , 
where P is the pressure on 4'D' at time t. If the particle displace- 
ment is small compared with the wave-length, we have 


de 

p -—"u) 
Hence the force at A’D! acting along Oz is Ps, while that at B'C' 
is —Pa— e dn, and thus the excess force along Ow is 

dP de 

eget 

and 
YD, 
P 


p= 


It should be noticed, however, that if the amplitude is not very small 
c? will exceed £e. This has been verified experimentally. 


EXAMPLES 


18-1. Show that the formula for long, deep liquid waves of length A is 
correct within 1 per cent. if the depth of the liquid exceeds 0:434 and 
viscosity effects are negligible. 

13-2. If the depth of the liquid in the previous question is 4/4, find 
the equation to the orbit of a surface particle, the vertical amplitude 
being A. [0:8872? +y? — A*.] 

13-8. What would be the equation of particle motion at the bottom 
of a liquid of depth 4/4, surface amplitude 4, and negligible viscosity ? 

[220-4354 sin (75:8t/ /2).] 

18-4, Find the velocity of long waves for a liquid whose depth is 4/4 
and compare it with (a) the velocity for a similar wave-length / in a deep 
liquid and (b) that for canal waves. [124/4; 12-5 /45 1577 /À.] 
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18-5. Find the maximum depth of liquid for which the formula V? 
=gh represents the velocity of waves of length 2 to within 1 per cent. 
[0:0287.] 
13:6. Compare the minimum velocities of surface waves at 10° C. for 
mercury and water if the surface tensions are 544 and 74 respectively, 
and the specific gravity of mercury is 13-56. [0:858 : 1.] 
13-7. In an experiment to measure the surface tension of water by the 
ripple method, the waves were created by a tuning fork of frequency 100, 
and the mean wave-length was 3:66 mm. Calculate the surface tension 
of water. [74:7 dynes per em.] 
18-8. For what wave-length will the group velocity of surface waves 
in a liquid of surface tension S and density d be a minimum ? 
[16 v(S/gd).] 
18-9. Taking the surface tension of water as 75 dynes per cm., its 
density as 1 gm. per c.c., find the wave-lengths of surface waves on water 
with a velocity of 80 cm. per sec. Which of these would it be preferable 
to use in determining the surface tension by means of ripples ? 
[518 and 0:583 em.; the latter.) 
13-10. Taking for the material of the earth the following elastic con- 
stants K —2 x10!! and n—1:2 x10?! dynes per sq. cm., compare the 
velocities of transverse and longitudinal waves. [0:573.] 


CHAPTER 14 
UNITS AND DIMENSIONS 


14-1. Units.—The quantitative measure of anything is a number 
which expresses the ratio of the magnitude of the entity to the mag- 
nitude of some other amount of the same kind. In order that the 
number expressing the measure may be intelligible, the magnitude 
of the thing used for comparison must be known, This leads to the 
conventional choice of certain magnitudes as units of measurement, 
and any other magnitude is then simply expressed by a number 
which tells how many magnitudes, equal to the unit of the same 
kind of magnitude, it contains. For example, if we say that a rod 
is 12 ft. long, we imply that the rod is measured in terms of the 
foot, which is the unit in this particular case, and that the ratio of 
the rod's length to the unit of length is 12, Every different type 
of physical quantity requires a separate unit, but these units are 
not necessa; ily independent of one another, and it is desirable that 
as few different kinds of unit quantities as possible should be intro- 
duced into our measurements, They must be definite, not subject 
to secular change, and easily comparable experimentally with the 
quantities in which they are expressed. In addition, they must be 
such that they are easily copied. 

There are certain relations which exist between different types 
of physical magnitudes, and by utilising these relations it is possible 
to select the units in a limited number of cases, and thus to fix the 
magnitude of the remainder, The units chosen as the basis for this 
system are called fundamental units, and the others, which are deter- 
mined by the relation existing between them and the fundamental 
units, are called derived units. Such a system is described as absolute 
—a term first introduced by Gauss in 1882 in connection with his 
measurements on the strength of the earth’s magnetic field at 
Göttingen, 

There are several absolute systems of units possible according to 
the fundamental units chosen, and the physical relation employed in 
obtaining the derived units, ete., but by far the most widely used one, 
is that referred to as the C.G.S. (centimetre, gram, second) system. 
Another, often called the English system, employs the foot, pound, 
and second as the fundamental units, 

A third system, closely allied to the C.G.S. system, is that called 
the M.K.S., which makes the metre, the kilogram, and the second 
the fundamental units. This selection is most useful in electrical 
theory as it makes the so-called practical units absolute values. 
In mechanical engineering practice the unit of force becomes more 
basically valuable, and is defined gravitationally as the weight of 


9! 
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pound, This necessitates a re-definition of the unit mass which, 

under the name slug, becomes the mass to which the unit force, 

unit acceleration, Thus one slug contains 

is strictly a local unit, 

142, Fundamental Units,—The fundamental units which are 

usually chosen are those of mass, le and time, and most physical 
units may be explicitly defined in of these three. 

the metric system the standard of length is defined as the dis- 

the ends of n certain tinum bar when the whole 

temperature 0°C, A ine standard metre has been 

the International Bureau of TM ond Measures 

A number 

compared with 
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varies throughout the year and so the 


the employed unit, One mean 
days. 


of secondary time standards has greatly 
longer suffices because of the irregularities 


t 
id 
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disclosed in the Earth's rotation by comparison with crystal-controlled 
locks, Where such changes are systematic they can be allowed 
for by formula but unsystematic and long-term changes can be 


determined only by contemporary observation and the previously 
er meantime standard can no longer be regarded as repre 
senting a uniform rate or its difference a precisely measured interval. 
Hence there bas arisen the necessity for a new fundamental unit 
and for this ret the General Assembly of the International 
in 1952 recommended the use of Ephemeris 
Time * the unit of which, the ephemeris second, is defined as the 
86,400th part of the — mean day which, in turn, i 
the ear 1900, he difference between 
ephemeris time T, and mean solar (or universal) time Tw reckoned 
from the beginning of 1900, is given in seconds by 
T,—T,24-949--72:318T --29-950T* -- 1:821 4B, 
‘Sadler, Roy. Astron. Soe., Oce. Notes, 3, 108 (1954). 


a 


where T is in Julian centuries of 86,525 days and the term in B 

represents the effeet of the rate of the Karth's rotation and 

i5 determined from time to time sassmnts af the lunar ng) 

tude. Beeause of the variability of the last term the ratio of 

mean solar second to the ephemeris second also changes; it is at 

present about 14-1075, 
The French, 


or 
nass of of made by Ronia in E 
ient ioo e ren Nepal E de connected with the stand: 


ard c nearly as possible of the mass 
Ie timete ode water at e moratur f 


"C, y 
standard of mass is pound avvindupels, nnd is the mass of a piece 
of platinum marked “ PS. 

office, 


No particular number of fundamental units is essential and the 
choice of thole uas and ME a matter of convenience. 


For mechanical problems above are suffielent but for 
problems in heat, electricity, and a variety of additional 
elections may be made, npe Sos dier por- 
incability or permittivity or both are 


14:3. Derived Unite Unit of qund df oa oni, 
ile e length, mass, —— 


tie area of a square whose aide is the unit of length and the volume 
of a cube whose edge is the unit of 
by the ratio of a number of units 


t 
of time and thus has the dimensions $; an acerloration by à velocity 


for velocity and acceleration, which show the dimensions of 
the quantity in terms of the fundamental unita, are called dimensional 
equations, Thus 


in the dimensional equation tor energy wed MLIT =" ix [d 
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TABLE 14:1—DIMENSIONAL FonMULE For VARIOUS PHYSICAL QUANTITIES. 


Quantity. DAL Quantity. CE 
Length . . . L Moment of inertia . ML* 
Time à . . T Force 3 . B MLT-* 
Mass ; Energy. Work ML*T-* 
Linear speed | LT- Torque . ML*T-* 
Angular speed . | T^ Surface tension MT-* 
Linear acceleration | LT-: Strai . $ 3 0 
Angular acceleration T-* Stress : ^ | ML-T- 

. . " ML Modulus of elasticity . | ML-1T-: 
Moment of momentum | ML:T-: | Viscosity . s EBIEML-T-1 


It must be remembered that units other than mass, length, and 
time may be chosen as the fundamental units, and the physical 
quantities expressed in terms of the new fundamental units. For 
example, suppose we take length, time, and force, F, as fundamental 
units. Then, since F—MLT-?, 


M-—FL-^T*, 
and the dimensional formula for viscosity is FL-?T. 


14-4. Conversion Factors.—Every physical quantity Q may 
be described in the form 
Q—[U], 


where k is a numerie and the symbol [U] stands for the unit in 
terms of which Q has been measured. "Therefore [U] must have 
the same dimensions as Q and if Q is measured separately in terms 
of two units [U,] and [U,] 


Q—k[U;]—K,[U,], 


so that 
hy [UI 
ką [U] 
The ratio 
[U3] 
[U,] 


is called a conversion factor. 

Since in the F.P.S. (foot, pound, second) and C.G.S. (centimetre, 
gramme, second) systems the unit of time is the same there will 
be only two necessary conversion factors in order to change from 
a basic unit of one system to the corresponding unit of the other 
system ; these will be the ratio of the pound to the gramme, which 
is 458-6, and of the foot to the centimetre, which is 80-48, both correct 
to four significant figures, 

Suppose it is desired to change a surface tension S, dynes per em. 
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into S, poundals per foot then, since the dimensional formula for 
surface tension is MT'-?, 
S,[M,7,7*] — $,[M,T,*], 
where the suffixes 1 and 2 refer to the C.G.S. and F.P.S. systems 
respectively. From this we have 
[M] 


S550] 


and thus 459:68,—5,. 

When non-basie units, i.e. units which are arbitrary multiples 
or sub-multiples of the basic units, are employed, then, before change 
from one system to another is made, these secondary units should 
be changed to basie magnitudes. For example, if the standard 
atmosphere is to be expressed in pounds-weight per sq. in. at a 
place where g is 32-2 ft. per sec. per sec. the procedure may be :— 

1 atmosphere=76 x 18-59 981 dynes per sq. em. 
—1:0182 x 10*[ M, L,-17,72] 
=k [MLT]. 
Therefore 


Mj [a] 
ky=1-0182 x 106x D] Ls 
i [M] [L] 
. 1-0182 x 10 x 30-48 
E: 453-6 
1-0182 x 10° x 80-48 
"458-6 x 82-2 x 144 
7:14:08. 

14:5. Dimensional Homogeneity.—When an equation in 
physics is complete in the sense that all the essential factors are 
represented, the relationships it exhibits hold good irrespective of 
the system of fundamental units used. For example, the equation 

v!—u*--2az 
is true for all consistent unitary systems. Each term has the same 
dimensional formula L*7'-* and this state of dimensional homo- 
geneity must apply to all such complete equations. The converse 
is, of course, not necessarily true; homogeneity is no proof of 
correctness. 

This principle may be used for the following useful purposes :— 

(a) Checking suggested theoretic relations for possibility. 

(b) Finding what quantities may be inter-related. 

(c) Deducing the form of an expected relationship. 

(d) Locating errors in the development of formule, 

The following short examples will illustrate these uses. 

(a) Hydrodynamical analysis suggests that, in certain circum- 
stances, the velocity v of surface waves in a liquid is connected 


poundals per sq. ft. 


Ib. wt. per sq. in. 
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with the wave-length 4 and the gravitational acceleration g by the 


equation 
v*—gA/2z. 


As 2z is a pure number this equation can be true only if the dimen- 
sions of v? are also those of gå which, of course, they are. Therefore 
the equation is possible. 

(b) The time of swing tọ of a simple pendulum in vacuo cannot 
depend on any factor except the length l, the mass m, the gravita- 
tional acceleration g and the angular amplitude 0. As the last is 
non-dimensional it cannot come within the scope of this examination 
so that the quantities to be examined have dimensional formule 
T, L, M, LT-* respectively and as only one contains the mass dimen- 
sion it ean have no part in the periodie time formula. The only 
related quantities must be | and gt,?. 

(c) As only two quantities are connected in the foregoing problem 
the required relationship must be of the form 

gl —kl, 
where k is a numeric which may be a constant or some function of 
the angular amplitude. 

(d) It sometimes happens in deriving consequences from physical 
principles that, because of an error in mathematics, the conclusions 
can be seen to be wrong by reason of a dimensional inhomogeneity 
which has resulted, The successive developmental equations may 
be rapidly checked dimensionally and thus the locus of the error 
found, 

14-6. Dimensional Analysis.—The procedure sketchily out- 
lined in (c) above is only rarely possible in this very simple manner 
and usually the problem of deducing admissible relationships by a 
process of dimensional analysis is somewhat longer. For example 
suppose it is required to find if a formula can be devised to connect 
the velocity V of transverse waves along a taut string the density 
of its material being p, its longitudinal stress P and its length 1. 

Assuming the relationship to be 


V—kP^p'ie, 
where k is a pure number, the dimensional equation is 
LT-—(ML-T-**(ML-93f(Ly, 


and, as the fundamental units are mutually independent, we may 
equate their dimensions separately. "Therefore 


0=a+b, 1-5 —a—8b--c, —1—— 2a, 


from which a=1/2, b=—1/2, c—0. Thus the velocity does not 
depend upon the length of the string but is given by 


V=k JE 
p 
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Of course the numeric k may be a function of any relevant non- 
dimensional variable such as the ratio of amplitude to length. 

It is obvious that this kind of analysis will disclose the complete 
form of a relationship only if, for a unitary system of three funda- 
mental units, there are not more than four independent quantities 
involved but even if there are more the value of the procedure 
remains, 

14-7. Application to Liquid Flow.—It is desired to determine 
to what extent the Poiseuille formula (7:5) can be deduced by the 
method of dimensions. The volume V of liquid flowing in unit time 
in steady streamline motion depends upon the pressure difference P 
between the ends of the tube of length J, on the viscosity coefficient 
5 and on the radius of the tube r. Let 

=kP yr. 
From two considerations it is clear that a complete determination 
of a, b, c, d will not be possible ; firstly, because only three equations 
will result from the dimensional homogeneity, and secondly, because 
l and r are quantities of the same physical nature, their different 
influences upon V will not be separable. Dimensionally we have 
L8T-=(ML77-4)(L)(ML> 1-1) (L)8, 
from which 
a+c=0 
—a+b—c+d=8 
—2a—c=—1, 

and therefore a=], c=-—l, b+d=8. 


Thus we may write n 
vant) ; 
H ONF 


and this is as far as the dimensional method alone will lead. How- 
ever if it is now recognised that because the flow is sine f V must 
be proportional to the posene gradient along the tube and therefore 
b=—1, the equation becomes 
Pr* 
V=k.—. 
nl 
14:8. Reynold’s Number.—It has been mentioned in Chapter 7 
that the motion of a fluid in a channel changes at a certain critical 
velocity from orderly to turbulent motion and a simple formula for 
this velocity v may be similarly deduced. The factors which deter- 
mine its value are the coefficient of viscosity 7, the density p and 
the linear dimensions of the transverse section of the channel as 
typified by any appropriate width r, Thus 
v—hypr* 
(LT2)-(MLAT-Y(ML-*(Ly 
and v=ky/pr. 
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In most problems of fluid flow and thus in aerodynamies as 
well as hydrodynamies Reynold's number, in the form vpl/n is an 
important non-dimensional factor. 

14-9. Application to Particle Dynamics.—An interesting ex- 
ample in mechanics is the circular motion of a small particle of mass 
m about a massive nucleus of mass N. The periodic time f, for 
a complete circuit of the orbit may depend upon m, N, the radius 
r of the orbit and the Newtonian constant of gravitation G. Suppose 

ty km*N*r*G2, 
or, dimensionally, 
T=(M)(M)(L)(LAT-*M-), 


from which 
a+b—d=0 d=-1/2 
c--3d—0 c=+8/2 
—%d=1 a+b=—1/2. 
Therefore 


7 (NY 
ean) 


Again a simplification is easily possible since, as the centrifugal 
acceleration is independent of m, tọ must be also and thus a=0, 
b=—1/2 and 
u$ 
GN 

14-10. Non-Dimensional Variables.—In the preceding ex- 
amples non-dimensional variables, e.g. l/r and N/m, were involved 
in an undetermined manner and two general remarks may be made 
about such magnitudes. In the first place any physical equation 
may be expressed as an inter-relationship of numerics since, by 
dividing through the equation by any one of its dimensional terms, 
such a result is obtained, For example the formula 


s=ul+hfF 
s/ut=1-+-ft/2u, 


and all the terms are non-dimensional. Secondly, if in a dimensional 
analysis there remain undetermined indices then these are powers 
of non-dimensional quantities. 

14:11. Application to Viscous Retardation.—A body moving 
at speed v through a large volume of liquid of viscosity y and density 
p experiences a retarding force F which depends also upon its size 
as measured by any linear dimension l. Thus we may write 


F= kurt plè, 


ty=k 


may be written 


from which 
MLT-*=(LT=)(ML-T-}(ML-3)(L)* 
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and 
b+c=1 c=a—1 
a—b—8c+d=1 d=a 


—a—b——2 b—2—a. 


2 a 
raw. ER : 
PN 
or, in more general terms since there is no restriction upon a, 


in which ¢ represents an unknown function while both Fp/n* and 
vlp/n are non-dimensional variables. It should be noted that vlp/y 
is Reynold's number. 

When the motion is slow a=1 and the equation reduces to 

F-—koln, 
while for speeds at which F is proportional to v? 
F—kv?pl?. 

14:12. The Principles of Similarity.—Two systems of like 
kind, e.g. two simple pendulums swinging in vacuo or two drops of 
liquid forming at the ends of two rods, are said to have kinematic 
similarity if they fulfil two sets of conditions 

(a) they must be geometrically similar ; 

(b) corresponding points in the two systems must have velocities 
in a constant ratio. 

It follows from these that, if P,, Q, be two points in the path 
of any particle in one system and P, Q, are the corresponding 
points in the other, the time intervals from P, to Q, (=t) and 
from P, to Q, (=t) are related by 


Thus we may write 


t,=Th, 
while, if the path lengths are J, and l, respectively, 
1,=Al, 
so that corresponding velocities are given by 
eee 
In the same way accelerations f, and f, are connected by the equation 
ie $,*. 05. 
fifa and LE LA 


In these equations 2 and v are constants. The quantity v?/If 
for such a particle is called its Froude number and thus the numerical 
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requirement for kinematic similarity is equality in the Froude 
number. 

For example, for a simple pendulum a typical velocity may be 
made up of l/tọ where | is the length of the pendulum and t its 
period, the typical acceleration is g and length 1, Therefore two 
simple pendulums are kinematically similar if 


(a) the angular amplitudes are the same ; 


(b) 4)g,/L.=te*82/loy 
m 


and so 

for all such pendulums, Æ having the same value for each. 
Consider next the range upon a horizontal plane of a projectile 

in a gravitational field and free from frictional resistance. If the 

velocity of projection is V, the range R, and the angle of projection 

a, then two such motions have kinematic similarity if « is the same 

for both and V*/Rg is the same for both. Therefore 


R—kV?/g, 


in which k depends only on g. . 

1f, in addition to the above agreements, corresponding parts of 
two systems experience similar resultant forces and thus have 
corresponding masses in constant ratio they are said to be dynamically 
similar. If corresponding masses are 7, m, and the forces on them 
are Fi, Fy, the accelerations f; f; are related by 


h E 
h Rm 


and so Fl/mv? is constant or, as a direct consequence, F/pv?l? is 
constant. This constant is called the Pressure Coefficient. 

"There is an even more general kind of similarity. In the course 
of more elaborate dimensional analyses many non-dimensional 
quantities are revealed as products of the involved dimensional 
quantities, "These may include, in addition to dynamical quantities, 
terms such as temperature and electric charge. If two systems 
have equal values of all their dimensionless products they are said 
to have complete similarity. 

14-13. Standard Dimensionless Products.—The most impor- 
tant dimensionless products which are of frequent occurrence in 
the analysis of problems in both dynamics and heat are listed below. 
The symbols are :— 


Velocity v, length 1, density p, viscosity n, force F, pressure p, 
acceleration f, velocity of sound c, coefficient of thermal expansion a, 
temperature 0, heat transfer coefficient h, specific heat ø, surface 
tension S, thermal conductivity k. 
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TABLE 14:2.—DIMENSIONLESS PRODUCTS. 


| Name. | Symbol. Product, 

Reynold's Number . RI | vlp/n | 
Pressure Coefficient . P | F/go*l5—p/po* | 
Froude's Number . F v*/If 

Mach's Number M | v/c 
Weber's Number . w v*1/S | 
Grashof's Number . G aGfl®p3/n* 
Nusselt’s Number . N hl/k 
Prandtl’s Number . Q on/k | 


A further product, k9/pv%l, can be formed but it has no special title. 

14:14. Degrees of Dimensional Freedom.—If a quantity Q 
is connected with n other quantities in a system with N fundamental 
units and n>N no unique analysis is possible, There will be 
(n—N) undetermined functions so that the quantity Q has (n—N) 
degrees of dimensional freedom. In such a case 


Q=Q, f(A) Ja(B) JaC) « «+ ele 
where Q, and Q have the same dimensions while A, B, C, etc., are 
non-dimensionals, 

For example, suppose it is wished to determine as far as possible 
the resistance R per unit wall area of a pipe through which a liquid 
is being pumped with a mean velocity v. Let r be the radius of 
the pipe, 7 the viscosity and p the density of the liquid, Then 

R= prt. 
If the indices a, c, d are expressed in terms of b we have 
a=2—b, c—b—1, d—b—2. 


Hence 


There are, however, other possible non-dimensionals as well as 
Rpr?/y? and vpr/y, viz. R/v*p, Rr/rp. Thus the required relation- 
ship will be :— 


AEE) 


Any two of these non-dimensional quantities, or any functions of 
them, may be graphed against one another as an experimental 
method of calibration and this is frequently the most rewarding 
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method of procedure when the nature of the functions y, $a, ete., 
remains undisclosed. 

14:15. The Drop-Weight Experiment.— The foregoing prin- 
ciples may be usefully applied to the drop-weight experiment 1 in 
which the related quantities are the mass m of the drop, the surface 
tension S, the density p, the radius of the rod r and the acceleration 
due to gravity g or any derived quantity such as mg, m/p=V or 
B?=S/gp. Of the non-dimensionals derivable from these the fol- 
lowing are relatively simple :— 


V/r*, r/B, mg/rS, 
and a dimensional analysis yields the equations 


mg T T 
Stn)" s) 

If the experiment is to be used as a means of measuring S from 
a graph then the co-ordinate quantities should satisfy two condi- 
tions; one must include, and the other exclude, S while the graph 
connecting them should be as nearly linear as possible so that rela- 
tively few calibration points will be needed to define the inter- 
relationship with practical accuracy. The quantities B?/r? and 
V/r? fulfil these requirements. 

14416. Wave-Making Resistance of Ships.—When a ship 
travels with velocity V over the surface of a deep liquid of density p 
the wave energy created will be derived from the engines of the 
vessel and this wave-making resistance accounts for a considerable 
part of the power requirement. The resistance R will clearly depend 
on V, p, g and the size of the vessel as exemplified by a typical 
linear dimension I. A dimensional analysis of 


R—kVeggle 


R gl 
df) 
Because V?/gl is Froude's number then, for geometrically similar 
vessels, E/ V?pl? will be equal if V?/gl is constant, i.e. if V,?— V;?l,/L 
for equal values of g, while if p is constant. R,/R,— V;?l,?/ Vl? 
=1,3/1,3. This result is known as F'roude's law and it relates the 
resistance R, experienced when a scale model of a full-size vessel— 
the linear scale ratio being 1,/l,—is towed at speed V, in a test tank. 
For example, if a vessel is designed to travel at, say, 80 knots 
or 50:67 ft. per sec. and tests are made on a model of similar shape 
but only 3 of its length then the condition of dynamical similarity 
is achieved by using a towing speed of 


50-67 
A59 TT ft. per sec. 


results in 


1See Article 6:17. 
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If it were then found that the towing force at this speed were 
8-68 Ib. wt. then the resistance experienced by the vessel itself 
would be 
8-68 x (50)? Ib. wt., 
and the horse-power needed on this account would be 
8:68 x (50)? x 50:67 

550 

14-17. Forces on an Aerofoil.—The two main forces on an 
aerofoil when in motion relative to the surrounding air with velocity 
V are called the Lift and the Drag where the former, X, is the verti- 
cally upward force resulting from the pressure distribution arising 
from the relative motion and, in level flight equalling the weight of 
the supported aircraft. The latter, Y, is the head-on resistance to 
be overcome. Since X and Y have the same dimensions their ratio 
will be a numeric. Suppose 

X=kV%"C*, 

where p is the air density and C is a typical linear dimension of 
the aerofoil, e.g. its chord length, Analysis results in 


X=kV%pC?=}Cz(V*pA),* 

in which A is the projected area of the aerofoil and Cz a numerical 
coefficient called the coefficient of lift. In the same way 

Y=}Cp(V%pA) 
and Cp is the coefficient of drag. Both of these coefficients depends 
upon the angle of attack which is the angle the chord line makes with 
the horizontal. Most economical flight will result from the minimum 
value of Cp/Cr and this will occur, for an efficient wing section, 
at an attack angle of about 4-5 degrees. 

The full analysis of the aerofoil problem is, of course, similar 
to that of Article 14-11, and the coefficients of lift and drag may 
both be expressed in the form 

$(n/pVC), 

and for dynamical similarity between a model and the full-scale 
aerofoil it is necessary to arrange that n/p VC shall be the same for 
both, For an aerofoil model the length ratio is about 10:1 and 
the air flow past the model would need to be impossibly high although 
some reduction results from the use of air at high pressures. How- 
ever, when tests are made at increasing speeds the value of the 
ratio of X or Y to V?pC? approaches a constant value and thus 
the corresponding limiting value of d(;/pVC) may be deduced by 
extrapolation of the graph. 

In the above treatment the compressibility of the medium has 
been ignored but with speeds approaching, and even exceeding, the 
velocity of sound the dimensional approach requires the addition 
of Mach's number as an extra dimensionless factor. 

i'The fractional coefficient } is unnecessary but conventional. 


—100,000 approx. 
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14:18. Gas Viscosity and Temperature.—Suppose the force 
between molecules at close approach is given by P—Kr-", where 
K is characteristic of the molecules. Then, if the independence of 
viscosity and density is accepted it must also be independent of the 
mean free path. It is thus determined only by the mass m of the 
molecule, the mean velocity V and the repulsion coefficient K. 


Thus 
n=kK*m'V*, 


from which 
a=—2/(n—1), b=(n+1)/(n—1), e—(n--8)/(n—1). 
By the kinetic theory of gases the absolute temperature is propor- 
tional to mV? and so we may write, for constant K and m, 
nx Veh, 
where 


c 2 
ae aa 


For a given gas m and K are constants, and since n>1 the 
viscosity increases with temperature while a graph of logy and 
log 0 should be a straight line the slope of which determines p and 
therefore n. Rayleigh + found in this way that p was 0-754, 0-782, 
0-681, and 0:815 for air, oxygen, hydrogen, and argon respectively 
and these give values of n between 7 and 12. 


EXAMPLES 


14:1. Express (a) the surface tension of water, 75 dynes per cm. ; 
(b) the standard atmospheric pressure, 1-013 x 109 dynes per sq. em. ; 
(c) the viscosity of air, 0-000170 C.G.S. units, in terms of corresponding 
F.P.S. units if 1 Ib. —453-6 gm. and 1 foot—30-48 cm. 
[(a) 0:165 pdl. per ft.; (b) 6-806 x10* pdl. per sq. ft. ; 
(c) 1-142 x10-5.] 
14-2. Experiment suggests that the velocity of a sphere allowed to fall 
from rest in a viscous medium varies with the time according to the 
law :— 
log [1—Xv/g] = —kt, 
where k is a constant for the given sphere and medium. Examine this 
suggested law for dimensional homogeneity and express k in terms of the 
radius r and mass M of the sphere, and 7 the viscosity of the medium. 
[k=Anr/M; A being a numeric.] 
14:3. If the velocity of light c, the Newtonian constant of gravitation 
G and Planck’s constant of action h are chosen as the fundamental units, 
find the dimensions of the ordinary units of mass, length, and time in 
the new system. [M?—hcG-1; L?=c-*hG; T?—HhGc-5.] 


1 Rayleigh, Proc. Roy Soc., 66A, 68 (1900); The Principle of Similitude, 
Nature, 95, (1915). 
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14-4, In the new unitary system suggested in the previous question, 
c, h, and G are all of unit value. Find the value of the gram, centi- 
metre, and second in terms of the new units of mass, length, and time 
respectively, given that, in C.G.S. units, c=3 x10", G=6-7 x10-5, 
h —6:6 x10-77, [1:84 X105; 2:47x10??; 7-41 x104?.] 
14-5. In a rotating cylinder method of measuring the viscosity of a 
liquid there is a critical angular velocity œ above which turbulence 
occurs. Find how o is related to the viscosity 7, the separation dis- 
tance z between the cylinders, and the density p of the liquid. 
[o =kn/px*.] 
14:6. The range R of a body projected in vacuo at a given angle to the 
horizontal depends only on the velocity of projection V and on the 
acceleration of gravity g. Find the form of the necessary relationship. 
[Rg —kV?.] 
14-7. It has been suggested that for liquids S*s4=k, a constant, S 
being the surface tension and f the compressibility. Show that the 
quantity k cannot be a mere numeric. 
14-8. If the resistance experienced by a body when moving through 
a liquid with velocity v is proportional to the square of the velocity, 
show that it is independent of the viscosity. 
14:9. The viscosity 7 of a gas is determined by its density p, its aver- 
age molecular velocity c, and its mean free path L. Show that »=kpcL. 
14-10. Investigate dimensionally the connection between the rever- 
beration period of a room t, its volume V, its surface area A, and the 


velocity of sound c. [: =H CS va. ] 


14-11. The intensity I of a sound wave—energy flux per unit area per 
unit time—depends upon the amplitude a, the medium density p, the 
frequency f and velocity v. Find the form of the connection and show 
that, for equal intensities in the same medium, waves must have ampli- 
tudes inversely proportional to their frequencies. — [I = po*.d(af /o).] 

14:12. Assuming that the vibration frequency f of atoms in a crystal 
depends only on the atomic mass m, the spacing distance land the com- 
pressibility 2 find the form of the relationship. [f — kl /m.] 

14-18. Under a pressure difference p a viscous liquid is forced at a 
rate of V c.c./sec. through a circular hole of radius r in athin plate. If 
the liquid density is p and the viscosity n find how V is related to the 
other quantities. If V is independent of p show that it is proportional 
to r? [V =(ur/p)$(ppr?/n*)-1 

14-14. The pressure p which a gas exerts upon the wall of a con- 
tainer depends on the mass m of a molecule, the average velocity V 
and the number n of molecules per unit volume. If the temperature 
0 is proportional to the mean kinetic energy of a single molecule show 
that pM —pR0 where M is the molecular weight, p the density and R 
a constant which is the same for all gases. 


INDEX 


[References are to pages. 


Absolute units, 399 

Accelerated motion in a straight 
line, 334, 335 

Acceleration error of gyro-compass, 
101 

— of gravity, 16 et seq. 

— — — at sea, 46 

Adair, 151 

Adam, 213 

Adams, 78, 175, 183 

Addition of velocities, 73 

Adherent films, 249 

Adhesion plate for surface tension, 
188 

— ring for surface tension, 185 

—, work of, 191 

Adiabatic elasticity, 150, 152, 231, 
235, 895, 396 

Adsorbed films, 214, 216 

Adsorption theorem, 197 

Aerofoil forces, 411 

Air correction for pendulum, 27 

Airy, 58, 64, 877 

Amagat, 185, 187, 188, 148, 150 

Analogy of Prandtl, 114 

Analysis, dimensional, 404 

— Fourier, 296 

Andrade, 142, 224, 228, 231, 282, 
234 

Andrews, 146 

Angle of attack, 411 

— — contact, 179, 187 

— — — and wetting, 215 

— — — measurements, 187 

Angular acceleration, 12 

— — and precession, 86 

— displacement, 7 

— impulse, 12 

— momentum, 12, 85 

— motion, 7, 12, 80 

— oscillations of springs, 126 

— velocity, 7 

Anschutz gyro-compass, 101 

Antonow’s rule, 190 

Arc of swing, pendulum correction, 
26 


Names of persons in italics] 


Areal velocity, 66, 67, 349 

Armistead, 323 

Arrhenius, 310 

— theory of dissociation, 310 

Artificial horizon, 102 

Ascent due to capillarity, 185 

Asymmetric system, 343 

— vibrations, 343 

Asymmetrically bent beam, 122 

Asymmetry of molecules, 190, 206, 
209, 210 

Atomic parachors, 196 

— rheochors, 226 

Attraction, gravitational, 50 et seq. 

Alwood’s machine, 16 

Austin, 65 

Avogadro, 225, 304 

— number, measurement of 255, 
826, 331 

Avoirdupois pound, 401 

Axes of strain, 157 

Axial displacements, 111, 197 

— modulus, 106, 396 

— stress, 134 


Bacon, 230 

Bahn, 94 

Baille, 64 

Baily, 64 

Bakker, 209 

Balance, 8 

— Eötvös, 85, 89, 44, 45 

— faults in, 4 

— gravity, 35, 36 

— Poynting’s experiment, 61, 64 
— sensitiveness of, 3 

— surface tension, 213 

— torsion, 2, 39, 58, 64 

Ball and cup viscometer, 233 
Bar pendulum, 24 

Bars under tension, 111 
Bashforth, 175, 188 

Bate, 182 

Beams, bending of, 115 et seq. 
Bearden, 245 

Beare, 247 


415 


416 


Bending moment, 116 
— of ray of light, 77 
Bennett, 195 

Bent beams, 115 et seq. 

— cross-section of, 131 
Bernoulli's theorem, 221, 862, 366, 
Maps 

mann, 
Bessel, 2, 25, 28, 05 
suspension, 


Boliden gravity meter, 36 
Boltzmann, 214 ; 


Bouguer, 94, 3s 5 

indary tions, 361, 374, 382 
Bowden, Wr D 
Boyd, 322 

Boyle's law, 150, 302 

Boys, 59, 60, 64 

Bragg, int 252, 288, 289, 330 
Brennan, 102 

gs 138, 140, 144, 147, 148, 


de Broglie, 820, 331 
Brown, A. F., 142 
Brown, F. E., 192 
Brown, G. S., 100 
Brown, R., 324 
Brown, R. C., 188, 193 
Browne, 32, 
Brownian 


Bulk modulus, 106, 231, 234 
— — and pressure, 148, 149 
— — — — temperature, 146 


INDEX 


Bulk modulus of gases, 150 

— — — liquids, 143, 144, 395 

— — — solids, 135, 136, 138 

— — — water, 147 

Bullard, 82, 84, 36 

Bullen, 34, 64 

Buoyancy correction for pendu- 

"mL. ey 
3 

Burton, 328 


Calibration of weights, 4 
gradiometer, 45 

Canal waves, 374 

n BÉ. 

— depression of, 119 

— flexible, 122 

Capillarity, theories of, 199 

Capillary ascent, 185 

— curve, 179 

— flow, 220, 239, 240 

— waves, 187, 388, 392 

Carnot, 152, 164 

Catenoidal films, 167 

Cavendish, 58, 59, 64 
ment, 58 

Central orbits, 66, 345 

Centre of oscillation, 25 

— — suspension, 25 

Centrifugal torque, 81 

C.G.S. units, 3, 399 

Chapman, 207, 270, 287 

Characteristic equations, 151 

Charles’ law, 302 

Chaudesaignes, 331 

Cheng, 185 

Chiong, 232 

Chrzanowski, 61 

Clack, 317, 918 

Clairaut’s theorem, 33, 94 

Clark, 30, 82 

Clausius, 152, 281 

Cleavage planes, 141 

Coe, 225 

Coefficient of contraction, 364 

— — damping, 324, 329, 335, 342 

— — diffusion, 315, 316 

— — drag, 411 

— — friction, 247 

— — interdiffusion, 321 

— — lift, 411 

— — mobility, 237 

— — self-diffusion, 323 


——— 


INDEX 


Coeficient a viscosity, 232, 245 


— — — — water, 228 

Cohesion, 65 

— work of, 191 

Coiling of springs, 128 

Coincidences, method of, 25 

Colloidal films, 800 

Colloidal particles, 228, 284, 326, 
328 

— solutions, viscosity of, 284, 324 

Columns and supports, 128 

Combinational tones, 346 

Commercial viscometers, 233 

Compass, pie, 98 

Complete similarity, 408 

Complex liquids, 236 

Compounds pecu 22 

Compressibility, 143, 149 

— and surface tension, 195 

— — temperature, 146 

— of gases, 150 

— — solutions, $18 

Compression waves, 305, 396, 397 

Concave surface, body rolling on, 18 

Concentration gradient, 315, 318, 


828 
Condensation nuclei, 207 
Condensed films, 215 
Conductivity, electrical, 871 
— thermal, 269, 369 
Cone of constant elongation, 159 
Conic, motion in, 67, 350 
Conical pendulum, 19 
Conservation of energy, 51 
Constant of gravitation, 50, 56, 58, 


64 
Contact angle and wetting, 215 
— — measurement, 187 
Contamination of surfaces, 198 
Continuity equations, 357 el seg. 
Contracted vein, 364 

Contraction coefficient, 304 
Conversion factors, 402 

Cook, G. S., 80, 32, 38 

Cook, S. S., 144, 147 

Cooling effect of expansion, 153 
Cooper, 47 

Cornu, 64 

Corrections tocompound pendulum, 


26 
— — Poiseuille’s equation 
OP M,—EE 


417 


Couette, 222 

— viscometer, 227 
Coulomb, 232, 248 
Couple, 22 

Cram, 240 


, 142 
Cri damping, 941 


— ionic, 141 

Cup and ball viscometer, 233 

Curvature of surface and surface 
tension, 166, 200 


Dalton's law, 256 
Damped forced S.H.M., 342 


= ee 


— vibrations, 042 
Damping coefficient, 324, 329, 335, 


42 
— correction, S.H.M., 840 
— critical, 341 
— due to viscosity, 231 


Decrement gauge, 200 


— — plumb-line, 57 
surfaces, 247 
of freedom, 261, 263, 409 
Density gradient, 316, 321 
— of carth, 56 ef seq. 
Depression of ing-point, 209, 
914 

Derived units, 309, 401 

etz, 150 
Dialysis, 200 
Diameter of molecules, 268 


418 


Dieterici, 152 

Difference tone, 346 
Differential diffusion, 323 
Diffusion, 314 et seq. 

— und osmotie pressure, 319 
— coefficient, 315, 316 

— — measurement, 316 

— of electrolytes, 320 

— — gases, 321 et seq. 
Dilatation, 158 

Dimensional analysis, 192, 404 
— equations, 401 

— formule, 402 


— homogeneity, 403 
Dimensionless products, 408, 409, 
411 
Directive effect on gyro-compass, 
00 


1 

Dise, rolling, 93 

— rotating in fluid, 231 

Disorderly motion, 219 

Displacement curves, 295 

Displacements, virtual, 166, 176 

Dissociation of electrolytes, 302, 
909, 820 

Distribution of molecular veloci- 
ties, 257 

Distribution of suspended par- 
ticles, 327 

Doppler effect, 72 

Dorsey, 188 

Double forcing, 845 

— suspension mirror, 63 

Drag coefficient, 411 

Drift velocity, 330 

Drop, shape of, 180 

Drop-weight experiment, 192, 410 

Duffield, 46 

Dushman, 260 

Dynamic viscosity, 228 

Dynamical similarity, 408 

Dynamics of a particle, 67, 347 

Dyne, the, 6 


Earth, density of, 56 et seq. 

— gyroscopic motion of, 96, 97 
— mass of, 56 

— rotation of, 33, 98, 400 

— shape of, 33 

— size of, 33 

Ebullition, 209 

Echelon waves, 393 

Eddington, 75 


INDEX 


Efflux of gases, 365 

— — liquids, 364 

Egerton, 276 

Ehrenhaft, 329, 331 

Einstein, 50, 68, 77, 78, 205, 234, 
324, 326, 331 

— theory of relativity, 68 et seq. 

Elastic bodies, 104 

— constants, 106 

— — and ultrasonics, 140 

— — measurements of, 107, 131, 

132 

— — relations between, 128 

— limits, 104 

Elasticities, adiabatic and 
thermal, 152 

Elasticity, 104 et seq. 

— and pressure, 149 

— — temperature, 146 

— fugitive, 220 

— Bra of, 106 

— of single crystals, 141 

=- fluids, 143 

— theory of, 155 

Electrical prospecting, 44 

Electrolytes, diffusion of, 320 

— osmotic pressure of, 302, 309 

Electronic charge, 331 

Elevation of boiling-point, 307 

Ellipsoid of reference, 34 

— — strain, 158 

Elliptic orbits, 66, 350 

Ellipticity of earth, 33 

Energy, 6 

Energy and mass, 76 

— conservation of, 51 

— equipartition of, 261, 324, 329, 
930 


iso- 


— kinetic, 77 

— molecular, 252, 270 

— of forced vibrations, 343 

— — molar surface, 189 

— — springs, 125 

— — stationary waves, 387 

— — surface, 163, 176, 189, 190, 
196, 199, 206, 207, 209, 210 

— — waves, 385, 392 

Engler viscometer, 233 

Eötvös, 2, 35, 39, 43, 64 

— balance, 3, 35, 39, 43 

— law, 189, 207 

Ephemeris time, 400 

Equation of fluid, 151 

— — orbits, 67, 349 


INDEX 


Equation of state, 281 

Equipartition of energy, 261, 324, 
329, 330 

Equivalent simple pendulum, 24 et 
seq. 

Errors of gyro-compass, 100 

Ether drift, 68, 74 

Juler’s equations of motion, 360 

Evaporation and surface tension, 
209 

Ewing, 108 

Expanded liquid films, 215 

Expansion at a point, 360 

— of hollow cylinder, 138 

Extension of springs, 126 

Extensometer, 108 

Eyring, 880 


Fall of sphere in resisting medium, 
229 

Falling cylinder viscometer, 228 

Faults in a balance, 4 

Fazen, 230 

Faye's rule, 35 

Ferguson, 175, 182, 184, 186, 187, 
189 

Fibre gauge, 269 

Fick's law of diffusion, 315, 320, 321 

Films, adherent, 249 

— adsorbed, 211, 248 

— condensed, 215 

— liquid, forms of, 171 

— liquid-expanded, 215 

monomolecular, 205, 207, 212, 

215, 248, 249 

— oil, 211 

— on liquids, 211 

— shape of, 167 

— spreading of, 211 

— stability of, 170 

— thin, 205 

Findlay, 313 

FitzGerald contraction, 69 

Pizeau, 74 

Flat springs, 124 

Flexible cantilever, 122 

Flexural rigidity, 117 

Flexure of beams, 115 et seq. 

Flow curves, 239 

— in narrow tubes, gases, 240 

— — — — liquids, 220 

— molecular, 274 

— of gases, 271, 274, 276 

— — liquid past cylinder, 366 


419 


Fluidity, 237 

Fluids, elasticity of, 143 

— equation of, 151 

Force between wetted plates, 183 

— of adhesion, plate and liquid, 

188 

— units of, 6 

Forced damped S.H.M., 342 

— S.H.M., 841 

— vibrations, 65, 841, 342 

— — energy of, 343 

Forces, m lar, 162, 282 

Forcing of asymmetric system, 345 

Formation of drops, 208 

Formulx, dimensional, 402 

Fourier, 291 

— analysis, 201, 206 

= Skpanslone, 208, 215 

— expansions, 293, 

— partial series, 295 

— theorem, 291 et seq. 

F.P.S. units, 6, 209 

Free energy equation, 304 

— path, mean, 246, 203 

— surface energy, 163 

— vibrations, 341 

Freezing-point and osmotic pres- 
sure, 808, 314 

— — of solutions, 808, 314 

Fresnel, 74 

Friction, 247 


Friend, 225 

Froude's law, 410 

— number, 407, 409, 410 
Fugitive elasticity, 220, 285 
Fundamental units, 6, 309 
Fürth, 319 

Furtwangler, 32 


Galileo, 1 

Galvanometer suspensions, 112 

Garland, 32 

Gas, Brownian motion in, 320 

— compressibility of, 150 

— compression waves in, 397 

— constant, 253 

— diffusion, 321 et seq. 

— flow, 271, 274, 276 

— — in narrow tubes, 220, 240 

— — through narrow hole, 276, 

305 

— laws, 253 

— molecular flow at low pressures, 
272 


420 


Gas, specific heats of, 262 
— thermal conductivity, 269 
— viscosity measurement, 241, 245, 
266, 412 

Gauge, decrement, 246, 269 
— Knudsen’s, 278 

— McLeod, 269 

Gauss, 199, 399 

— theory of capillarity, 199 
General theory of relativity, 77 
Geometrical moment of inertia, 117 
Geophysical prospecting, 44 
Gibbs’ theorem, 197, 301 
Gibson, 241 

Glide deformations, 142 

— packets, 142 

Godfrey, 225 

Gradiometers, 45 

Graham, 300 

Grashof number, 409 

Grassi, 147, 148 
Gravitation, 50 et seq. 

— and relativity, 77 

— — temperature, 66 

— constant, 50, 56, 59, 64 
— — measurement of, 58 
— Newton's law of, 50, 66, 67 
— qualities of, 64 

— range of Newton’s law, 67 
Gravitational attractions, 50 
— mass, 1, 2, 8, 77 

— permeability, 64 

— potentials, 50 

— selectivity, 65 

— spectral shift, 77 

— torque, 81 et seq. 
Gravity, acceleration of, 16 et seq. 
— — at sea, 46 

— balance, 35 

— gradient, 39, 45 

— meters, 36, 88 

— network, 38 

— surveys, 34, 35 

— triangulation, 32 

— variations, 32 

— waves, 374, 384, 389, 392 
Gray, 65 

Green, G., 390 

Green, H., 237 

Green's theorem, 367, 385 
Grindley, 241 
Group molecules, 206 

— of waves, 381 

— velocity, 390 


INDEX 


Gulf gravity meter, 37 
Guye, 192 

Gyration, radius of, 11 
Gyroscope, 81 
Gyroscopic applications, 101, 102 
— compass, 97 

— — errors of, 100 

— motion, 80 

— — of the earth, 96 

— torque, 80 et seq. 
Gyrostat, 81, 97 
Gyrostatie pendulum, 83 


Hagenbach, 222 

Hansen, 101 

Hardy, 211, 249 

Hargreaves, 225 

Harkins, 185, 190, 192, 210 

Harmonie motion, 336 

— — damped, 337 

— — forced, 341 

— — — damped, 342 

Hatschek, 234 

Havelock, 895 

Heat effects of sudden strains, 152 

— of dilution, 302, 304 

— — solution, 305 

Hedges, 328 

Heidenreich, 143 

Helmert, 82, 34, 43 

Helmholtz, 232 

Heyford, 34 

Heyl, 30, 32, 60, 61, 64 

Holden, 142 

Hollow cylinder expansion, 133 

Homogeneity of dimensions, 403 

Homogeneous strains, 128, 157, 158 

— stress, 156 

Homologous series, 196 

Hooke’s law, 104, 155 

Hopper, 331 

Horton, 25, 146 

Hughes, 247 

Humenik, 182 

Huntington, 140 

Hutton, 64 

Hydrodynamical equation of con- 
tinuity, 359 

Hyperbolie orbits, 350 


Impulse, 6, 12 
— angular, 12 
Impulsive moment, 13 


INDEX 


Inclined plane, acceleration down, 
17 


— — projectile range on, 358 

Inertia, moment of, 7 

— — — calculation, 7 et seq. 

— products, 86 

Inertial mass, 1, 2, 3, 77 

Interdiffusion coefficient, 321 

— of gases, 321 et seq. 

Interface, liquid-liquid, 182 

— phase, 196, 205 

Interfacial tensions, 191 

Internal bending moment, 116 

— energy, 261 

— forces in bent beams, 120 

— friction, 219 

— latent heat, 204, 209 

International Geodetic Association, 
934 

Interval, relativistic, 72 

Intrinsic pressure, 151, 202, 204, 
252 

Invariable pendulum, 35 

Invariant mass, 75 

— intervals, 71 

Inverse square law, motion under, 
67, 349, 352 

Invisible films, 211 

Ion migration, 321 

Irrotational motion, 369 

Isogams, 46 

Isomers, 196 

Isothermal compressibility, 143 

Isothermal curves for liquids, 144, 
149 

— elasticity, 152 

— processes, 303, 304 

Isotopes, 823 

Isotropic bodies, 105, 133 


Jaeger, 178, 187, 198 
Jamin interferometer, 322 
Jeans, 261, 264, 286 
Jeffreys, 84, 64 

Jobling, 235 

Johnson, 246 

Jolly, 61, 64 

Joule, 153, 155 

Julian time, 401 


Kapitza, 141 

Katayama, 190 

Kater, 24, 28 

Kater’s pendulum, 24 
EE* 


421 


Kelvin, 68, 316, 390 

Kepler’s laws, 66 

Kilogram, the, 401 

Kinematic viscosity, 223 

Kinetic energy, 6, 12, 77 

— — correction to flow formula, 
221 

— — of rotation, 7 

— friction, 247 

— theory and viscosity 246, 266 

— — of matter, 252 et seq. 

— — — solutions, 302, 312 

Kingey, 182 

Knife edge correction, 30 

Knudsen, 274, 276, 278 

— gauge, 278 

Kohlrausch, 146 

Krigar Menzel, 64 

Kuhnen, 82 

Kundt, 246, 275 


Laby, 331 

Ladenburg, 230 

Lamb, 390 

Lancaster Jones, 40, 45 

Lanchester's rule, 82 

Landholt, 147 

Landolt, 66 

Langevin, 324 

Langmuir, 190, 205, 206, 212, 277, 
286 

Laplace, 38, 199, 205, 210, 372 

— theory of capillarity, 200 

Latent heat and surface energy, 209 

— — — — tension, 204 

Lateral strains, 107, 108, 180 

Latitude error of gyro-compass, 
101 

Lattice constant, 331 

Laue, 143, 206 

Lawrence, 235 

Laws of motion, 5 

Layers, unimolecular, 205, 207, 
212, 215, 248, 249 

Lee, 146 

Lewis, G. N., 74 

Lewis, J. W., 228, 284 

Lift on aerofoil, 411 

Light, deviation in gravitational 
field, 77 

— mass of, 76, 77 

Limits of elasticity, 104 

Liquid, bulk modulus of, 144 

— cylinders, 170 


422 INDEX 


Liquid, expanded films, 215 

— films, form of, 171 

— flow, 405 

— — in narrow tube, 220 

— — past a cylinder, 366 

— in contact with solid, 165, 185, 

187 

— liquid interface, 190 

— spreading of, 214 

— viscosity measurement, 220 et 

seq. 

Liquids, Brownian motion in, 323 

Littlewood, 316 

Lodge, 68 

Logarithmie decrement, 232, 233, 
247, 839 

— — and viscosity, 232, 233, 247 

Long waves, 374 

Longsworth, 318 

Loomis, 146 

Lorentz transformation, 70 

Loschmidt, 253, 321 

Love, 111, 206 

Low pressure, flow of gas at, 274 

Lubrication, 247 

Lunar nutation, 96 - 


Mach number, 409, 411 

Mach-Zehnder interferometer, 322 

Macleod, 195 

Magnetic prospecting, 44 

Maintained precession, 82 

Mallock, 185, 137, 188 

Martienssen, 101 

Maskelyne, 57, 58, 64 

Mass and energy, 76 

— — velocity, 74 

— — weight, 1 

— of the earth, 56 et seq. 

— spectrograph, 323 

— unit, 3, 401 

Massive particle, motion of, 6, 334 
et seq. 

Matthews, 195 

Maxwell, 70, 76, 220, 281, 235, 246, 
247, 257, 264, 267, 274, 329, 
831 

McCloskey, 246 

McCollum, 38 

McCormick, 193 

McLeod, 269 

Mean free path, 246, 263 

— solar second, 400 

— square velocity, 253, 259, 261 


Meinesz, 46, 47 

Membrane, pressure on curved, 
166, 200 

Membranes, semi-permeable, 300, 
807, 311 

Meniscus thickness, 180 

Mercury, perihelion motion of, 
77 


Metal crystals, single, 140 

Method of coincidences, 25 

Metre, the, 400 

Metric units, 400 

Meyer, 331 

Meyer’s method for liquid viscosity, 
232 

Michell viscometer, 233 

Michelson, 68 

Microdiffusiometer, 319 

Migration of ions, 321 

Milligal, 38, 47 

Millikan, 245, 288, 326, 330, 331 

Milner, 197 

Mine experiment, 58, 64 

Mitchell, 58, 195 

M.K.S. system of units, 399 

Mobility coefficient, 237 

Models, behaviour of, 410 

Moduli of elasticity, 106 

Molar energy, 189, 210 

— surface, 189 

Molecular asymmetry, 
209, 210 

— collisions, 254 

— concentrations, 308 

— cross-section, 263, 285 

— depression of freezing-point, 309 

— diameters, 263, 285 

— elevation of boiling-point, 308 

— energy, 252, 270 

— flow, 272 

— forces, 162, 282 

— orientation, 190 

— parachors, 196 

— rheochors, 226 

— size, 268, 285 

— sphere of action, 162, 200 

— velocities, 259, 260, 271 

Moment due to bending, 116 

— of inertia, 7 

— — — calculations, 7 

— — resistance, 116 

Momenta, angular, 12, 13, 85 

— linear, 5, 13, 75, 76 

Momentum and mass, 76 


190, 206, 


INDEX 


Monomolecular layers, 205, 207, 
212, 215, 248, 249 

Morley, 68 

Morse, 311 

Motion, down inclined plane, 17 

— gyroscopic, 80 et seq. 

— laws of, 5 

— of massive particle, 67, 884 et seq 

— — planets, 66 

— on concave surface, 18 

— precessional, 14, 77, 85 

Mountain experiment, 57, 64 


Network, gravitational, 38, 77 

Neutral surface, 116 

Newton, 2, 5, 28, 33, 50, 77, 199, 219 

— law of gravitation, 50, 65, 68, 
77, 199 

— laws of motion, 5 e 

— viscosity formula, 219 et seq. 

Ney, 323 

Non-dimensional variables, 406 

Non-flat spiral springs, 127 

Non-Newtonian liquids, 236 

Nordlund, 326 

du Nouy, 185 

Nuclei for drop formation, 207 

Numeries, 404 

Nusselt’s number, 409 

Nutation, 82, 91, 97 

Nutation, lunar, 96 

— solar, 96 


Obermayer, 821 

Oertling gradiometer, 45 

Oil films, 212 

Oiliness, 248 

Orbits, 66, 348 et seq. 

— central, 66, 348 

— differential equation of, 350 

— elliptic, 66, 350 

— hyperbolic, 350 

— parabolic, 350 

Orientation of surface molecules, 
190, 206 , 212, 215 

Osborne Reynolds, 191, 219, 228, 
248, 271 

Oscillation centre, 25 

Oscillations, damped, 231 

— forced, 65 

— of springs, 126 

— torsional, 13, 131, 146, 232 

Osmometers, 233, 311 

Osmosis, 300 et seq. 


428 


Osmosis, laws of, 801 

Osmotie balance, 311 

— pressure, 197, 256, 300, 327 

— — and boiling-point, 307, 314 
— — — diffusion, 319 
temperature, 302, 305, 312 
— — — vapour pressure, 305 

— — laws, 301 - 

— — measurements, 302, 310, 314 
— — of electrolytes, 809 

— — — solutions, 301 

— — theory, 302, 812 

Ostwald, 238 

Overtones, 345, 346 


Packets, glide, 142 

Pagliani, 148 

Parabolic orbits, 350, 358 

Parachors, 195 

Parallel axes theorem, 8 

Parsons, 144 

Partial Fourier series, 295 

Particle distribution, 327 

— dynamics, 67, 347 

— motion in waves, 380, 884, 386 

— size, 328, 330 

Partition of energy, 261 

Path, mean free, 240, 263 

Pendulum, bar, 24 

— compound, 22 

— — corrections, 26 

— conical, 19 

— equivalent simple, 24 

— experiment of Bessel, 2 

— gyro-compass, 98 

— gyrostatic, 83 

— invariable, 35 

— Kater's, 24 

— Repsold's, 80 

— reversible, 24 

— simple, 19, 404 

Perfect gas, 258 

Permanent set, 104 

Permeability, 401 

— gravitational, 84 

Permeable membranes, 300, 307, 
311 

Permittivity, 401 

Perpendicular axes theorem, 9 

Perrin, 326, 327, 329, 331 

Perrot, 192 

Pfeffer, 302, 310 

Phillips, 66 

Piotrowski, 282 


424 


Pitching error of gyro-compass, 101 

Planck's constant, 331 

Plane motion, 347 

— vectors, 14 

Planes, cleavage, 141 

Planetary motion, 66, 850 

Plastic deformations, 141, 247 

— flow, 237 

Plasticity, 104, 127, 141 

Plateau, 172 

Plates, force between wetted, 183 

Plumb-line deflection, 57 

Poise, the, 223 

Poiseuille, 221, 278 

— equation, 221, 240, 273, 274, 405 

— — corrections, 221 

Poisson, 107, 200 

Poisson’s ratio, 107, 187, 188, 157 

— — and pressure, 149 

— — measurement, 108 

— theory of capillarity, 200 

Polar compounds, 206 

Polycrystalline metals, 140 

Porter, 188, 224, 318, 814, 828, 
329 

Potential, gravitational, 50 

— energy, 6 

Pound, the, 8, 401 

Poundal, the, 6 

Poynting, 25, 61, 64, 65, 66 

— balance experiment, 61 

Practical units, 899 

Prandtl, 114 

— number, 409 

Precession, 14 

— of a top, 88, 92 

Precessional motion, 14, 80 et seq. 

— period, 89 

— torque, 80 

Pressure and elasticity, 138, 149 

— — viscosity, 230, 246 

— coefficient, 408, 409 

— in fluids, 143 

— on curved surface, 166, 200 

Preston, 64 

Primary spreading, 211 

Principal strains, 157 

Principle of energy conservation, 


— — superposition, 157 

— — virtual work, 166, 176 
Products of inertia, 86 
Progressive waves, 387 
Projectiles, 352 


INDEX 


Propagation of elastic waves, 895 
et seq. 

Prospecting, electrical, 44 

— geophysical, 44 

— gravitational, 45 

— magnetic, 44 

— seismic, 44 

Pryce Jones, 240 

Pugh, 229 

Pull on plate in liquid surface, 183 

— — ring in liquid surface, 185 


Qualities of gravitation, 64 
Quartz clock, 400 
— fibre gauge, 269 


Rabinowitsch, 239 

Radial acceleration, 347 

— displacements, 136 

— velocity, 347 

Radiometer, 277 

Radius of gyration, 11 

Ramsay, 189 

Range of molecular action, 162, 

200, 205 

— — projectile, 358, 408 

Rankine, 243, 285 

Rate of diffusion, 323 

Ratio of specific heats, 262 

Rayleigh, 186, 188, 194, 202, 343, 
878, 392, 393, 412 

Redwood viscometer, 233. 

Reference spheroid, 34 

Regnault, 136, 144, 150 

Heiner, 239 

Reinold, 169 

Relations between elastic con- 
stants, 198 

Relativity, general theory, 77 

— special theory, 68 et seq. 

Relaxation time, 220 

Repsold, 30 

Resistance moment, 116 

Resisted motion, 229, 335, 336, 342 

Resonance, 342 

Response, sharpness of, 343 

Rest energy, 76 

— mass, 75 

Reynolds, 191, 219, 228, 248, 271 

— number, 220, 405, 407, 409 

Rhechor, 225 

Rheology, 286 et seq. 

Richards, 195 

Richarz, 64 


INDEX 425 


Richer, 33 

Rigidity and pressure, 149 

— — temperature, 146 

— flexural, 117 

— measurement of, 110 

— modulus, 106 

— of bars, 111 

— — rectangular strip, 112 

— torsional, 110 

Ripples, 374, 390, 892 

— method for surface tension, 187 

Roberts, 210 

Rolfe, 319 

Rolling disc, 98, 96 

— error of gyro-compass, 101 

— hoop, 95, 96 

Root mean square velocity, 258, 
271 

Rotating cylinder in fluid, 226, 289, 
245 

— disc in fluid, 231 

Rotation of earth, 33, 98, 400 

Rotational Brownian motion, 825 

— energy, 325 

— movements of massive body, 18 

Rucker, 169 


Sackur, 918, 829 

Sadler, 400 

Scalars, 14 

Schaefer, 140, 146 

Scheffer, 321 

Schlick, 102 

Schneider, 140 

Schrodinger, 174 

Searle, 107, 180, 182, 170, 181, 227, 
242 

Secondary spreading, 211 

— time standard, 400 

Segel, 228 

Seismie prospecting, 44 

Seismometers, 45 

Self-diffusion, 323 

Semi-permeable membranes, 300, 
307, 311 

Sessile drop, 180 

Shape of drops, 180 

— — earth, 33 

— — films, 167 

Shave, 146 

Shaw, 40, 44, 66 

Shear in bent beams, 116, 118 

— strain, 105 

Shields, 189 


Shockley, 143 

Sidereal day, 400 

Similarity, complete, 408 

— dynamical, 408 

— geometrical, 407 

— kinematical, 407 

Simple harmonic motion, 336, 337, 
841, 342 

— pendulum, 19, 404, 407 

Single metal crystals, 140 

Size of molecules, 263, 285 

— — the earth, 33 

Slip at boundary, gases, 246, 275 

— — — liquids, 221 

— distance, 142 

Slotte, 224 

Slug, the, 400 

Solar day, the, 400 

— nutations, 96 

Solid friction, 247 

— liquid in contact with, 165, 185, 
187 

Solids, bulk modulus of, 136 

Solubility, 303 

Solutions, colloidal, 284, 827, 328 

— general theory of, 312 

— osmotic pressure of, 801 

— surface tension of, 198 

— vapour pressure of, 305 

Space-time, 68 

Special theory of relativity, 68 eL seq. 

Specific heats of gases, 262 

Spectral shift, gravitational, 77 

Spens, 313 

Sphere, attraction of, 58 

—of molecular action, 162, 200 

— potential due to, 55 

Spherical shell, attraction of, 51 

— — potential due to, 54 

Spheroid of equilibrium, 88, 34 

— — reference, 34 

Spinning top, 88 

Spiral springs, 124 

Spreading force, 218 

— of liquids, 214 

Stability of films, 170 

Stars, apparent displacement of, 
57, 77 

State, equation of, 281 

Static friction, 247 

Stationary waves, 385 

Steady precession, 86 

Stokes, 33, 229, 232, 392 

— law of, 229, 325, 328, 330 


426 


Stokes, the, 223 
Strain, 105 et seq. 

— axes, 157, 159 

— components, 157 
— ellipsoid, 158 - 

— homogeneous, 158 
— in twisted bars, 111 
— shear, 105 

Stream function, 369 - 
— line, 362, 378, 888 

— — motion, 219, 220, 228, 362 
Strength of single crystals, 141 
Stress, 105 et seq. 

— components, 155 

Stretching of wire, 107, 152 

et » 163 

St. Venant, 111 

Sugden, 175, 186, 195, 225 
Summation n rone 946 


* 
Fere o of strains, 157 ^ 
Ce ie and columns, 123 " 
Surface contamination, 198 
— energy, 163, 176, 189, 190, 196, 
206, 207, 209, 210. 
— molecular orientation, 190 
— phase, 207 
— tension, 162, et seq. 
— — balance, 213 
— — and compressibility, 195 
— — — curvature, 166, 180 
— — — evaporation, 207 
— -— — — latent heat, 204, 209 
= — — osmosis, 301 
— — — other constants, 195 
— — — temperature, 188 
— — — vapour density, 207 
— — forces, 162 
— — liquid-liquid interface, 190, 
192 


— — measurement, 173 et seq. 

— — of interface, 191, 192 

— — — liquid metals, 175, 182 

— —  — solutions, 196 

— — shape of drop, 180 

— — trough, 214 

Surveys, gravity, 38 

Suspension, bifilar, 20 

— centre, 25 

— colloidal, 324 

Sutherland, 264, 268 

— constant, 245, 268 

— formula for viscosity, 241, 246, 
269 


INDEX 


,911 
Swindells, 223 
Symmetric vibrations, 343 
Szyszkowski, 198 


Tabor, 247 


Tait, 144 
Taylor, 228 
Temperature and diffusion, gases, 
823 
— — — liquids, 323 
— — elasticity, 146 
— — gravitation, 66 
— — osmotic pressure, 302, 305, 
312 
— surface tension, 188 
— viscosity, 224, 241, 245, 246 
I le strength, 65 
icons velocity, 229, 336 
rem of parallel axes, 8 
— perpendicular axes, 9 


» Phot of capillarity, 199 


— — elasticity, 155 

— — lubrication, 247 

— — relativity, 68 et seq. 

— — solutions, 312 

— — viscosity, 224, 284 

Thermal conductivity, bd 209 

— diffusion, 370 

— equilibrium, 257 

— transpiration, 271, 274 

Thermodynamical properties of 

fluids, 144 

Thermodynamies, first law of, 261 

— second law of, 303 

Thixotropy, 240 

Thomson, 852 

Threlfall, 151 

Thwing, 65 

Time of relaxation, 220 

— relativity, 68 

Tolansky, 142 

Tolman, 74 

Top, precession of, 88 

Torque, 12 

— for precession, 80 

— centrifugal, 81 

— gravitational, 81 

— on cylinder in rotating fluid, 226 

— — dise in rotating fluid, 231 

— per unit twist, 110 

Torricelli’s theorem, 365 

Torsion balance, 2, 39, 58, 64, 184, 
214 


INDEX 427 


Torsion of bars, 108, 111 
— — cylinders, 108 
— — springs, 126 
— theory of, 111 
Torsional oscillations, 18 
— pendulum, 110 
— rigidity, 110 
Total surface energy, 168 
Trajectories, 353 
Transformation equations, 70 
Transmission of wave energy, 885, 
892 

Transpiration, thermal, 271 
Transverse acceleration, 847 
— strains, 135 
— velocity, 847 

3, 896 
Tuning, critical, 348 
Turbulence, 219, 228 
Tycho Brahe, 66 
Tyler, 188 


Ultramicroscope, 824, 329 

Ultrasonics, 140 

Uniform angular motion, 12 

— strain, 128, 157, 158 

— stress system, 156 

Uniform ccelerated motion, 884, 
33592 

Unimolecular layers, 205, 207, 212, 
215, 248, 249 

Units, 3, 399 et seq. 

— derived, 899 

— fundamental, 6, 399, 400 


Van der Waals, 151, 188, 202, 204, 
209, 283, 287, 812, 381 

van 't Hoff, 302, 309, 328 

Vapour density and surface ten- 
sion, 207 

— equilibrium, 208 

— pressure and curvature, 207 

— — — osmosis, 305, 307, 918 

Variations in gravity, 32 

Vectors, 14 

Velocities, Maxwell's distribution 
law, 257, 829 

Velocity addition, 78 

— and mass, 74 

— angular, 7 

— critical, 219 

— distribution, 257, 329 

— gradient, 219, 221, 236 

— head, 362 


Velocity of drift, 830 
— — light, 69 et seq. 
— potential, 361, 368, 369 
— terminal, 229, 336 
Venant, St, 111 — 
Verschaffelt, 174 
Vibrations, 334 et seq. 
Vicentini, 148 
Virial theorem, 280 
Virtual work, 166, 176 
Visco-elastic liquids, 297 
— inelastie liquids, 297 
Viscometer, commercial, 233 
— Couette, 227 

falling cylinder, 228 
'ichell, 233 
tating cylinder, 226 
dise, 231 


— — lubrication, 247 


—— ure, gases, 246 
Z C Pliquide, 230 


idity, 220 
— — temperature, gases, 241, 245, 
246 


— — — liquids, 224 

— coefficients, 232, 245 

— damping due to, 232 

— dynamic, 223 

— kinematic, 223 

— of colloidal solutions, 234 

— — gases, 241, 245, 246 

— — liquids, 220 et seq. 

— — very viscous liquids, 220 

— Sutherland’s formula, 241, 246, 
264, 268, 285 

— theory, 284 

Viscous retardation, 406 

Volume strain, 105 


Vortices, 228, 379 


46 
Water, bulk modulus of, 147 
— viscosity coefficient of, 225 
Wave motion, 374 et seq. 
Waves, canal, 374 
— capillary, 187 
— comp 
— echelon, 893 


995, 396, 897 


428 INDEX 


Waves, energy of, 385, 387, 392 
— group, 381 

— in strings, 396 

— long, 374 

— particle motion in, 380, 383, 386 
— stationary, 385 

— surface, 374, 381 

— transmission of energy, 385, 392 
—— transverse, 396 - 
Weber's number, 409 
Weighing the earth, 56 
Weight and mass, 1, 2 
Weights, calibration of, 4 
Weiss, 330 

Weissenburg, 239 

West, 272 

Westgren, 326 

Wetting and contact angle, 21 
Whiddington, 132 
Whitwell, 240 
Wilberforce, 222 
Wild, 323 
Wilhelmy's method for surface 


tension, 187, 194 x 


"P 


[S Ed 


Wilson, 207 

Witherow, 101 

Woollard, 38 

Work hardening, 142 

— of adhesion, 191 

— — cohesion, 191 

— virtual, 166, 176 

World gravity network, 38 
Wyckoff, 37 


X-ray wave lengths, 880 


Yield of fluids to stress, 143 ~ 
— — support, pendulum, 31 
— point, 105, 237 . 
‘oung, 185, 199, 247 

"s modulus, 106, 396 

nd pressure, 149 

— — tem ture, 146 

— by bent beams, 115 

— direct measurement, 107 
— theory of capillarity, 199 


Zero, displacement of, 345 


Y 


T 
o 
t 
4 
z 
= 
* "DG 


o 


